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Abstract. In this paper we generalize the method used to prove the Prime Number
Theorem to deal with finite fields, and prove the following theorem:

q T q €z z n
w(x) = + —I—O( ), r=q — o0
@) q—1log,z  (q—1)2 loggm loggx

where 7(x) denotes the number of monic irreducible polynomials in Fy[t] with norm < z.
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1. INTRODUCTION

Let F, be a finite field with character p, and N(f) be the norm of f which is
equal to the number of elements in the quotient ring F,[t]/(f(t)). We consider the
irreducible polynomials in Fy[¢] with norm less than or equal to z.

Let 7(x) denote the number of monic irreducible polynomials in F[t] with norm
< . In 1990, M. Kruse and H. Stichtenoth (see [1]) proved that

q x
m(@) ~ q——llogqa:’

x=q" — oco.

In this paper we generalize the method used to prove the Prime Number Theorem
to deal with finite fields, and prove the following more precise result:

(z) = q T n q x —|—O( T ),

- g—1llog,z  (q—1)? 1og3 x logz x

where x = ¢" — oc.
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2. THE PRIME NUMBER THEOREM FOR F[t]

Let f(t) be a polynomial in Fy[t] with degree n. It is easily seen that N(f) = ¢™.
The zeta function of Fy[t] is defined as

(s)=> N(f)~*
!

where the sum is taken over all monic polynomials in Fg[t]. There are ¢" monic
polynomials in F,[t] with degree n. Hence

S S
— q — Z qn(l—s)
ns
=0 q n=0

converges for Re(s) > 1. Whence

1
2.1 _ .
(21) () = 1=
Hence we obtain an analytic continuation of ((s) which has poles at s = 1 +

2kni/logq, k € Z and does not vanish everywhere.
Since every monic polynomial can be factored as a product of monic irreducible
polynomials uniquely, we have the Euler product formula:

(2.2) (s) = H(l - ﬁ)l for Re(s) > 1
P

where the product is taken over all monic irreducible polynomials in F,[t]. By ap-
plying logarithms to both sides in equation (2.2), and then differentiating, we obtain

g N logN N A
7 () ; T Y NP log N(P) )

P n=1

where the sum is taken over all monic polynomials in Fj[t] and

A( { log N(P) if fis a power of some irreducible polynomial P,

0 otherwise.

From the equation (2.1), we see that

_¢
¢

which has simple poles at s = 1 + 2kni/loggq, k € Z, and with residue 1.

q'*logq

(2.3) 1_7q1—37

(s) =

882



Let () = 3

A(f), where f are monic polynomials in F,[t]. Beginning with
N(f)<z
the fundamental line integral

1 ify>1,
1 c+ioo d 1
. y = iy =1,
21 Jolioo 5 2
0 ify<l,

for any ¢ > 1 we have

1 ct+ioco C:/ s
wie) =5 [ S

where

1
P(x) — = A if t=4q", neN,
sy (P95 S A e ne

Y(x) otherwise.
Then by (2.3) we get

1 etioo pl=s oo g 2°
bo(x) / 4 0849 4

T 2n oo L—ql7% s

As a consequence of this calculus we get

Lemma 2.1. Let f(s) be continuous on Tg: s = ¢+ Re® (3n < 0 < 2rn), and
f(s) = 0 as R — +o0, then fFR f(s)z®ds — 0 as R — o0, for any x > 1.

Let f(s) = (¢ *logq)/(1 — ¢*~*)s. We have

1 c+iR

(2.4) =l f(s)x®ds — Po(x),

as R — +oo, where ¢ > 1.

If R=Ry = \/(c —1)2 4 ((2k + 1)212)/ log? g, (2.4) holds also for k — +o0.

IfT'g: s = c+ Roe® (%n <0< %n), it is easily seen that we can apply Lemma 2.1
to f(s). Hence we deduce the following proposition:
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Proposition 2.1.

_ qloggq 2. cos(ky)(log q)? + 2knlog gsin(ky)
Yola) = 1—gq e Z (log q)? + 4k2n2 ’

k=—oc0
for any x > 1, where y = 2nlogz/logq.

Proof. By Lemma 2.1 we get fFR f(s)x®ds — 0, as Ry — oo for any = > 1.
0
Hence by contour integration we have

QIqu x1+2kni/ logq

1—g¢q k:z—:oo 1+ 2kni/logq’

(2.5) to(x) =

Indeed, this is obtained by the integral on the line Re(s) = ¢ and by moving it
to I'r,. The simple poles at s = 0, s = 1 + 2kni/logg produce the corresponding
terms in (2.5). Since ¢o(z) is a real valued function, imaginary part of it must be
zero, and the result follows. ([

Corollary 2.1.

i log7e __ _g+1 log g
log? q + 4k2n2  2(¢—1)

k=—0o0

Proof. By Proposition 1 let x = q. We have

qlogg = log” ¢ q
dolg) = ——+q Y —5————=logg,

2
1—¢ W logTq+ 4k 2
and the result follows. O
Let © = q". We get
qlogq S log® ¢ (¢"™ +¢" —2q)logq
2.6 "= 4+ q" =
( ) wO(q ) 1 — q q k;oo 10g2 q+ 4]{)2]_[2 2((] _ 1)
and
1
(2.7) ¥(d") = old") + 5 > A =2¢0(g") — (g™,
N(f)=q"
(2.8) ¥(q) = qloggq.
Then by (2.6), (2.7) and (2.8) we deduce that
n+1 _

(2.9) ¥(g") = % log g.
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Lemma 2.2.

q n+1 qn+1 qn
Z q—l + (q—1)2+0<ﬁ)’ as n — oo.
Proof. We have
nnfl i n m—1
ST = (S )e)
n—1i n \ 4 n—1i
i= i=0
and
n—1 ) q
7’L: O —n
;q 1t (@),
n—1 i nfln i
—i __ _—n v
2 =
=0 i=1

By Poisson’s summation formula we get

n—1 . n—2 i n—1
n—1i qn q q 1—q
Z: O
; i 4 n—1;¢(i+1)+n—1 g oM
and )
n— i n—2 n
q q g -1 q
= Ol —).
1=1@(z+1) q—l(n—2)(n—1)+ (n?’)
Therefore )
n— - n—+1 n
n—i, q q
R vo(2).
; i ! n(q—1)2+ n?
and the result follows. O
Theorem 2.1.
q x q x x
w(x) = + + 0 ,  where ¥ = ¢" — o0.
(z) q—1log,z  (q—1)2 logflx (loggx) T
Proof. Let ACP)
m(z)= Y .
Nipes 08 N (f)
We have
log N(P) 1/2 1
2.10 = —= / 13y 4. ..
Q1) m@ = Y B =)+ gr(al?) + g6 +

N(Pm)<=
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By (2.9) and Lemma 2.2 we have

(g —¢(¢)

NE

2.11 =
(2.11) m(z) = TTogg
i=1
n i n+1 n+1 n
- Z% - n(q -1 +n2(q —1)2 +O(%)’
i=1 q 1
as x = ¢" — o0o. By (2.10) and (2.11) we deduce the theorem. O
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