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Abstract. By deriving a variant of interpolation inequality, we obtain a sharp criterion
for global existence and blow-up of solutions to the inhomogeneous nonlinear Schrédinger
equation with harmonic potential

. 2 b -2
ipr = —Ap + |z]70 — 2|’ |eP .

We also prove the existence of unstable standing-wave solutions via blow-up under certain
conditions on the unbounded inhomogeneity and the power of nonlinearity, as well as the
frequency of the wave.
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1. INTRODUCTION

Let ¢ = p(x,t): RN x Ry — C be a complex-valued function. The nonlinear
Schrodinger equation with the harmonic potential and inhomogeneous nonlinearity
(INLS-equation henceforth)

(1.1) ips = —Ap+ |x|2<p — K(a:)|go|p_2<p, zeRY, t>0,

arises in various physical contexts from the description of nonlinear waves such as
propagation of a laser beam and plasma waves. For example, when K (x) = 1, the
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INLS-equation (1.1) is a model describing the Bose-Einstein condensate with at-
tractive inter-particle interactions under magnetic trap [1], [27], [28]. Without the
harmonic potential, the INLS-equation describes the beam propagation in an inho-
mogeneous medium, where ¢ is the electric field in laser optics and K is proportional
to the electric density [14], [18].

From physical point of view, a basic question to the INLS-equation (1.1) is: when
can the condensate be unstable to collapse (blow-up) or exist for all time (global
existence)?

Another important issue that is often considered is whether or not global existence
obtained for arbitrary classes of initial data is the stability of the standing-wave
solutions e“!¢(z) of (1.1). The localized solutions ¢ (ground-state solutions) are
known in many circumstances to play a distinguished role in the long-time evolution
of the initial disturbance. Therefore, the orbital and asymptotic stability of these
special solutions has been a central theme of development for more than three decades
(cf. [2], [4], [7], [8], [17], [24], [30], etc). Often, when nonlinear wave equations have
solutions that lose regularity in finite time, the translation to singularity formation
is associated with a standing wave going unstable.

The Cauchy problem and the issue of stability of standing waves of the INLS-
equation have been studied extensively. For example, when K (z) = 1, Fukuizumi
[11], Rose and Weinstein [22] and Zhang [32] obtained some results on the stability
and instability of standing waves as well as global existence of (1.1) for various initial
profiles. It is observed that there is a basic estimate used in their papers, i.e. the
Gagliardo-Nirenberg inequality (i.e. Lemma 2.1 in the case of ¥ = 0 and § = 0).
On the other hand, for the INLS-equation (K is not a constant) without harmonic
potential,

(1.2) ip; + Ap+ K(x)|o|P 20 =0, z¢€RY,

Merle [20] proved the existence and nonexistence of blow-up solutions of Eq. (1.2)
in the case of critical power p = 2 + 4/N and k; < K(z) < ko with k1 and ks
being positive constants. Recently, Fibich, Liu, and Wang [10], [19] proved the
stability and instability of standing waves of Eq. (1.2) under the assumptions on
p = 2+ 4/N, K(e|z|) with € small, and K € C*(RY) N L>(RY). Since K(x) is
bounded on R¥ in their papers, the Gagliardo-Nirenberg inequality still plays a key
role. However, when K (z) is unbounded on R¥, for example, K (x) = |z|°, it seems
that the standard Gagliardo-Nirenberg inequality can not be used any more. Let
us note that Fukuizumi and Ohta [13] obtained the instability of standing waves for
Eq. (1.2) when the inhomogeneity K of nonlinearity behaves like |z|~° at infinity
with 0 < b < 2. In [13], Hardy-Sobolev inequality plays an important role. For
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b > 0, neither the standard Gagliardo-Nirenberg inequality nor the Hardy-Sobolev
inequality can be used and the issue of whether or not particular initial data generate
a blow-up solution of Eq. (1.1) is more subtle. In [8], Chen and Guo established a
variant of interpolation inequality for N > 2, b > 0 and 2+ 20/(N — 1) < p <
2(N +b)/(N —1) and used it to study Eq. (1.2). Obviously, the nonlinear growth of
p in [8] is not optimal and the results in [8] do not cover a large class of nonlinear
Schrédinger equation.

