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Abstract. A structure of terms of I-faster convergent series is studied in the paper. Nec-
essary and sufficient conditions for the existence of I-faster convergent series with different
types of their terms are proved. Some consequences are discussed.
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1. INTRODUCTION

Many papers have been devoted to the study of methods for faster convergence
of sequences, of course also to the acceleration of convergence of sequence of partial
sums of infinite series [2], [7], [10], [11], [14]. One of the methods how to accelerate
the convergence of the sequence of partial sums of an infinite series consists in the
substitution of the given series by another faster convergent series with the same
sum. This way was suggested by Kummer. Knowledge of the structure of terms
of faster convergent series plays an important role in the study of Kummer’s series.

o0
In the paper [5] it is proved that under certain conditions a series Y a,, is faster
n=1

(oo}

convergent than a series Y b, if and only if lim a,,/b,, = 0. A similar result is proved
n=1 n—00

for Kummer’s series and for I-faster convergent series. More about I-convergence

is in [1], [4], [8], [9]. Statistically faster convergent sequences as a special case of I-
convergent sequences are studied in [3], [12], [13]. In the present paper we study the
o0

existence of I-convergent series > a, I-faster convergent than I-convergent series
n=1

o0

> by with I- lim a,/b, = ¢ # 0 or I- lim a,/b, not existing. Results similar to
n=1 n— o0 n— oo

those in [6] for I-convergent series are proved.
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We denote by N the set of all positive integers and by R the set of all real numbers.
Let {a,}52 ;1 be a sequence of real numbers. In what follows, if we say that I- lim a,,
n—oo
exists, we admit also the cases I- lim a,, = 400 (—o0). We will suppose that the
n—oo

terms of all infinite series are real nonzero numbers.

2. BASIC DEFINITIONS AND CONCEPTS

In what follows we will suppose that I is an admissible ideal of subsets of N.

Definition 1 [4]. We say that [ is an admissible ideal of subsets of N if it satisfies:
(a) it A,B €I, then AU B € I (additivity),
(b) if BC A€, then B € I (heredity),
(c¢) I contains all singletons and does not contain N.

Definition 2 [2]. Let > a,, ». b, be convergent series such that b, +

n=1 n=1

o0
bpt1 + ... # 0, n € N. Then the series > a, is called faster convergent than
n=1
Sobp if lim (an + ant1+-..)/(bp +bpy1 +...) =0.
n=1 n—oo
Definition 3 [4]. We say that a sequence {a,; n € N} has the I-limit equal

to a real number L and we write I- lim a,=L, if for each ¢ > 0 the set A(e) =
n—oo

{n; lan, — L| > €} belongs to the ideal I.

o0
Definition 4 [4]. We say that > a, I-converges to a real number L and we
n=1

o0

write I- Y a,=L if for each & > 0 the set A(e) = {n;
n=1

the ideal I.

n
> ag — L‘ > 6} belongs to
k=1

&) &)
Definition 5 [5]. Let > an, Y. b, be I-convergent series such that b, +
n=1

n=1 —

bpt1+ ... # 0, n € N. A series > ay, is called I-faster convergent than Y b, if

n=1 n=1
I—nlglgo (an+1 + an42 + .. )/(bn+1 + bn+2 + .. ) = 0.
Remark. The expression b, +b,41+...,n €N, n>1means s—by —by—...—
(o]

bn—1, where s = I- Y a,, I being an ideal.

n=1
In what follows we will write “I-fcst” instead of “I-faster convergent series than”.
Definition 6 [9]. Let I be an ideal. A number z € R is said to be an I-cluster

o0 n
point of > x, if for each € > 0 the set {n eN; | o — x‘ < 6} is not from I.
n=1 k=1
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3. I-FASTER CONVERGENT SERIES

Let > b, be an I-convergent series such that B, = b, + bp+1 + ... # 0, n € N.

n=1

(o] (o]
It is easy to see that there exists E a, I-fcst Y b,. Namely, if we put A, = B3,
n=1

n € N then I- hm Apy1/Bni1 = O and A, # Apy1, n €N Put a,, = A, — Anga,

n € N, then Z ay, is I-fcst E by,.

