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Abstract. In this paper, the effects on the signless Laplacian spectral radius of a graph
are studied when some operations, such as edge moving, edge subdividing, are applied to
the graph. Moreover, the largest signless Laplacian spectral radius among the all unicyclic
graphs with n vertices and k pendant vertices is identified. Furthermore, we determine the
graphs with the largest Laplacian spectral radii among the all unicyclic graphs and bicyclic
graphs with n vertices and k pendant vertices, respectively.
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1. INTRODUCTION

Throughout the paper, G = (V, E) is a connected undirected simple graph with
V = {v1,ve,...,v,} and E = {e1,ea,...,emn}. Especially, if m =n or m = n+ 1,
then G is called a unicyclic or bicyclic graph, respectively. The notation N(v) is
used to denote the neighbors of vertex v. The degree of vertex v, written by d(v),
is d(v) = |N(v)|. Specially, we use A(G) to indicate the maximum degree of G. If
d(v) = 1, then v is called a pendant vertex of G. Let the adjacency matrix, degree
matrix of G be A(G) = [ai;], D(G) = diag{d(v1),d(vs),...,d(vn)}, respectively. The
Laplacian matriz of G is L(G) = D(G) — A(G) and the signless Laplacian matriz
of G is Q(G) = D(G) + A(G). Denote the spectral radii of A(G), L(G) and Q(G)
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by o(G), A(G), and u(G), respectively. For the relation between A(G) and u(G), it
is well known that

Proposition 1.1 ([15], [14]). AM(G) < u(G), the equality holds if and only if G is
bipartite.

If G is connected, by the Perron-Frobenius Theorem of non-negative matrices,
1#(G) has multiplicity one and there exists a unique positive unit eigenvector corre-
sponding to u(G). We refer to such an eigenvector as the Perron vector of u(G).

Our terminology and notation are standard except as indicated. For terminology
and notation not defined here, we refer the readers to [1], [2], [4]-]6], [10], [12], [13],
[17], [18] and the references therein.

It is well known that graph spectrum has great important application in many
fields. Several graph spectra, i.e., spectra of A(G), L(G) and Q(G), have been
defined in [3]. The spectra of A(G), L(G) are well studied (for instance see [4], [6],
[8], [12], [13]), but the spectrum of Q(G) seems to be less well known. It is not
until recent years, some researchers found that the spectrum of Q(G) has a strong
connection with the structure of the graph (see [7], [10]). Thus, more and more
mathematicians became interested in it and devoted themselves to the study [2], [5],
7], [10].

The problem concerning graphs with maximal or minimal spectral radius over a
given class of graphs proposed in [1] has been studied extensively. In this direction,
Wu et al. [17] determined the unique tree with the largest spectral radius in the
class of trees with n vertices and k pendant vertices, and Guo [9] identified the
graphs with the largest spectral radius in the class of unicyclic and bicyclic graphs
with n vertices and k pendant vertices, respectively. Very recently, Geng et al. [6]
obtained the unique tricyclic graph with the largest spectral radius in the class of
tricyclic graphs with n vertices and k pendant vertices. In this paper, we shall
consider the similar problem for signless Laplacian spectral radius and Laplacian
spectral radius. We determine the unique graph with the largest signless Laplacian
spectral radius among all unicyclic graphs with n vertices and k pendant vertices,
and the graphs with the largest Laplacian spectral radii among all unicyclic graphs
and bicyclic graphs with n vertices and k pendant vertices, respectively.

The paper is organized as follows. In the second section, we obtain some properties
for the signless Laplacian spectral radius of a graph when some operations, such as
edge moving, edge subdividing, are applied to the graph. In the third section, we
determine the graphs with the largest signless Laplacian spectral radius and the
largest Laplacian spectral radius among all unicyclic graphs having n vertices and
k pendant vertices, respectively. In the fourth section, we identify the graph with
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the largest Laplacian spectral radius among all bicyclic graphs having n vertices and
k pendant vertices.

2. SOME PROPERTIES OF THE SIGNLESS LAPLACIAN SPECTRAL RADIUS

Let P, and C,, be the path and cycle on n vertices, respectively. Let G — u or
G — uv denote the graph that obtained from G by deleting the vertex v € V(G) or
the edge uv € F(G). Similarly, G + uv is a graph that arises from G by adding an
edge wv € E(G), where u,v € V(G).

Let X(G) be the line graph of G. It is well known that (for example, see [13],
p. 23):

(1) w(G) =2+ o(X(G)).

In the study of spectral theory, the effects on the spectrum are observed when
some operations, such as edge moving, edge subdividing, are applied to the graph.
For example, the following lemmas are stated for the spectral radius of the adjacency

matrix.