In the present paper, we will derive an optimal version of Gagliardo-Nirenberg-
type inequality (see Theorem 2.3) and use it to study the INLS-equation (1.1) with
K(x) = |z|°, b > 0. More precisely, we propose and analyze here an inhomogeneous
nonlinear Schréodinger equation with harmonic potential of the form

(1.3) ipr = —Ap + |z>0 — [z]’|P 2,

where b > 0 (since the case of b = 0 has been studied extensively), z € RN, N > 2. It
is our purpose here to find the conditions on the initial data for global existence and
blow-up of solutions to Eq. (1.3). Another goal of the paper is to show that those
standing-wave solutions e“!((r) are indeed unstable via blow-up when considered
as solutions of the INLS-equation (1.3). In other words, there are perturbations
arbitrary close to ¢ which, when posed as initial data for (1.3), lead to solutions
blow-up in finite time.

To establish the results in view, we use the method of cross-invariant sets by
Berestycki-Cazenave [3] and Shatah-Strauss [24], which was developed by many au-
thors (see, e.g. [19, 32]). A crucial ingredient in the proof of blow-up of solutions
and instability of standing waves by blow-up is a variant of the inequality of the
Gagliardo-Nirenberg-type interpolation (Theorem 2.3).

The plan of the paper is as follows. In Section 2, we derive a variant interpolation
inequality, which is found to play an essential role in the whole paper. In Section 3,
the Cauchy problem for Eq. (1.3) is studied. In Section 4, the result on existence of
the standing-wave solutions ‘() of Eq. (1.3) is presented, where ¢ is the ground
state solution of the related elliptic problem. Section 5 is devoted to proving blow-
up of solutions in finite time and global existence of solutions to the initial-value
e(x)
for (1.3) by blow-up is obtained for some suitable frequency w > 0, the inhomogeneity

iwt

problem for (1.3). Finally, in Section 6, the instability of the standing wave e

associated with b and the power of nonlinearity p.

Notation. As above and henceforth, we denote the norm of the space L*(R™) by

||Ls, 1 < s < oo and denote the integral fRN dz simply by f unless stated otherwise.
We also denote various positive constants by C or C; and p. = 2(N +2+0b)/N. The
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function space in which we work is the Sobolev space
Hy(RY) = {ue H'(RY), u(z) = u(|z])}
with the standard norm ||u||; in H!(RY). We regard H}(RY) as a real Hilbert space
with the inner product (u,v)y: =R [ (VuV7 + up).
2. AN INTERPOLATION INEQUALITY

In this section, we will derive a variant of the well known Gagliardo- Nirenberg in-
equality. This inequality will play an essential role in the study of the inhomogeneous
nonlinear Schrédinger equation (1.3). First, we need the following two lemmas.

Lemma 2.1 ([5]) [Gagliardo-Nirenberg inequality]. Let 2 < g < ¢*, where ¢* =

2N/(N —2) when N > 3 and ¢* = +o0o when N = 2. Then there is a positive
constant C such that for any u € H'(RY),

N(g—2)/4 (2g—N(q—2))/4
(2.1) /|u|q < c(/|vu|2) (/|u|2> .

Lemma 2.2 [Strauss’ inequality]. Let N > 2. For any u € H}, there is a constant
Cn > 0 such that

(2.2) |x|¥|u($)| < CN</ |u|2>4 </ |Vu|2)4 for a.e. x € RY.

Proof. See [26] or [31, Page 76, Lemma 4.5]. O
Theorem 2.3. Assume N >2,b>0 and 2+ 2b/(N — 1) < p < p, where

oN 2
= = N3,
ﬁ:{N—2+N—1’ ! 5

400, if N =2.

Then there is a constant C' > 0 depending only on N, p and b such that for any

ue HL,
(23) [t < [ivae) ([1r)
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Proof. First, we use Lemma 2.2 to get

ea  [ulur= [ (5 o) 4

<o o] ([ fur

Next, since 2 + 2b/(N — 1) < p < p, we have that 2 < p—2b/(N — 1) < ¢*. It is
deduced from Lemma 2.1 that

- =) -N- 527 -2)
el ) ()
Since
b +N(p—2b/(N—1)—2)_N(p—2)—2b
2(N —1) 4 N 4
and
b 2p—20/(N-1)-Np-2/(N-1)-2) 2p—(Np—2) —2b
2(N — 1) 4 4 ’
we obtain from (2.4) and (2.5) that
N(p— 2) 2b 2p— (N(p 2)—2b)
Jutwe<e( o) T (fur) T
The proof is complete. O

Remark. From the proof of Theorem 2.3 one can see that we require u € H}. It
is still a question whether or not Theorem 2.3 holds for v € H*(R") in the case of
b>0.