n=1 n=1

Lemma 1. Let > b, be an I-convergent series such that B,, = b,+bp11+... # 0,

n=1

n € N. Then there exists E ap, I-fest Z by, such that I- hm ant1/bn+1 = 0.
n=1 n=1
Proof. Define {v,}321, Y7o = (Bn — Bp41)/Bn, n € N. Let {r,}5,,
{0, }52, be sequences such that |r,| = min{1/n% 1/n%/y.|}, rnym > 0, n € N
and ayq1 = 2 min{an, |Bn/Bnti|on, n”  min{ |y 1], [}, n € N, ag > 0. This

o0

implies lim 7, = 0. Denote ¢, = Z ek + Pan, n € N where p > 0 and

n—o0o e
such that €, B,, # en41Bn+1, n € N. Such p exists because the number of identities
€nBn = ent1Bnt1, n € N is countable. Since 41 < |Bp/Bpnt1|an we have o, B, #
apt1Bnt+1, n € N. We also get lim &, =0 and €, — €41 = rnYn + Dl — apnt1).

n—oo

Put A, = e, By, ap = A, — Apt1, n € N. This implies I- hm Ant1 =0, s0 E an

n=1
is an I-convergent series and I-fcst E by,. From
n=1
An+1 nt1 — Ango By
‘ = ‘ = (Ent1 — Eny2) +Enye
n+1 -Bn+1 n+2 Bn+1 Bn+2
Qpt1 — Opit2 |Oén+1| + |Oén+2|
= [rnsn 4TI e | | p P e
Tn+1 |’7n+1|
2p
< rpga] + g + |enq2|
we get lim ap41/bn41 =0 and so I- im a,41/bp+1 = 0. O
n—oo n— o0

o0
Lemma 2. Let Y b, be an I-convergent series such that b, + bp41 + ... # 0,
n=1
n € N. Let {r,}>2, be a nonzero sequence such that I- lim r,41 =r € R\ {0} and
n—oo

gt

bnrn/(bnt1 + bni2 +...) is an I-convergent series. Then for every ¢ € R\ {0}

n=1
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o0 o0
there exists an I-convergent series Y, a, which is I-fcst Y, b, and such that I-
n=1 n=1

lim ant1/bpt1 =c.
n—oo
Proof. Suppose that there exists a nonzero sequence {r,}>2; such that I-

o0
lim rp,41 =7 € R\ {0} and > b,rn/(bny1 + bnyo +...) is an I-convergent series.

n=1

Denote Bn = bn+bn+1+ ey Yn = (Bn — Bn—i—l)/Bn; En = Z (B] — Bj—i—l)rjc/TBj—i-h
j=n
n € N. By induction we construct {D,}5° ; such that
(1) 0 < Dpy1 < Dy, D, < mi 1 bl eN
n+1 ny n min TLZ, n2 y T )

(2) Dy_1 # (1 +'Yn)Dn; n > 1.

Choose Dp such that 0 < D; < min{l,|y|}. By the continuity of fi(x) =
min{1, |y1|} — | D1 — x| at O there exists a neighbourhood O; of 0 such that if z € O,
then |Dy — z| < min{1,|y|}. It follows that there is Dy € O1, 0 < Dy < Dy,
Dy < min{1/22 |y2|/2%}, |D1 — Da| < min{l,|y|}, D1 # (1 + 71)D2. Sup-
pose D1, Do, ..., D, with (1),(2) are constructed. By the continuity of f,(z) =
min{1/n?, |v,|/n?} — | D, — z| at 0 there exists D,,+1 such that 0 < D, 41 < D,
Dy < min{1/(n+1)% [yn41l/(n +1)%}, [Dn = Dyya| < min{1/n?, |ya|/n?}, Dr #
(1 +93)Dpy1. It is evident that hj{.lo D,, = 0. Denote ¢, = e, + Dpq, Ay, = €} Bp,
n € N where ¢ # 0, ¢ € R is suchnthat q(DpBy, — Dpy1Bry1) # €nt1Brt1 — €nBn,
er # 0, n €N (such ¢ exists because the number of conditions for ¢ is countable).
From €} B, — €}, 1Bny1 = enBn — eng1Bny1 + ¢(DnBy — Dypg1Bpgq) it follows
that A, # Ap+1, n € N. It is evident that I- le €xy1 = 0 and this implies
I—nlirrgo Apt1 =0, I—nlirrgo Apt1/Bny1 = 0. From e