Lemma 2.1 ([12]). Let uv be an edge of a graph G satisfying d(u) > 2 and
d(v) > 2, and suppose that two new paths P: uujus...ur and Q: vviva...Upn
of length k and m (k > m > 1) are attached to G, respectively, to form My ,
where ui,us,...,ur and vy,va,...,v,, are distinct new vertices. Then, we have
o(My,m) > 0(Myy1,m—1)-

Suppose v is a vertex of a connected graph G with at least two vertices. Let
Gry (I = k > 1) be the graph obtained from G by attaching two new paths P:
v(= wvo)v1ve ... v and Q: v(= wug)ujug...u; of length k and [, respectively, at v,
where vy, v2,...,v; and ug,us,...,u; are distinct new vertices. Let Gir_1,41 =
Gj,1 — Vk—1v + wvg. It has been proved that

Lemma 2.2 ([12]). Let G be a connected graph on n > 2 vertices. If | > k > 1,
then

0(Gr1) > 0(Gr—1,141)-

By G C G’, we mean that G is a subgraph of G’ and G % G’. It is well known
that (for example, see [13], p. 17-18):
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Lemma 2.3. If G C G’ and G’ is a connected graph, then o(G) < o(G").

By Lemma 2.3, it immediately follows

Proposition 2.1. If G C G’ and G’ is a connected graph, then u(G) < u(G’).

Proof. Since G C G’ and G’ is a connected graph, then X (G) C X(G’) and
X (@) is a connected graph. This implies that o(X(G)) < o(X(G')). Bearing in
mind the equality (1), then the result follows. O

Lemma 2.4 ([4]). Suppose M, v, is a symmetric, nonnegative matrix, y is an
n-tuple positive vector and ' is a positive real number. If My < p'y and My # u'y,
then 91(M) < 1/, where p1(M) is the largest eigenvalue of M.

With the help of the above lemmas, we can obtain the similar results on p(G) for

the general connected graphs.

1. Edge moving operation

Theorem 2.1. Let G be a connected graph on n > 2 vertices. If | > k > 1, then

wW(Gr) > 1(Gr—1,141)-

Proof. We consider the next two cases.

Case 1. k = 1. Without loss of generality, suppose e; = vvy, ea = vuy, ez =
ULUD, - .., €41 = W—1Uy, € = wu1. Then Gy, Goit1, X(G1,), X(Go41) are the
graphs as shown in Fig. 1. Let G1 = X (G1;) \ {wve, : w # ve, }, then G1 C X(G1,),
thus o(G1) < o(X(G1,)) follows from Lemma 2.3.

U1

€141 €l+1 €4
o .- o - 0
€2 Ul U U—1 U €2 Uy Uz -1 U V1

Gi, Go,i+1

X(Go,i41)

Fig. 1

Subcase 1.1. 1 = 1. It is easy to see that G1 = X(Go, 1), this implies that
0(X(Go,41)) = 0(G1) < (X (G1,1)). Thus, the result follows from equality (1).
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Subcase 1.2. | > 2. By Lemma 2.2, we have o(X(Go,+1)) < 0(G1) < 0(X(G1,1))-
Thus, the result follows from equality (1).

Case 2. k > 2. Without loss of generality, suppose e; = vvy, ea = vyva,. ..,
ek = Uk—1V and ep41 = VU1, €42 = UIUD,. . ., €yl = U—1U], € = WVE. Then Gy,
Gr-1,+1, X(Gg,1), X(Gr—1,1+1) are the graphs as shown in Fig. 2. By Lemma 2.1,
it follows that o(X (Gr—1,1+1)) < 0(X(Gk,)). Bearing in mind the equality (1), the

result follows.

Vk
ek

€k+1 €L+l €k+1 €L+l €
o
ul ul 1 W ul Ul 1 U Vg

Gr—1,+1

o Ve,

o -+ O0—o0
Vepqi—1 Vejot Uek+l 1 Verqu

X(Gk’l) X<Gk71,l+1)

Fig. 2
By combining the above discussion, the assertion follows. O

By Proposition 1.1 and Theorem 2.1, we have

Corollary 2.1 ([8]). Let G be a connected bipartite graph on n > 2 vertices. If
l>k>1, then )\(GkJ) > A(kal,lJrl)-

Lemma 2.5 ([18]). Let G = (V(G), E(G)) be a connected simple graph with
wv; € E(G) and wv; ¢ E(G) fori=1,...,k. Let G = (V'(G), E'(G)) be a new
graph obtained from G by deleting edges uv; and adding edges wv; fori=1,... k.
Letz = (z1, 22, ...,2,)T be a Perron vector of ui(G). If x,, > w,, then u(G) < u(G’).