3. CAUCHY PROBLEM

In this section we use Theorem 2.3 to establish the existence of local and global
solutions of ( 3). To this end, we introduce a subspace of H}. Let w > 0 and
Hy,={ue H}; [|z[’lul* < +oo} with the norm [|u|7, = f(|Vu|2+|x| lu|>+w|ul?).
Clearly, H,, is a Hilbert space whose inner product is defined by (u,v) = R [(VuVo+
|z|>ub + wuv), where v is the complex conjugate of v and R means taking real part.
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Proposition 3.1. Let N > 2, b > 0 and 2+ 2b/(N — 1) < p < p, where p is
defined in Theorem 2.3. For any ¢o € H,, there isT" > 0 and a unique solution ¢
of (1.3) with ¢ € C([0,T), H,,) and ©(0) = ¢o. Moreover, we have the conserved
particle number

(3.1) [1eP = [ 1eol

and the conserved energy

1 1
(2) Blo) =5 [(96 +laPloP) — 5 [ lal*lol
for allt € [0,T'), where either T = +o00 or T' < +00 and 1inle lollm, = +o0.
t—T—

Proof. The proof follows bythe standard method (see e.g. [6], [15], [21] and the
references therein) with help of Theorem 2.3. g

Next, we have the following virial identity which originated from Glassey [16]

Proposition 3.2. Let N > 2, b > 0 and 2+ 2b/(N — 1) < p < p, where p is
defined in Theorem 2.3. Let ¢(t) € C1([0,T(p0)), H,) be a solution of Eq. (1.1)
with initial condition ¢(0) = ¢o(x) € H,,. Denote

(3.3) h(t) = [lap(t)])3.
Then for 0 < t < T(yg) one has

Np—2N —

Ba) w0 =5 [ (I7eOPF - laPlow)? P 2lalle(Ol).

Proof. We only prove Eq. (3.4) formally. Since ¢ satisfies Eq. (1.3), we have

o = i(Ap — |20 + [z[°|¢|P 2 ).

Therefore
B (t) = 2Re/ lz|2@p; = 4Im/¢ngp

and
R (t) = 4Im/(@ta:Vgo + @xVpy)
= 4Im/ @iV — 4Im/80t(N§5 + Vo)
= —4Im/g0t(NgZ + 22V Q)
- —4Re/(N¢: +22V) (A — |22 + ||’ |p[P ).
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Recall that div(|z|’z) = (N + b)|z|® and by direct computations, one has
Re/(Ngo—i—Zngo = —2/|Vga|2
Re [(Vi + 20V @)oo = -2 [ laf ol
Re [(Vio +20V@)fallol 2o = N [ [al'lol” + Re [ 2alallol 2oV

2
_N / ol ol + 2 / 22"V (o)

2
_N / ol fol? -2 / P (N]al + blz[?)

_N(p—2)—2b PRI
el A
Wi(t) = 8( Jvel? = papiof) - 22222 |:c|b|so|p).

Proposition 3.3. Let N > 2,b> 0,2+ 2b/(N—-1) <p<pand ¢y € H,. If
242b/(N—1) < p < p., then the existence time T obtained in Proposition 3.1 must

Therefore

be infinite; if p = p., then the existence time T is infinite for ||pgl|/p2 sufficiently
small; if p. < p < p, then the existence time T is infinite for |yo| fr, sufficiently

small.

Proof. From Proposition 3.1 we know that for ¢y € H,,

J90P + laPloP) = 28(e0) + = [ lal'lol

It then follows from Theorem 2.3 that

Np— 2N 2b 2N+2b+2p Np

63) [(veprlliot) <2moo( [ivar) T (fler) T

If2+2b/(N —1) < p < pe, then an application of the Young inequality yields

2N42b4+2p—Np

2N+26+4—Np
36) (Ve +aPl?) <2800+ [ (962 +Cs( [ 1487) .

Choosing § < 1, we conclude from (3.1) and (3.6) that [(|V|>+|z|?|¢|?) is controlled
from above by a positive constant, which implies that T'= 4+o00. If N > 1+ %b and
p = pe, we deduce from (3.5) that

24b

/(|V<p|2 + |z?lef?) < 2E(¢0)+0/|v¢|2</|¢0|2) N
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If ||gol|r2 is sufficiently small, we obtain again that the existence time T = +4o0.
Finally, if p. < p < p, then again using (3.5), one gets that the existence time T is
infinite for ||po| z,, sufficiently small. O

Remark. When p = p,, the expression “sufficiently small“ appearing in Propo-
sition 3.3 is vague. We will give a qualitative description on how a small ¢, ensures
the global existence of a solution to (1.3) below.

4. GROUND-STATE SOLUTIONS

The focus of this section is the standing-wave solutions to Eq. (1.3) of the form
p(z,t) =e
Substituting e“!¢(z) into Eq. (1.3), we have the elliptic equation

iwt

w(x) (w > 0) with ¢ € H,,, a real-valued function.

