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Abstract. By making use of the known concept of neighborhoods of analytic functions
we prove several inclusions associated with the (j,d)-neighborhoods of various subclasses
of starlike and convex functions of complex order b which are defined by the generalized
Ruscheweyh derivative operator. Further, partial sums and integral means inequalities for
these function classes are studied. Relevant connections with some other recent investiga-
tions are also pointed out.
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1. INTRODUCTION

Let A(j) denote the class of functions f of the form
(1.1) f)=z+ > and® (jeN:={1,2..})
k=j+1

which are analytic in the open unit disk U := {z: z € C and |2| < 1}.
Denote by T'(j) the subclass of A(j) consisting of functions f of the form:

(1.2) flz)=2— i arz®  (a > 0; jEN:={1,2,...}).
k=j+1

Let €2 be the class of functions w(z) analytic in U such that w(0) =0, |w(z)| < 1.
For the functions f(z) and g(z) in A(j), f(z) is said to be subordinate to g(z) € U
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if there exists an analytic function w(z) € Q such that f(z) = g(w(z)). This subor-
dination is denoted by

f(z) < g(2).
Next, for the functions f,,, (m = 1,2) given by

oo
z)=z+ Zak,mzk (m=1,2),
let f1 % f2 denote the Hadamard product (or convolution) of f; and fs, defined by

(1.3) (f1x f2)(z —Z+Zaklak22 = (fax f1)(2).

k=2

Thus, the Ruscheweyh derivative operator D*: T — T is defined for a function

feT:=T() by ;

A _
D f(z)*m*f(z) (A>-1)
or equivalently, by
D’\f Zw (A k) Yagz®
k=2

where

D AEDA+2) (At k1)
w(Avk) - (k_1k)| = (k?—l)' (>\> —1).

Let H ;’7 1|4, B] denote the class of functions f in A(j) satisfying the condition

(1.4) 1+

Afl
>\+1<D f(z)_) 1+ 4> (-1<B<AK<1, zel)

b DX f(2) 1+ Bz

where A > —1 and b # 0 is an arbitrary fixed complex number. We call HJb \[A4, B] the
generalized Ruscheweyh class of analytic functions of complex order b. We note that
H;?’A[A, B] = H}[A, B]. The class H?[A, B] was introduced and studied for Fekete-
Szegd problem by Ahuja [1]. We also let THbA[A B] = HJL-’7/\[A, BINT(j). It can be
seen that, by specializing the parameters j, b, A\, A, B the subclass TH; \[4, B] re-
duces to several well-known subclasses of analytic functions. Some of these subclasses
are listed below.

(1) H{y[A, B] = S[A, B] (Silverman [23]);

(2) H1171[A, B] = K[A, B] (Silverman and Silva [24]);

(3) H{,[1 —a,—1] = Rx(a) (Ahuja [2] and [27]);
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1
Hf\;tz [1,-1] = K (Ruscheweyh [19]);

HY o[1,—1] = S5(b) = S;;(v) (Nasr and Aouf [12]);
Hi,[1,-1] = C;(b) = Cp(v) (Wiatrowski [28]);
Hll’aa[l, —1] = ST («) (Robertson [17]);

Hllio‘[l7 —1] = CV(a) (Robertson [17]);

H? [A, B] (N.S. Sohi and L.P. Singh [25]).

The main object of the present paper is to investigate the (j,d)-neighborhoods
of two subclasses of T'(j) of normalized analytic functions in U with negative and
missing coefficients, which are introduced here by making use of the Ruscheweyh
derivative operator defined in [19]. Further, we obtain partial sums and integral
means inequalities for this class of functions.

1. NEIGHBORHOOD FOR THE CLASS THJZ?’/\[A,B]

Next, following the earlier investigations by Goodman [7], Ruscheweyh [18], and
others including Srivastava et al. [26], Orhan ([13] and [14]), Altintag et al. [4] (see
also [8], [11], [21], [5]), we define the (j,d)-neighborhood of functions in the family
TH?,[A, BJ.