2. Edge subdividing operation

Let G be a connected graph, and uv € E(G). The graph G, , is obtained from G
by subdividing the edge uv, i.e., adding a new vertex w and edges wu, wv in G — uv.
An internal path, say v1vs ... vs41 (s > 1), is a path joining v1 and vs41 (which need
not be distinct) such that v; and vs11 have degree greater than 2, while all other
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vertices vs, ..., vs are of degree 2. A pendant path of a graph is a path with one of
its end vertices having degree one and all the internal vertices having degree two.
Clearly, a pendant path of length one is a pendant edge.

Theorem 2.2. Let uv be an edge of the connected graph G.
(1) If uv belongs to a pendant path of G, then u(Gy, ) > p(G).
(2) If uv belongs to an internal path of G, then u(G;, ) < u(G).

Proof. (1) Since G C Gy, ,, then u(Gy, ) > u(G) follows from Proposition 2.1.

(2) For convenience, we assume v1vz...7, (@ > 2) is an internal path of G and
x = (z1,22,...,7,)T is the Perron vector of u(G), where z; (> 0) corresponds to
the vertex v; (I < ¢ < n). Without loss of generality, suppose that z1 < x4, and
xy = min{xy, 441, .. ., o} such that x; < z; for 1 <4 <t — 1. We divide the proof
into the next two cases.

Case 1. t = 1. Let G' = G — v1va + viw + wve, where w ¢ V(G). It is easy

to see that G}, = G'. Let y = (y1,%w,¥2,---,yn)", Where y, = y1 = 1 and
y; = x; for 2 < 4 < n. This implies that y is an (n + 1)-tuple positive vector. Let
s= Y. xj—x2, where N(v1) is the set of neighbors of v; in G. Then,

vj €N (v1)

(Q(G")y)1 = d(v1)x1 + 8+ Y = s + (d(v1) + 1)1,
((Gy) = w(G)yr = p(G)z1 = d(v1)x1 + 8 + 2.

Since 1 < x2, then (Q(G')y)1 < (u(G)y)1. Moreover, we have

(QG)Y)w = 2yw + 1 + 22 = 321 + 22,
(1(E)Y)w = W(G)yw = p(G)z1 = d(v1)z1 + s + 2.

Since d(v1) = 3, s > 0, thus (Q(G")y)w < (L(G)Y)w.

For the other vertex v; (j # 1,w), we have (Q(G")y); = (u(G)y);. Combining the
above discussion, we can conclude that Q(G")y < u(G)y and Q(G")y # u(GQ)y, thus
w(G,) = 1(G") < p(G) follows from Lemma 2.4.

Case 2. 1 <t < a. Let G’ = G—vi_1vs +vi_1w—+wuvy, where w € V(G). It is easy
to see that G*(u,v) 2 G'. Let y = (Y1, -+, Yt—1, Yuw: Yts - - -, Yn) "’ , where y,, = 24 and
yi = x; for 1 <4 < n. This implies that y is an (n + 1)-tuple positive vector. Then

(QUG)Y)w = 2yw + 241 + 2 = 241 + 32y,
(G Y)w = w(G)yw = p(G)y = 224 + 241 + Tyg1-
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Since z; < 2441, thus (Q(G")y)w < (1(G)y)w. Moreover, we have

(Q(G/)y)t =2%¢ + Yo + Tp41 = 3T¢ + Tyq1,
(G)y)e = WGy = (G = 224 + Tp1 + Try1.

Since 7y < z¢—1, thus (Q(G")y): < (W(G)y):.

For the other vertex v; (j # t,w), we have (Q(G")y); = (u(G)y);. Combining the
above discussion, we can conclude that Q(G")y < u(G)y and Q(G")y # u(GQ)y, thus
w(G,) = 1(G") < p(G) follows from Lemma 2.4.

By combining the above arguments, we have (G, ,) < pu(G). This completes the
proof. O

Corollary 2.2. Suppose uv is an edge of the connected bipartite graph G.
(1) If uv belongs to a pendant path of G, then \(G}, ) > A(G).
(2) If uv belongs to an internal path of G and G, Is also a bipartite graph, then
AMGE L) < AG).

u,v

Proof. We only prove (1), because (2) can be proved similarly. It is easy to see
that G7, , is also bipartite as G is bipartite, then A\(G}, ) = p(G;, ) > p(G) = A(G)

u,v

follows from Proposition 1.1 and Theorem 2.2. Thus (1) holds. O

3. THE LARGEST u(G) (RESP. A(G)) IN THE CLASS OF UNICYCLIC GRAPHS WITH
n VERTICES AND k PENDANT VERTICES

Let G be a connected graph and let T' be a tree such that T is attached to a
vertex v of G. The vertex v is called the root of T. Throughout this paper, we
assume that T does not include the root. Given u, v € V(G), the symbol d(u,v) is
used to denote the distance between u and v, i.e., the length of (number of edges
in) the shortest path that connects v and v in G. Paths Py, ..., P, are said to have
almost equal lengths if 11, ..., 1, satisfy |l; —[;| <1for 1 <i<j<k.