(4.1) —Ap+ |zPo+wp — |2]°|pP2p =0, ¢ € Hy.

Define a functional J on H, by

1 1
(12 30 =5 [ (196 + Pl 4 wluf?) = [ 1ol

By Theorem 2.3, the functional J is a well-defined on H, when b > 0,w > 0, and
24+2b/(N—1) < p < pwith N > 2. It is clear that there is one-to-one correspondence
between the weak solution of (4.1) and the critical point of (4.2). Define another
functional I in H, by

(4.3) I(u) = /(|VU|2 + [P luf® + wlul® — |z |ul?).
Define the set N'= {u € H,; I(u) =0,u # 0} and
(4.4) dy = uléljva(u)

Definition 4.1. We say that ¢ € H,, is a ground-state solution of Eq. (4.1) if
@ #0,J'(¢) =0, J(p) = dy and J(p) < J () for any ¢ € {4 € H,; J'(¢) = 0}.
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Theorem 4.2. Assumew >0, N >2andb> 0. If2+42b/(N —1) < p < p, then
dxr > 0 and dy is achieved at a ground-state solution ¢ of Eq. (4.1).

Remark. When N > 3, w >0,b>0and 2+2b/(N—1) <p < 2N/(N —2) +
2b/(N — 1), one can use Rother’s inequality [23] to prove Theorem 4.2 directly fol-
lowing an argument of Sintzoff et al [25]. However, it seems that the method by
Sintzoff et al [25] cannot be applied to the case of N = 2 since Rother’s inequality
holds only for N > 3.

Proof of Theorem 4.2. Due to the above remark, it suffices to prove this
theorem in the case of N = 2. On the other hand, when b = 0, the existence of the
ground state solution of Eq. (4.1) has been studied extensively, cf. [11]. So we only
consider the case b > 0, N =2 and 2 4 2b < p < +00. The proof is divided into five
steps.

Step 1. We prove that dy > 0. In fact, for any u € N we have from Theorem 2.3
that

p—2—b

24b
Jully, = | |x|b|u|p<c< / |Vu|2) < / |u|2) < Cyllul?,.

So ||lullg, = C2 > 0 and J(u) = (3 —1/p)||ull};, > Cs > 0. It then turns out that
da > 0.

Step 2. Let {u,} C N be a minimizing sequence of dyr. We obtain from Ekeland’s
variational principle [31, Page 39, Theorem 2.4] that there is {¢,} C N such that:

1 1 1
n < d 5 ! n * ) n — Un .
Tlon) <+ =5, 1@l < s o =l < -
Therefore
(4.5) J(on) = dpary,  J'(¢n) — 0, n — +00.

From (4.5) we know that for n large

(46) dy +o(1) = (5= leullh.

which implies that {¢,} is bounded in H,,. Going if necessary to a subsequence, still

denoted by {¢,}, we may assume that ¢, — ¢ weakly in H, and ¢, — ¢ a.e. in
RY. Hence for any ¢ € H,, we have

/(Vsonvw + |22 enth + wpnth) — /(WDWJ + 2|20 + wey).
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Moreover, from |z|°|on [P =20, — |2|°|¢|P~2¢ a.e. in RY and the Lebesgue dominated
convergence theorem we get that

/ 2 lonlP~2ntp — / 2P lolP 20

Consequently,

(T (pn) ) — /wvw+|x| o + with — [z P2 p0),

which implies that J'(p) = 0.

Step 3. We prove that ¢ # 0, arguing by a contradiction. Assume that ¢ = 0,
ie., v, — 0 weakly in H,,. We claim that [|z[’/p,|P — 0 (n — +00). Indeed, for
any € > 0, we write

/|x|b|son|p—</ s >|x|b|son|p.
el<e  Je<iol<ize  Jaiz1/e

We first consider the term flx|<€

Gagliardo-Nirenberg inequality that

(4.7) / 2 lonl? < & / onl?
|z|<e |z|<e

(frmae) (f0)

Ce
g 015b

|2|®|¢n|P. Since b > 0, we obtain from the standard

)

where use has been made of the fact that {¢,} is bounded in H,. It follows that
f ol <e |z|°|¢n|P tends to O uniformly in n as ¢ — 0. On the other hand, as {p,} is
bounded in H, and N = 2, we deduce from Strauss’ inequality that

p 2
(4.8) / |$|b|<f?n|p:/ 2?25 |21 °2 | P22 |ipn
|1/ 131/¢
4 2 * b—2— 2
Veon | |¢n] || "7 |22 pnl
|1/
b—2— 252
< C(—) .
19