* *
An+1 - An+2 _ En+1Bn+1 B En+2B7L+2 — + Bn+2 (E* —* )
- - 1 1 2
BnJrl - Bn+2 BnJrl - Bn+2 nt BnJrl - Bn+2 nt nt
and from
Bn+2 (8* . E* ) - En+1 — En+2 + q(DnJrl - Dn+2)
1 2) —
Bui1— Bpyo "t s Yn+1 Tnt1
|7n+1| Yn+1Tn4+1C
| D1 — Dnsa| < Tz E€n+l — Ent2 = - .

we obtain I- lim (4,41 — Ant2)/(Bnt1 — Bnye2) =c. Put a, = Ay, — Apy1, n € NL
The proof is complete. O
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Lemma 3. Let Y b, be an I-convergent series such that b, + bp41 + ... # 0,

n=1
o0
n € N. If for some ¢ € R\ {0} there exists an I-convergent series ) ap which is I-fcst
n=1
o0
> by, such that I- lim an41/bn1 = ¢ then there exists a sequence {r,}52 1, rn €
n=1 n—00

o0
R\ {0}, I- lim 7,41 # 0 such that > bpryn/(bns1 + bny2 +...) is an I-convergent
n—00 n=1

series.

&)
Proof. Suppose > b, is an I-convergent series such that B, = b, +
n=1
bpt1+ ... # 0, n € N. Let ¢ € R\ {0} and let > a,, be an I-convergent
n=1

o0
series which is I-fest Y b, such that I- lim any1/bny1 = c. Denote A, =
n=1 n—oo

an + aQp41 + ..., N € N. From an+1/bn+1 = (AnJrl — An+2)/(Bn+1 — Bn+2) it
(o]
follows that I- lim (A,41 — Ani2)/(Bnt1 — Bri2) = ¢ # 0. Since . a, is I-
n—oo

n=1

fest > b, we have I- lim A,41/Bn+1 = 0. Denote ¢, = A,,/B,, n € N, then
n=1 n—oo
(Ant1 — Ant2)/(Bny1 — Bny2) = ent1 + Bnya/(Bny1 — Bat2)(€nt1 — €ny2). Put

Tn = Bpnt1/(Bn — Bnt1)(En — €nt1 + an), n € N where

. B,—B,+1|1 1
0<ozn<mln{‘7BnJrl F’F}

are such that ¢, —epq41 + @, # 0 for n € N. Then r, # 0, n € N and I-
lim rp41 = ¢ # 0. From e,11 = €, + ap, — 7 ((Bn — Bnt1)/Bn+1), n € N we get
n—oo
n n
ent1 =€1— »_ rj((Bj — Bj+1)/Bjt+1)+ Y «; and this implies the I-convergence of
=1 i=1

S 15((Bj = By1)/Bjsn): O

j=

—

o0
Definition 7. We say that > a, I-converges to +oo (—oo) and we write I-
n=1

018

an=+00 (—o0) if for each K > 0 the set A(K) = {n; i ar < K} (AK) =
1 k=1

3
I

n

n; Y. ag = —K}) belongs to the ideal I.
k=1

(o]
Lemma 4. Let Y b, be an I-convergent series such that b, +b,11+... 20, n €
n=1
N. Let {r,}22,, be a nonzero sequence such that I- lim 7,411 = +oo (I- lim 7,41 =
n—oo n—oo

—o0) and let > bprn/(bpt1 + bpta +...) be an I-convergent series. Then there
n=1
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exists an I-convergent series E ay, I-fest E by, such that I- hm Upt1/bpt1 = +00
n=1 n=1

(I—nhﬂrgO Ap+1/bny1 = —00).

o0

Proof. If wepute, = ), (Bj — Bj+1)rj/Bjt1, n € N then the proof of this

J
lemma is similar to the proof of Lemma 2. ([

Lemma 5. Let > a,, Y. b, be I-convergent series such that b, + b,+1 + ... #

n 1 n=1
0, n € N. Let E an, be I-fcst Z b, such that I- hm ant1/bpnt1 = +oo (I-
=1 n=1
lim ant1/bpt1 = —oo). Then there exists a nonzero sequence {1}, such that
I-lim rpy1 = 400 (I-lim rp11 = —o0 ) and Y bprs/(bpt1 +bpta +...) is an
n—o0 n—oo n=1
I-convergent series.
Proof. The proof is similar to that of Lemma 3. (]

Definition 8. We say that I has the property (sh) if the following implication
holds:
(shy IMelthen M+1={n+1l;neM}cland M —-1={neN; n=m-—1,
for some m € M} € I.