For integers n, k, let U, (k) denote the class of connected unicyclic graphs with
n vertices and k pendant vertices, and let U, (¢, k) be the class of connected unicyclic
graphs on n vertices and k pendant vertices with the unique cycle of length ¢. The
notation W, (¢, k) denotes the unicyclic graph on n vertices obtained from a cycle,
say Ct, by attaching k paths of almost equal lengths to one vertex of C;. Obviously,
Wi (t, k) € Uy (t, k) C Uy, (k).
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Lemma 3.1. Suppose t and k are integers witht >3 and 1 < k<n—t. IfG €
Un(t, k), then u(G) < u(Wy(t, k)), with equality holding if and only if G = W, (¢, k).

Proof. Choose G € U,(t,k) such that the signless Laplacian spectral radius

of G is as large as possible. Denote the vertex set of G by {v1,. .., v,} and the Perron
vector of u(G) by z = (z1,...,7,)T, where z; (> 0) corresponds to the vertex v;
(1<i<n).

We first prove that G is a graph obtained by attaching some tree to only one
vertex of C;. On the contrary, assume that there exist trees 17, T attached to v,
v of Cy, respectively. Without loss of generality, suppose 1 < x3. Note that there
must be some vertex u € V(T1) N N(v1) such that u & N(vs), let

G1 =G — viu + vou,

then G1 € Uy (¢, k). By Lemma 2.5, 4(G) < u(G1), a contradiction.

Thus, G is a graph obtained by attaching some tree T to one vertex, say vy, of Cj.
We now prove that each vertex v of T has degree d(v) < 2. On the contrary, assume
there exists one vertex v; € V(T') such that d(v;) > 3 and d(v;,v1) is as small as
possible.

If 21 > a;, since d(v;) > 3, then there must exist one vertex u € N(v;) such that
d(vi,u) > d(v1,v;). Clearly, u & N(v1). Let

G1 = G — uv; + uvy,

then G1 € Uy (¢, k). By Lemma 2.5, ;1(G) < u(G1), a contradiction.
If 1 < x;, we consider the next two cases.
Case 1. d(v;,v1) = 1. Assume Cy = v1v2v3 ... vv1. Clearly, va & N(v;). Let

G1 = G—viv2 +v;v2, G2 = G1—vv2 —02U3+ U3, Gz = G2 —v2, G4 = Ga+v2vs,

where v, is a pendant vertex of G.

By Lemma 2.5, u(G) < u(G1). Since k > 1, then d(v1) > 3. Thus, v1vivs—1 ... v30;
Or VU1Vt V1 . .. U3V; is in an internal path of G3. By Theorem 2.2, u(G1) < p(Gs) <
#(G4). Thus, we can conclude that 4(G) < u(G4). But G4 € U,(t, k), a contradic-
tion to the choice of G.

Case 2. d(v;,v1) = 2. Suppose P = viva...vw; is the unique path of length [
from vy to v;, then I > 2 by d(v;,v1) > 2. Let

G1 =G —vv — i1 +vvi-1, Go =G — v, Gz =G+ s,
where v is a pendant vertex of G.
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Clearly, Gs € U,(t, k). By the choice of v;, v1va...v;—1v; is an internal path
of G3. By Theorem 2.2, we have u(G) < u(Gz2) < p1(Gs), a contradiction.

Thus, G is a graph obtained by attaching & paths to the vertex v, of C}. Finally,
we prove that G & W, (¢, k), i.e., the k paths have almost equal lengths. On the
contrary, assume that there exist two paths, say P, and Pj,, such that [; — Iy > 2
and ls > 2. Denote P, = uy...w;, and P, = w; ... w,, where uy = v; = w;. Let

G1 =G —w,—1w, +wi,u,,

then Gy € U, (¢, k). By Theorem 2.1, u(G) < p(G1), a contradiction to the choice
of G.

By combining the above arguments, we have G = W, (¢, k). This completes the
proof. O

Lemma 3.2. Suppose t and k are integers witht > 4 and 1 < k < n —t. Then,

:L"(Wn(tv k)) < ,U'(Wn(t -1, k))

Proof. By the definition, W, (¢, k) is the graph obtained by attaching k paths
of almost equal lengths to v; of C;. Assume C; = viv9vs...vv1. Let

G = Wh(t, k) —viv2 — vovz + 0103, G2 = G — v, G3 = G1 + vavs,

where vy is a pendant vertex of W, (¢, k).