It follows from b — 2 — 1(p — 2) < 0 and {,,} being bounded in H,, that the above
integral tends to 0 uniformly in n as € — 0.
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For the term f€<|x|<1/€ |z|°|on|P, because {@,} is bounded in H,,, we have first

from the Rellich compact embedding theorem that
/ lon> =0 asn — +oo.
e<lz|<
Using Strauss’ inequality we get

(4.9) / o el < Clanlts? / (oul2 =0 as - +oo.
e<|z|<L1 /e

e<lel<1/e

Since ¢ is arbitrary, we obtain from (4.7), (4.8) and (4.9) that [ |z[°|¢,[P — 0 as
n — 4o0o. However, Step 1 and Step 2 imply that there is a positive constant Cj
such that [[z[°|¢on|P = |l¢nll};, > Co. This is a contradiction. Hence, we conclude
that ¢ # 0.

Step 4. The value dys is achieved at ¢. Indeed, from Step 2 and Step 3, we have
that o € A. Now for n large,

1 1 1
i+ ol1) = Jon) = glion — ol + 3l — [ laPle? +ol1)
= J(p) = dy.

It follows that J(p) = dar.

Step 5. We prove that ¢ is a ground state solution of Eq. (4.1). Indeed, from
the previous arguments we know that ¢ # 0, J'(¢) = 0 and J(¢) = dnr. Now for
any nonzero 1 satisfying J'(¢)) = 0 we have that I(¢)) = (J'(¢),v) = 0. So ¢ € N.
The definition of dy implies that J(¢) < J(1). This completes the proof of the
theorem. O

5. INVARIANT SETS AND APPLICATIONS

Having established local well-posedness for the initial-value problem under study
and obtained the existence of ground-state solutions for Eq. (4.1), attention is paid
to whether the locally defined solution can be extended to the entire time interval.

To this end, we construct several cross-invariant sets under the flow generated
by Eq. (1.3). Using these cross-invariant sets enables us to establish a criterion for
global existence and blow-up of solutions to Eq. (1.3).

From now on, we always assume that N > 2 and w > 0.
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Define a functional on H, by

Np—2N —2b
Qw = [ 1Vl = ol uf? = T2l ).

Let
dp = inf{J(u); ue M},

where
M={ue H,; I(u) <0, Q(u)=0}.

To construct the cross-invariant sets, we need a series of lemmas.

Lemma 5.1. If dys is achieved for ¢, then Q(¢) = 0.
Proof. Let ¢"(z) = nZ@(nz). Since ¢ € H, is a ground-state solution of
Eq. (4.1), we have 0,¢" € H,, and 8,,J(ga")|n:1 = <J’(gp),8,,<p”|n:1> = 0. Note that

Np—2b—2N

2 -2
n n w 1
T(p") = / (L IVl + T lollel + Sl - S0 [2l"lel").

We obtain Q(¢) = 8, (¢")| 0. O

n=1 "

Lemma 5.2. Assume N > 2 and w > 0. If b > 0, then M is not empty provided
one of the following assumptions holds.
(A1) N > 1+ 3b and p. < p < p;
(A2) N<1+4band2+2b/(N—1)<p<p.

Remark. Note that when N < 1+ 1b, then 2 + 2b/(N —1) > p. holds. So
p > 2+ 2b/(N — 1) implies that p > p.. Hence we only need to prove Lemma 5.2
under assumption (Al).

Proof of Lemma 5.2. Assume (Al). Let ¢ be a minimizer of dr. It follows
from Lemma 5.1 that Q(¢) = 0, which implies that

WP - NP2V 20 [ = [ Pl > 0.
2p

Choosing &y such that

1
Np—2N —2b P2
2 b| P
t<g < ( [19op /M= [lattior)
and denoting v = &y, we get from I(p) = 0 and Q(¢) = 0 that

I(v) <0 and Q(v)<0.
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Let vy, (z) = p(?+9/(P=2)y(uz). We then have
2N 4b) (N -2)p
1) = w2 [ (1902~ ol )

z(2+b) N( 2) 8+2N+2b (N+z)
bt [ B oy

and

2N+~ (N=2)p N(p—2)—2b
Q) = w5 [ (o - ZEZDZ Ry

2p
8+2N+2b (N+2)p
iy / 2?2,

Since p > p., we infer that Q(v,) — Q(v) < 0 as p — 1. On the other hand,
from the choice of v = £y we know that

Np—2N —2b
(9o = =) > 0

In view of 2(N +b) — (N —2)p > 0 and 8+ 2N +2b— (N +2)p < 0, it is easy to see
that

Q(vy) = 400 as p— +oo.