Lemma 6. The following assertions are equivalent:
(a) I has the property (sh).

(b) For all > ay I-convergent series we have I- lim a, = I- lim a,41 =0.
ne1 n— 00 n— 00

Proof. (a)=(b). Let I be an admissible ideal with (sh). Let E a, be an

I convergent series to the number a € R. For every ¢ > 0 we have M6 ={n €
N; |sp, —a| 2 e}t €1, 8, =a1+ax+ ...+ an, n € N. Denote A,11 = a — sy,
neN, A =1-— lim Spn. From (sh) it follows that M, —1 € I and M.+ 1 € I. So
{neN; |s,—al > 5} el,{neN; |spy1—a|=etel,{neN; |s,_1—a| >} €l
Consequently I- lim A, = 0, I- lim A, 41 = 0, I- lim A, ;2 = 0. This implies I-
n—oo n—oo n—oo
lim a, = I- lim (4, — Ay41) =0, I- lim ap41 = I- lim (A,41 — Anye) =0.

n—oo n—oo

(b)=(a). Suppose (b) is true. Let M be an infinite set from I. Put A; = 1, and

1
o for meN, m¢ M,
m+1
Am+1: 1
1+ —— for me M.
m+1
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We have {n € N; |Ap4+1| > €} = B: UM, where B, is a finite subset of N for every
e such that 0 < & < 1. Because of A,, # A,41 for n € N the series > (4, — Apt1)

n=1
is a nonzero I-convergent series. From (b) we have I- lim (A, — A,41) = 0, I-
n—oo

1Lm(An+1—An+2) =0 IfM+1¢ Ithen R=(M+1)\M) ¢ I.1Ifr e
T]L%\O?{l} then r ¢ M and r = m + 1 for some m € M, so r —1 € M. Thus implies
Ay — A1l =11+ 1/r=1/(r+1)] > 1 and so r € {n € N; |A, — Apny1| = 1}
Hence R € I, a contradiction. So M +1 € I. If M — 1 ¢ I then from M € I we
get S=(M-1)\M)¢I.Ifse Sthens ¢ M and from s =m—1, m e M
we have s + 1 € M. So [Agp1 — Agga] = [1 = 1/(s+ 1)(s +2)| > 2. Consequently
se{neN; |Apr1 — Apta| > %} This implies S € I, a contradiction. O

Definition 9 [8]. We say that I has the property (AP) if the following condition

is fulfilled:
(AP) For any countable family {A;; i € N} of mutually disjoint sets (4;NA; = 0,
i # j) from I there exists a countable family {B;; ¢ € N} such that the

oo
symmetric difference A; A B; is finite for every i € Nand B = |J B; belongs
i=1

to 1.

o0
Lemma 7. Let I have the property (sh). Let > b,, be an I-convergent series such

n=1

that by, +bp11+... #0,n € N. Let Y a, be an I-convergent series I-fcst . by, such
n=1 n=1
that I- lim ayy1/bpy1 does not exist. Then I-iminf |b,41/(bpt1 + bpia +...)| = 0.

Proof. Suppose I has the property (sh). This implies that if {a,}22, is a
sequence such that I- lim «, = a, a € Ry = RU {400, —0c0} then I- lim a,41 = «,

n—oo n—oo

oo oo
I- lim a,—1 = a. Let Y a,, Y. b, be I-convergent series such that B, = b, +

n—0o0 n=1 n=1
bpt1+...#0,n €N andlet Y a, be I-fcst > b,. Assume I- lim ay41/bp11 does
n=1 n=1 n—00