Since k > 1, then d(v1) > 3. Thus, v1vsvy ... v01 is an internal path of Gy. By
Theorem 2.2, u(W,(t,k)) < p(G2) < 1(Gs). Moreover, note that Gs € U, (t — 1, k),
thus we can conclude that u(W, (¢, k)) < u(Gs) < u(Wy,(t—1,k) by Lemma 3.1. O

For G € U, (k), it has been proved (see [9]) that o(G) < o(W, (3, k)), with equality
holding if and only if G = W,,(3,k). The next theorem shows the similar result to
w(G) for G € Uy (k)

Theorem 3.1. Suppose k is an integer with 1 < k <n—3. If G € U, (k), then
(@) < p(Wa(3, k),

and the equality holds if and only if G = W, (3, k).

Proof. Sincek > 1and G € U,(k), then there exists an integer ¢ (> 3) such that
G € Uy, (t, k). By Lemmas 3.1-3.2, it follows that pu(G) < p(W,(t, k) < p(Wa(3,k)),
with equality holding if and only if G = W,,(3,k). This completes the proof of the
assertion. (]
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In the following, we shall determine the unique graph with the largest Laplacian
spectral radius in the class of unicyclic graphs with n vertices and k pendant vertices.
By Proposition 1.1 and Lemma 3.1, it follows

Lemma 3.3. Suppose t is a positive even number and k is an integer with 1 <
E<n—t IfG e Uy(t k), then \(G) < A(W,(t,k)), with equality holding if and
only if G = W, (t, k).

Lemma 3.4. Suppose t (> 5) is a positive odd number and k is an integer with
1<k<n—t IfG e U,(t k), then N(G) < AW, (t — 1,k)).

Proof. Sincetis odd, by Proposition 1.1 and Lemmas 3.1-3.2 we have A\(G) <
wWG) < p(Wy(t, k) < w(Wy(t —1,k)) = M(Wy(t — 1,k)). Thus, the result follows.
O

Lemma 3.5. Suppose t and k are integers with t > 4 and 1 < k < n — L.
If G € Uy(t, k), then \M(G) < AW, (4,k)), with equality holding if and only if
G2 W,(4,k).

Proof. We divide the proof into the following two cases.

Case 1. t is even. We may assume that ¢ > 6. By Proposition 1.1, Lemmas 3.2 and
3.3, we have A(G) < A(W,,(t,k)) = p(Wy(t, k) < u(W,(t—1,k)) < p(W,,(t—2,k)) =
AWy (t — 2,k)). Since t is even, by repeating the above process, we can conclude
that A(G) < A(W,,(4,k)) for t > 6.

Case 2. tisodd. Sincet > 5, then \(G) < A(W,,(t—1, k)) follows from Lemma 3.4.
Combining with Case 1, we have A(G) < A(W,,(t — 1,k)) < AM(W,, (4, k)).

By combining the above arguments, the result follows. O

Lemma 3.6 ([8]). Let v be a vertex of a connected graph G and suppose that
v1,...,Vs are pendant vertices of G which are adjacent to v. Let G* be the graph
obtained from G by adding any b (1 < b < $s(s—1)) edges between vy, ...,vs.
Then, A(G) = A(G*).

The next lemma gives an upper bound for A(G), which does not exceed n.

Lemma 3.7 ([16]). AM(G) < max{|N(u) UN(v)|: u,v € V(G)}.

The next lemma gives a lower bound for A(G).

Lemma 3.8 ([14]). If G is a graph with at least one edge, then \(G) > A(G) +1,
where equality holds if and only if A(G) =n — 1.
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Theorem 3.2. Suppose k is an integer with 1 < k <n—4. If G € U, (k), then

MG) < AWy, (4, k)),

where the equality holds if and only if G =2 W, (4,k).

Proof. Since k¥ > 1 and G € U, (k), then there exists an integer ¢ (> 3) such
that G € Uy(t, k). If t > 4, the result follows from Lemma 3.5. Next we shall
consider the case of t = 3.

By the definition, U, (3,%) denotes the class of connected unicyclic graphs on
n vertices having k pendant vertices and a cycle Cs = v1v9v3v1. Choose G € U, (3, k)
such that the Laplacian spectral radius of G is as large as possible.

We first proved that G is a graph by attaching some tree to only one vertex of Cj.
On the contrary, assume that there exist trees 77, T attached to vi, vy of Cj,
respectively. Note that 1 < k£ < n — 4. By Lemmas 3.7-3.8 we have

MG) < max{|N(v)UN(@)|: u,v € V(G)} <k+3=AW,(3,k))+1 < A(W,(3,k)).