It then turns out that there is p. > 1 such that Q(v,, ) =0.
Now we turn to I(v,, ). Since pt, > 1 and 2(2+b)—N(p—2) < 2(N+b)— (N —-2)p
and 8 + 2N + 2b — (N + 2)p < 2(N + b) — (N — 2)p, it implies that

2(N+b)—(N—-2)p

I(vg,) <ps 772 I(v) <0.
Hence v, € M. The proof of Lemma 5.2 is complete. (]

Lemma 5.3. Under the same assumptions as in Lemma 5.2, dyq > 0.

Proof. From the remark to Lemma 5.2, we only need to prove this lemma
under assumption (Al). To this end, we first treat the case p. < p < p. For any
u € M, we have from I(u) < 0 and Theorem 2.3 that

Np— 2N 2b zN+2b+2p Np

lulfy, < [l <o frvar) 0 (fur) T

< Cllullg,
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Since p > 2, it follows that ||u|g, = Co > 0. In view of Q(u) = 0 and p > p., we

deduce that
1 2

Jw) > (5 - =30
W= -5 av—m

Thus we have that dag > 0 for p. < p < p.
Next, we consider the case p = p.. Arguing by a contradiction, if dyy = 0 then

Jlulf, > ¢ >o.

there is a sequence {u,} C M such that
Q(un) =0, I(up) <0 foralln

and J(un) — 0 as n — oo. Since p = p. and
w
Tun) = [ (aPlanf? + 5ol

it follows from J(u,) — 0 that [|z|?|u,|> — 0 and [ |u,|> — 0. Again using

Theorem 2.3 yields
%
[1atual < [ |Vun|2( / |un|2>

for all n > 1, where Cj is independent of u. On the other hand, in view of I(u,) < 0
and Theorem 2.3 and by the fact that [ |z|*|u,|?* — 0 and [ |u,|?> — 0 we get that
for Cy as above and a large n

p—2
2
[t tunl > unlie, > o [ (9P (1) ™

This is a contradiction. The proof of Lemma 5.3 is complete. O

5.1. Cross-invariant sets.
A set S is said to be invariant under the flow generated by Eq. (1.3) if ¢(t) € S
for t € [0,T") as long as ¢ € S. Denote min{dy,dam} :=d > 0. Let

K_={ueH,; Ju)<d, I(u) <0, Q(u) <0},
Kiy={ueH,; Ju)<d, I(u) <0, Q(u) >0},
S_={ueH,; Ju) <d, I(u) <0},

and
St ={ue€H,; Ju) <d, I(u) > 0}.
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Proposition 5.4. Assume N > 2, b > 0 and w > 0. If assumption (Al) or (A2)
is satisfied, then K+ as well as St are invariant sets under the flow generated by
Eq. (1.3). We refer to K5 and St as the cross-invariant sets under the flow of (1.3).

Proof. Similarly to the proof of Lemma 5.2, it suffices to prove this proposition
under assumption (Al). We only prove that K_ is an invariant set since the proof of
the other cases is similar. Let ¢(¢) be the solution of (1.3) with initial data o € K_.
In view of the conserved identities [ |¢|?> = [ |po| and

B(e) = [ (G790 + laPloP) = Jfal'lol?) = E(eu),

we get immediately that J(¢) = J(pg). Thus J(¢) < d.

We now claim that I(p(t)) < 0 for ¢ € [0,T"). If this were not true, then by the
continuity there would be a tg € (0,T") such that I(p(to)) = 0. Then, since ¢(to) # 0,
we know that J(p(to)) > dy > d. This contradicts the inequality J(p(t)) < d for
all t € (0,T). Therefore I(p(t)) <0 for ¢t € [0,T).

Finally, we show Q(¢(t)) < 0 for ¢t € [0,T). If this were not true, then by the
continuity there would be a t; € (0,7") such that Q(p(t1)) = 0. Since I(p(t1)) < 0,
we have that ¢(t1) € M. This implies that J(p(t1)) > dam > d, which contradicts
the inequality J(p(t)) < d Vt € [0,T). Consequently, Q(¢(t)) < 0Vt € [0,T). O

5.2. Sharp global existence.

Theorem 5.5. Assume that N >2,b>0,w >0, and2+2b/(N—1)<p<p. If
o € K4+ US4, then the solution ¢(t) of Eq. (1.3) with initial data g exists globally

in time.