not exist. Denote v, = B, /(Bn — Bnt1), An = an + ant41 + ..., n € N. Since I-
nh—{go (Gp+1 4+ anyo +..)/(bng1 +bpg2+...) = nh—{go Ap+1/Bpy1 =0, ant1/bpt1 =
(AnJrl - An+2)/(Bn+1 - Bn+2) = An+2/Bn+2 + 7n+1(An+1/Bn+1 - An+2/Bn+2)
and the I- lim a,4+1/b, 41 does not exist, the sequence {7,111} is not I-bounded
(see the prrcl);fo?)f Lemma 3.9 [5]), i.e., for arbitrary K € R we have {n € N; |y,41]| >
K} ¢ I. This implies I—linrriigf [1/vnt1] = I- 1inrrii£f |brt1/(bpt1 + b2 +...)| =0.
U
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Lemma 8. Let I have properties (sh), (AP). Let Y b, be I-convergent series
n=1
such that b, + by,41 + ... #0, n € N. Let I- lim [brt1/(bng1 + bpg2+...)] = 0.

Then there exists Z ay, I-fest Z by, such that I- hm ant1/bnt1 does not exist.

n=1 n=1

Proof. Suppose I has properties (sh), (AP). Let iO: b, be an I-convergent se-
ries such that B,, = b, 4+bp+1+... # 0,n € Nand I-lim n|gi+1/(bn+1 +bpp2t...)| =
0. Denote v, = B,/(Bn— Bnt1), n € N. (sﬁ)ﬂffnplies I- lim 1/|vp+1]

lim 1/|y,| = 0 and so I- lim |y,| = +oo. From {n € N; |7:r0<0 1} € I we get
K= {n € N; ~, < =1} g?ogr T ={n € N; 5, > 1} ¢ I. There are two cases.

First, K € I or T € I and thus I- lim v, = 400 or I- lim 7, = —oo. Second,
K ¢ I and T ¢ I and thus I_nelg%::’}/" = —00, I—n:TliElrioofyn = +o00. From
definition, K NT =0, N\ (K UT) € I. Consider the first case I- lim -, = +oco or
1- 1Lm Yn = —00. Since the proof of the case I- hm Yp = —00 18 sm?fai%o that of the
cage I- hm ~Yn = +00 we will suppose that I- lim 'yn = +00. From (AP) (similarly to

n— oo

[8]) we get that thereexists M C N, M ¢ I, N\M € I suchthat lim ~, = +4oc.

neM,n—oco

Hence lim 1/, = 0, and there exists ng € N such that ~, > 0 for n > no,

neM,n—oo

n € M. We will show there are My C M, My C M such that My N Me =0, My ¢ I,
My ¢ I.Denote Mz ={neM;n—-1¢Mn+1¢ M} Mq=M\Ms. If My el
then M3 ¢ I. Hence N \ M3 € I because N\ M € I, N\ Mg = (N \ M) U Mjy. (sh)
implies (N\ M3)+ 1€, where X+1={neN; n=z+1,z€ X} for) # X CN.
From M3\ {1} C (N\ M)+1 C (IN\ M3) + 1 we have M3 € I, a contradiction. So
My ¢ I. Denote M5 = {n € My; there exist ng € M, kg € N such that ng — 1 ¢ M,
no+ko+1¢ M no+ie Mfori=1,... ko, and n =ng+ j for j an even number
and 1 < j < ko}, Mg = My \ Ms. If Mg € I then (sh) yields Mg + 1 € I. Because
My C Mg+ 1 we have M5 € I and so My € I, a contradiction. So Mg ¢ I. If M5 € 1
then M5 +1 € I and Ms — 1 € I. This implies Mg C (M5 + 1) U (M5 — 1) and so
Mg € I, a contradiction. So M5 ¢ I. If we put My = M5 and My = Mg we get the

sought sets. First suppose that ». 1/, = 4+o00. We construct a sequence {r,}52,,
neMy
1

where r,, € {—3,—1,1, 1} for n € M, are such that Erj /7; is a convergent series.