But W,,(3,k) € U,(3, k), it is a contradiction to the choice of G.

Thus, G is a graph obtained by attaching some tree to one vertex, say vy, of Cj.
Let T = G — vavs, then T is a tree. By Lemma 3.6, A\(G) = A(T). Next we shall
prove that A(T") < A(W,,(4,k)).

Choose a pendant vertex, say u, of V(T') such that d(vi,u) is as large as possible
in T. Let Gi = T + uvy. Since T' C Gy, then N(T') = u(T) < p(Gy) follows from
Proposition 2.1.

Note that G; contains a cycle, say Cy, clearly a > 4 because 1 < k < n — 4, thus
G1 € Uy(a, k). By Lemmas 3.1-3.2, u(G1) < u(Wy(a, k) < p(Wp(4,k)).

Combining the above arguments, we can conclude that

NG) = MT) = p(T) < j(Gr) < (Wi (4, K)) = MW (4, k)).

This completes the proof. O
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4. THE LARGEST A(G) IN THE CLASS OF BICYCLIC GRAPHS WITH n VERTICES
AND k PENDANT VERTICES

Let G be a bicyclic graph. The base of G, denoted by G, is the (unique) minimal
connected bicyclic subgraph of G. It is easy to see that G is the unique bicyclic
subgraph of G containing no pendant vertices, while G can be obtained from G by
attaching trees to some vertices of G.

Let C, and C; be two vertex-disjoint cycles. Suppose that u € V(C),) and v €
V(Cy). In [9], Guo introduced the graph B(p,l,q) (Fig. 3), which is arisen from C),
and Cj; by joining w and v by a path (u =)vyvs ... v (= v) of length [ —1, where [ = 1
means identifying u and v.

Let Ppy1, Pyy1 and Py be three vertex-disjoint paths, where p,l,¢ > 1 and at
most one of them is 1. Identifying the three initial vertices and terminal vertices of
them, respectively, the resulting graph (Fig. 3), denoted by P(p,, q), is also reported

in [9].
Ul o o Ul v op-lﬂc U
Py

Fig. 3. The graphs B(p,l,q) and P(p,l,q).

For integers n, k, let B(n, k) be the class of connected bicyclic graphs with n ver-
tices and k pendant vertices. Now we define the following two kinds of bicyclic graphs
with n vertices and k& pendant vertices:

Bi(n, k) = {G € B(n,k): G=B(p,l,q)},
Ba(n, k) = {G € B(n,k): G =P(p,l,q)}.

The girth of G is the length of a shortest cycle in G and its length is denoted
by ¢g(G). For convenience, we introduced more notation as follows.

B'(n, k) = {G € By(n,k): g(Q)
B3(n, k) = {G € By(n, k): g(G)

b, B3(n,k) ={G € By(n,k): g(G)
}7 84(71, k) = {G € BZ(na k) g(G)

3},
3}.

ARV

4
4

It is easy to see that
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Let T3 be the graph on n vertices obtained from B(4,1,4) by attaching k paths
of almost equal lengths to the vertex of degree 4. Let W5 and W3 be the graphs on
n vertices arisen from P(3,1,3) by attaching k paths of almost equal lengths to one
vertex of degree 3 and one vertex of degree 2, respectively. Let Wy and W5 be the
graphs on n vertices obtained from P(2,2,2) by attaching k paths of almost equal
lengths to one vertex of degree 3 and one vertex of degree 2, respectively.

Let m(v) denote the average of the degrees of the vertices adjacent to v, i.e.,

m(v) =3 e nwd(u)/d).

Lemma 4.1 ([11)).

Lemma 4.2. If 1 < k <n—7, then \(W;) < A(W7) holds for 2 < i < 5.

Proof. By Lemmas 3.8 and 4.1, we have

AWz) < max{d(U)(d(U) . mcgzg; 1 ddgg(d(v) L) e E(Wz)}
_ k? +9k +32 k? +9k+25 k? +9k+19
_max{ k+6 ' k+5 0 k+4 }

<k+5=A07)+1<AW).
By Lemmas 3.7-3.8, we have
AWs) < max{|[N(u) UN)|: u,v e V(W3)} =k+5=AW1)+ 1 < AX(Wy).

It can be proved similarly as A(W3) < A(W1) that A(Wy) < A(W7) and A(Ws) <
A(W).
By combining the above discussion, the assertions follow. O

Lemma 4.3. If 1 < k < n—17 and G € BY(n,k), then pu(G) < u(Wi), with
equality holding if and only if G = W1.

Proof. Choose G € Bl(n,k) such that u(G) is as large as possible. Denote the
vertex set of G by {v1,...,v,} and the Perron vector of u(G) by x = (z1,...,2,)7,
where z; (> 0) corresponds to the vertex v; (1 <7 < n).