Proof. In view of Proposition 3.3, we only need to prove this theorem in
the case that b > 0 and assumption (Al) or (A2) holds. Moreover, from the remark
after Lemma 5.2, it suffices to prove this theorem under assumption (A1). Due to the
presence of inhomogeneous nonlinearity, we need a quite different scaling argument.
First, let ¢o € K. Proposition 5.4 implies that the solution ¢(¢) of (1.3) belongs to
K4 for any ¢t € [0,T). Now for any fixed ¢t € [0,T") we have J(¢) < d and Q(p) > 0.
It follows from the expressions of J and () that

Np—2N—2b—4 _ . Np—2N—2b+4
(5.1) /(2(Np—2N—2b) Vel + S Np—an —20)

w
[22lpf? + 51l < d.
Now we treat the case p = p.. In this case, relation (5.1) implies

2 12 . Yy 2
(52) [(12PleP + 21P) <
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Put ¢, = pNFTD/Pp(ux). Then using p = p. we get

Np—2N —2b
(5:3) Qo) = 5 [ 1Vl =2t [laplpp - [ S22,

It follows from Q(¢) > 0 and Q(v,) < 0 for g small enough that there exists
0 < p1 < 1 such that Q(p,,) = 0. Again using the expressions for J and @), we have
(5.4)

—2_ w
J(som)=/(lxl2|s0m|2 Isoml )da =y N““/lwl |<p|2+u’”“”/§|sol2-

Since 0 < p1 < 1 and —2 — 2N/(N +2+b) < —2N/(N +2+1), it follows from
(5.2) that

_9__2N
(55) J(pp) <py T

Next, we turn to I(y,,), which has two possibilities. In the case I(¢,,) < 0, the
equality Q(¢,,) =0 and Lemma 5.3 imply that

(5.6) J(pp) 2 dm = d > J(p).

It follows that J(¢) — J(¢p,) <0, that is
(5.7)

442b 1 _o9_ _2N 1 2N w
(1757 [ 51902+ (12 8) [ SaPlol+ (1-77) [51ef? <0

This implies that [|Vg|? < C([]e]® + [|#|?|¢]*). Combining this estimate with
(5.2), we obtain

(5.8) / Vol < C.

For the other case of I(¢,,) > 0, we have from (5.5) that

1 ~2- 5355
(5.9) J(pus) — };I(som) <y d.
It follows that
5.10
( 1\14-222-:7-1) 2 - N+2+b 2 N+2]j-b 2 2p _2_%
Vel? + 1y |z?lef® + ] wlep]” < pa i d.
Thus
(5.11) /|Vga|2 <C.
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It follows from (5.8) and (5.11) that in the case p = p., [ |V¢|? is bounded for
all t € [0,7T). Therefore, it follows from (5.2) and Proposition 3.1 that ¢(¢) exists
globally in time.

For the case p. < p < p, we also get from (5.1) that

(5.12) / (IVgl? + [2]2[0l?) < C.

Proposition 3.1 again implies that o(t) exists globally in time.

Up to now, we have proved that for ¢g € Ky, Theorem 5.5 holds. The proof of
o € Sy is similar but quite simpler. We omit the details. The proof of Theorem 5.5
is complete. (I

Now we are in a position to give a qualitative answer to how a small ¢ can ensure
the existence of global solutions (1.3) in the case of p = 2+ (4 + 2b)/N.

Corollary 5.6. Let po € Hy,, [([Vol®> + |2*|pol* + wlpol?) < 2d, b > 0,
N > 1+ %b and p = p.. Then the solution ¢(t) of (1.3) with initial data ¢y exists
globally in time.

Proof. Since [(|Vpol? + [z]?|¢o|? + wlpo]?) < 2d, we know that J(pg) < d.
Moreover, we claim that I(¢g) > 0. Otherwise, there is a A € (0,1] such that
I(Apo) = 0. Thus J(Apg) > d. On the other hand,

/A2(|w0|2 + 122l ol? + wlgo|?) < 22%d < 2d.

It follows that J(Apg) < d. This is a contradiction. Therefore we have ¢y € Sy.
The corollary follows from Theorem 5.5. U

5.3. Blow-up solutions.

In this subsection we will use the cross-invariant sets constructed in Section 5.1 to
obtain a blow-up result for Eq. (1.3) with suitable initial data ¢g. The idea has been
previously introduced in [3], [24], [19], [32], but we need a rather different scaling
argument due to the unbounded inhomogeneity of nonlinearity.