Let L ¢ N, L = {l; <ls < ...} be such that M4 ={n € Nj lyi-1 < n < ly,
where lp; 1 — 1 ¢ M,l; +1 ¢ M,i € N}. Put ¢; = mln{|’yj|/2j,1/2j}sign('yj)
for Is; < j < l2i+1, 127;,121‘4_1 € L, 1,57 € N, q; = % for j € M; and q; = % for
j € Mj. Moreover, if I; > 1 we put an extra ¢; = 1 for j = 1,...,{; — 1, where
sign(a) = 1 if a > 0, sign(a) = —1 if a < 0. Choose any s € R, s > 1/ in the
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-1 o0

case Iy = 1 and s > > 1/v; in the case Iy > 1. Because of > ¢;j/v; = +oo we
j=1 j=1

can define by induction the following increasing sequence {n,}5°_;, n,, € N. Put

n ni n
nlzmin{nEN; qu/’yj>s},n2=min{n>n1; Sai/vi— > qj/’yj<s}.
J=1 J=1 j

Jj=ni+1
Suppose that we have ny < no < ... < ngy-1, m > 1. If m = 2k + 1 we put n,, =
ni na nak n
min{n>n2k; G/ > G/t — > qG/vit > a4/ > 8}7
Jj=1 j=ni+1 Jj=nak-1+1 Jj=nar+1
n1 ng
it m = 2k + 2 we put n,, = min{n > nokyi; 2L 4/ — Y. g/ F -+
j=1 j=n1+1
N2k+41 n
>ooq/vi— > gl < s}. Define {r,}32, as follows: denote ng = 1
Jj=n2k+1 Jj=nzk4+1+1

and put r, = (=1)""lq, if np1 < n < np, n € N. From lim ¢,/v, = 0 we
n—oo

have that § Tn/Yn 1S & convergent series. Define ¢, = i ri/v; + pB2, n € N
where p En[Rl\ 0 is such that ¢, # 0, €,B,, # sn“BnHj, :L € N (such p exists,
see the proof of Lemma 2). Put A, = €,B,, an = A, — Any1, n € N. Then
I—nlingo (ant1+ anyo2+..)/(bng1 +bpia+...) = I—nILIIOlO Ap+1/Bny1 = 0 and since
an+1/bn+1 = (Any1 — An+2)/(Bn+1 - Bn+2) = En42 +Tnt1 +an+1(Bn+1 + Bn2)
and Q@ = {n € N; |r, — 7| > %} ¢ I, where r € R, (Q D My or Q D Ms), I-

lim a,41/bpt1 does not exist. If > 1/, is a convergent series then . ¢,/vn
n—00 neMy neMy
is again a convergent series because v, > 0 for n = ng, no € N, n € My. If we put

Tn = qn, 1 € N, the proof is similar to that of the case . 1/7, = +oo. Secondly,
suppose I—nell(iyrglﬂoo'yn = —00, I—neTl'glnHOO Yn = +00, Kngl\}% T¢I, KNT =0 and
N\ (KUT) € I. From (AP) (similarly to [8]) put A; = {neN; —i <, < —(i—1)}
U{neN;ji—1<ny,<i},icN Then 4; € I, ;N A; =0, i # j,i,j € N.
(AP) implies there is {B;}2,, B; C N, B; € I, A; A B, is a finite set, i € N,
B= (Ble) €1,N\ B ¢ I. Denote Ly = (N\ B)NT, Ly = (N \ B) N K. Because

BNTel, BAKeTweget L1 ¢ I, Ly ¢ I, LyNLy =0, N\ (L ULy) €I and

lim v, = +o0, lim 7, = —oo. There are three cases posible:
neli,n—oo n€Ly,n—o00
o) o)
(a) > 1/va, > 1/, are convergent series,
neli;,n=1 n€Llao,n=1
o0 o0
(b) one of > 1/v,, Y. 1/v, is convergent, the other is a divergent
neli,n=1 nelao,n=1
series,
o0 &)
(¢c)both Y>> 1/vn, >, 1/v, are divergent series.
neLli;,n=1 n€Lla,n=1
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In case (a) we put r,, = g1, n € L1, r, = g2, n € Lo, where g1, g2 € R\ {0},
lg1] # |g2| and r; = min{|y;|/27,1/27} sign(vy;) for j € N\ (L1 U Ls). In the other

(o]
cases (b), (¢) we choose a divergent series, for example >  1/v,, and similarly
n€ly,n=1

o0
to the first part of the proof we construct {r,}5; such that > r,/v, is convergent.

n=1
o0
We put again €, = Y. 7;/7; + pB2 and proceed as in the previous part of our
j=n
proof. O
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