Suppose G = B(p,l,q), and vy ... v is the unique path from v; € V(C,) to v; €
V(Cy). We claim that [ = 1. Assume, on the contrary, that { > 1. Without loss of
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generality, suppose that 1 > x;. Clearly, there exists some vertex u € N (v;)NV(Cy),
and u € N(v1). Let
G1 =G —vyu+ vu,

then Gy € B'(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction. Hence, [ = 1.
We now prove that G is the graph that arises from B(p, 1, q) by attaching a tree
to the vertex of degree 4, say vy, in B(p, 1,q). Assume that there exists a vertex v; of
B(p,1,q) such that v; # v1 and there exists a tree T attached to v;. By symmetry,
we may assume that v; € V(Cp).
If 1 > x4, choose u € N(v;) N V(T), clearly u & N(v1). Let

Gi1 =G —vu+ vu,

then Gy € Bl(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.
If x1 < x4, suppose {u,v} = N(v1) NV(Cy), clearly u,v ¢ N(v;). Let

G1 =G —viu — vv + vu + v,

then Gy € B'(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.

Thus, G is a graph obtained by attaching one tree, say T, to the vertex v; of
B(p,1,q). We now prove that each vertex of T has degree d(v) < 2. On the contrary,
assume there exists one vertex v; € V(T') such that d(v;) > 3.

If z1 > x;, since d(v;) > 3, then there must exist some vertex u € N (v;) such that
d(vi,u) > d(v1,v;). Clearly, u & N(vy). Let

G =G —uv; + nu

then Gy € Bl(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.
If x1 < x;, suppose {u,v} = N(v1) NV(Cy), clearly u,v ¢ N(v;). Let

G1 =G —viu — vv + vu + v,

then Gy € B'(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.

Thus, G is a graph obtained by attaching k paths to the vertex v; of B(p,1,q).
Next we shall prove that p = ¢ = 4. On the contrary, we assume that p > 4 and
Cp =11v2...v,01. Let

G1 =G —vivg —vovs +v1v3, Ga2 =G1 —v2, Gz = G1 + vaus,

where v is a pendant vertex of G.
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Note that vivs...vpv1 is an internal path of Gg, then u(G) < wp(Gz) follows
from Theorem 2.2. Moreover, since G C G3, by Proposition 2.1 it follows that
w(G2) < (G3). Thus, we can conclude that u(G) < u(Gs). But Gz € B(n, k), a
contradiction. Thus, p = 4. By the same reason, g = 4.

Finally, we prove that G = W1, i.e., the k paths have almost equal lengths. On
the contrary, if there exist two paths, say P, and P, such that I; — Iy > 2 and
lo > 2. Denote P, =u;1...u; and P, =w;...w,, where u; = v; = w;. Let

G1 =G —up, 1wy, +wi,ug,,

then G1 € B(n, k). By Theorem 2.1, u(G) < 1(G1), a contradiction.
By combining the above arguments, we have G = Wj. This completes the proof.
O

Corollary 4.1. If 1 < k < n—7 and G € B'(n, k), then \(G) < A\(W}), with
equality holding if and only if G = W1.

Proof. By Proposition 1.1 and Lemma 4.3, we have
A(G) < ul(G) < u(Wh) = A(Wh).
Thus, the conclusion follows from Lemma 4.3.

Lemma 4.4. If 1 <k <n—7 and G € B%*(n, k), then \(G) < A\(W7).

Proof. Choose G € B?(n,k) such that A\(G) is as large as possible. Without
loss of generality, we assume that p > ¢ in the proof of this lemma. By the definition,
G = B(p,1,3). Suppose that Cy(= C3) = vivavsvy, where d(vi) > 3 in B(p,l, 3).
Two cases occur as follows.

Case 1. If there exists a vertex w (w = vg or v3) of degree 2 in C3 of B(p,l,3)
such that there exists a tree T' attached to w, by Lemmas 3.7-3.8 it follows that

AMG) <K max{|N(u) UN@W)|: u,v € V(G)} <k+5=AW1)+1<XW).

Case 2. There exists no tree attached to vy or/and vs in C, (= C3) of B(p,l,3).
Let
G1 = G — V273.

Then, A(G) = A(Gy) follows from Lemma 3.6. Note that G; € U,(k + 2) and
k+ 2 < n—4, by Theorem 3.2 we have \(G1) < A(W,(4,k + 2)). Choose two
different pendant vertices, say u and v, of V(W,(4,k + 2)) such that d(v;,u) and
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d(v;,v) are as large as possible in W,, (4, k+2), where v; is the unique vertex of degree
greater than 4 in W,,(4,k + 2). Let

Go =W, (4, k +2) + uv.