Theorem 5.7. Assume w > 0, b > 0, N > 2 and let assumption (Al) or (A2)
hold. If pg € K_, then the solution ¢(t) of Eq. (1.3) with initial data ¢o blows up
in finite time, i.e. there is a T > 0 such that

(5.13) tlir%l_ [Vo(t)]2 = +o0.
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Proof. As we mentioned before, it suffices to prove this theorem only under
assumption (Al). By the previous argument, we always have p(t) € K_ as long as
@0 € K_. For any fixed t € [0,T), denote uy(x) = \NTD/Pp(\x,t) and u(-) = ¢(, ).
A direct calculation shows that

(5.14) I(uy) = / (AP gy 2 g B 2y 2
AT uf? — [2ul?) de
and
(5.15) Qun) = [ (N T - A
_ wawp) de.
2p

Since 2N +2b+2p— Np > 0 and 2N +2b—pN —2p < 0, we have that Q(uy) — +00
as A — +00. On the other hand, Q(uy) — Q(u) < 0 as A — 1. It then follows from
the fact that Q(uy) is continuous for A > 1 that there is \* > 1 such that Q(ux~) =0
and when A € [1, \*), then Q(uy) < 0. For A € [1, A*), since I(u) < 0, there are two
possibilities for the sign of I(uy):

(i) I(ux) < 0 for all A € [1,\*], or
(ii) 3 A with 1 < Ay < A* such that I(uy,) = 0.

In the case (i), we have that uy« € M. We conclude that J(ux-) = dp > d.
Moreover, we have from A* > 1 and the assumption on p that

(5.16)
J(u) —J(u)\*) = /%((1—)\ .2N+2b+2p Np)|vu|2 ( )\*_ N+2b— pN 2p)|x|2|u|2
+w(1_)\*2N+2b Np)| | )
> %/((14 TV - (1= 2T 2 uf?) da
1 1
= 5(@(“) —Qux~)) = 5 (u).

In the case (ii), we have I(uy,) = 0 and Q(uy,) < 0, i.e. uy, € N. So J(uy,) >
dan > d and a similar computation shows that

—_

(5.17) J(u) = J(ur,) = 5(Qu) — Qun,)) = 5Q(u).

[\

In both cases, we have

Qu) < 2(J(u) — d).
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Notice that for V(t) = 3 [|z|?|¢|*> dz we have from Proposition 3.2

V7(t) = 4Q(¢).
Now using J(¢) = J(po) and ¢y € K_, we obtain that
(5.18) V"(t) < 8(J(p) —d) =8(J(po) — d) := 8o < 0.

Thus, combining the above estimate of V with V(0) = 1 ['|z[?|¢o[* dz, we deduce
that there exists a Ty > 0 such that

(5.19) lim V() = 0.

t—>T(;

Observing that

[t < c( / |$|2|s0|2dx>2 ( / |W|2dx)2,

we obtain from the conservation of particle number, i.e., [|p|> = [ |po|?> > 0, that
there is T > 0 such that (5.13) holds. The proof of Theorem 5.7 is complete. O

6. STRONG INSTABILITY OF STANDING-WAVE SOLUTIONS

In the present section, attention is now turned to proving the strong instability of
standing waves of Eq. (1.3) via blow-up. Recall from Section 4 that, for any w > 0,

e“!p is a standing-wave solution of Eq. (1.3).

t

Definition 6.1. A standing-wave solution e'“!¢ is called H,-strongly unstable

with respect to (1.3) if for any § > 0 there is ¢y € H,, satisfying

lleo — llm, <9,

but the solution ¢(t) of Eq. (1.3) with initial data ¢(z,0) = ¢ blows up at finite
time, i.e., there is a T' > 0 such that

(6.1) lim |Ve|s = +o0.
t—T—
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Theorem 6.2. Assume that N > 2 and b > 0. If assumption (Al) or (A2)
holds and w > 0 is such that dyq > dps, then for the minimizer ¢ € H,, of dyr, the
standing-wave solution ¢(t,x) = e“!p(x) of (1.3) is H,-strongly unstable.

Proof. Again, we only need to consider assumption (Al). Since ¢ is the
minimizer of dy and I(y) = 0, Lemma 5.1 implies that

Np—2N —2b
02 [IeP = [laPlef = = [l > 0

and J(¢) = dy = d. By the assumption on p, we deduce from I(p) = 0 that
JAp) < J(p)=d  forany X>1.

Moreover, using the fact that I(¢) = 0 and (6.2) holds, we deduce that for any A > 1,

I(p) = (A = \7) /(IWDI2 +[2?of® +wlel?) <0

and

Q) = (A2 — A7) / (IVel? — |alol?) d < 0,

which implies that Ap € K_ for A > 1. Now for any § > 0 we take pg = Ay with
A > 1 such that

(6.3) oo — @llm, <o

Since ¢ € H,, is a solution of Eq. (4.1) and has an exponential decay at infinity, we
know from Theorem 5.7 that the solution ¢(t) of Eq. (1.3) with initial data ¢ = Ap
blows up in finite time. The proof of Theorem 6.2 is complete. O

Acknowledgement. The author thanks the unknown referee for valuable com-
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