Since W, (4, k +2) C G2, by Proposition 2.1 we have u(W,, (4, k+2)) < u(G2). Note
that Go € B(n, k), then u(G2) < p(W1) by Lemma 4.3.
Combining the above discussion and Proposition 1.1, we can conclude that

MG) = NG1) K AW (4,k +2)) = p(Wi (4, k +2)) < u(G2) < p(Wh) = A(W).
By the above arguments, we have A(G) < A(W7). This completes the proof. [

Lemma 4.5. If 1 <k <n—7and G € B3(n, k), then u(G) < max{u(Ws), u(Ws),
1(Wa), n(Ws)}.

Proof. Choose G € B3(n,k) such that u(G) is as large as possible. Denote the
vertex set of G by {vi,...,v,} and the Perron vector of u(G) by x = (x1,...,7,)7,
where z; (> 0) corresponds to the vertex v; (1 <4 < n). Without loss of generality,
we assume that [ = min{p, [, ¢} in the proof of this lemma.

We first prove that G is the graph obtained from P(p,l, q) by attaching some tree
to only one vertex of P(p,[,q). On the contrary, assume there exist trees T; and T
attached to v; and v; of P(p,l, q), respectively. By symmetry, we may assume that
x; = xj. Choose u € N(v;) NV (T}), clearly u & N(v;). Let

G1 =G —vju + vu.

Then, G1 € B3(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.

Thus, G is the graph arisen from P(p,l,q) by attaching some tree, say T, to
unique vertex, say v, of P(p,l,q). We now prove that every vertex v of T has degree
d(v) < 2. On the contrary, assume that there exists v; € V(T') such that d(v;) > 3.

If z; < x1, since d(v;) > 3, then there must exist some vertex v € N(v;) such that
d(vi,u) > d(vi,v;). Clearly, u & N(v1). Let

G1 = G — uvj + uvy,

then G € B3(n, k). By Lemma 2.5, u(G) < 11(G1), a contradiction.
If z; > x4, suppose u € N(v1) N V(P(p,1,q)), clearly u & N(v;). Let

Gi1 =G —viu + vju,
then Gy € B3(n, k). By Lemma 2.5, u(G) < u(G1), a contradiction.
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Thus, G is a graph obtained by attaching k paths to some vertex v1 of P(p,l,q).
We divide the proof into the next two cases.

Case 1. d(v1) =3 in P(p,l,q).

Subcase 1.1. | = 1. We shall prove that p = ¢ = 3. On the contrary, assume that
p = 4. Suppose Pyy1 = v102 ... Upt1, then d(v1) > 4 and d(vpy1) = 3. Let

G1 =G —vivg —vovs +v1v3, G2 =G1 —v2, Gz = G1 + vaus,

where v is a pendant vertex of G.

Note that vivs...v,11 is an internal path of Gy and G2 C Gs, then u(G) <
1(G2) < 1(Gs) follows from Proposition 2.1 and Theorem 2.2, a contradiction to the
choice of G. Thus, p = 3. By the same reason, ¢ = 3. Thus, G is a graph obtained
by attaching k paths to one vertex of degree 3 of P(3,1,3). By Theorem 2.1, we
have G = Ws.

Subcase 1.2. | > 2. By the same method as Subcase 1.1, we can prove that
G = Wy.

Case 2. d(v1) =2 in P(p,l,q).

Subcase 2.1. | = 1. By the same method as Subcase 1.1, we can prove that
G =2 Ws.

Subcase 2.2. | > 2. By the same method as Subcase 1.1, we can prove that
G = Ws.

By the above arguments, this completes the proof. ([

Corollary 4.2. If 1 <k <n—7 and G € B3(n, k), then \(G) < A\(W1).
Proof. By Proposition 1.1,
max{p(Wa), w(Ws), p(Wa), n(Ws)} = max{A(Wa), A(Wsz), A(Wa), A(W5)}.
Combining with Proposition 1.1, Lemmas 4.2 and 4.5, we have
AG) < (@) < max{A(Wa), A(W3), A(Wa), A(W5)} < A(W1).
Thus, the conclusion follows. O
Lemma 4.6. If 1 <k <n—7 and G € B*(n, k), then \(G) < \(W1).
Proof. If G € B4(n,k), by Lemmas 3.7-3.8 it follows that
AMG) < max{|N(u) UN(@): u,v € V(G)} < k+5=A(W1)+1 < A\(Wy).
This completes the proof. [l

By Corollaries 4.1-4.2, Lemmas 4.4 and 4.6, we can conclude
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Theorem 4.1. If 1 <k <n—7 and G € B(n, k), then

AG) < A(Wh),

where the equality holds if and only if G = Wj.
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