Definition 2.1. For f € T(j) of the form (1.2) and 6 > 0 we define a (j,9)-
neighborhood of a function f(z) by

Nish) = {0 TG o) =2 = Yt and 3 M-l <),

k=j+1 k=j+1

In particular, for the identity function
e(z) =z

we immediately have

Njs(e) == {g: ge€T(), g(z)=2— Z crz" and Z k|ck] gé}.

k=j+1 k=j+1

For the class TH? ,[A, B] we prove the following lemma.
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Lemma 2.2. A function f(z) € T(j) is in the class TH]L?’)\[A, B if and only if

oo

(2.1) > k(b X\ A, B)ay < 1,
k=j+1

where

(k=1 +[(A=B)b— Bk -1))w(A k)
(A - B)lb|

(2.2) wr(b,\, A, B) =

for —-1< B< AL

Proof. Suppose that f(z) € THJZ?)\[A, B, then

A+ 1 /D Lf(z) 1+ Aw(z)
1+ ( D) )= T+ Bu(z) €UV

and

A+ 1D M f(2)+ (b—A—1)D f(2) 14 Aw(z) (D)

bD M (2) T 1+ Buw(z) -0
Therefore
w(z) _ (/\—I—l)(D)‘f(z)—DH'lf(z))
B\ +1)DM1f(z) — (A= B)b+ BA+1))D*f(2)’

hence

lw(z)| = (A + DDA/ (z) = DM/ (2)) <1
T | BOV+ 1)DMf(z) — (A= B)b+ B(A+1))D f(2) ’

this implies that

&)

o (k= Do\ k)agz®
R ke <1
(A—B)bz— >, ((A—B)b— B(k—1)w(\ k)agzF
k=j+1
If we take z = r with 0 < 7 < 1, we can write the inequality
X (k= Dw\, k)apr”
R A < 1.
(A—B)br— > (A—B)b— Bk —1D)w(\ k)agrk
k=j+1
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Letting » — 17, we have

o]

> (k= 1Dw(\ k)ag
k;j+1 <1
(A=B)pl = > [(A=B)b—B(k—1)|w(A k)ax
k=j+1
(2.3) > (k=1 +|(A=B)b— Bk —1))w(\ k)ay < (A~ B)|bl,
k=j+1
then (2.3) gives
> b, A A, B)ag <
k=j+1

where
(k=1 +|(A=B)b— Bk —1))w(A, k)

Al A = (A B

Conversely, suppose that the inequality (2.1) holds. Then we have for z € U

A+ DD f(2) = D f(2)] = [(A = B)bD f(2) = B+ 1)(DM f(2) — DM f(2))]
Z w(\ k) akz
+
— (A= B)bz (z - Z w(/\,k:)akzk> - B Z (1 —k)w(\ k)agz®
k=j+1 k=j+1
=1 Y A =kw\ k)ap
k=j+1
— (A= B)bz — i (A= B)b— B(k — 1))w(\, k)ap 2"
k=j+1
< > (k= Dw(\ k)agr® — (A= B)|blr
k=j+1

+ i (A= B)b— B(k —1)|w(\, k)apr®
k=j+1
= > ((k=1)+|(A-B)b— Bk —1)))w(X k)agr"® — (A — B)|b|r.
k=j+1
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Letting » — 17, we have
(A+1)|DM1 f(2) = D* f(2)| = [(A= B)bD* f(2) = BAA+1)(DM f(2) = D* f(2))| < 0.
Hence it follows that

A+ DD (2) /DM f(2) — 1)
(A= B)b— B+ 1)(DM1f(2)/ D f(2) = 1)

<1l (zeU).

If we put
A+ 1)(DMf(2)/ D f(2) — 1)
(A= B)b— B(A+1)(DM1f(2)/D f(2) — 1)

then w(0) = 0, w(z) is analytic in |z|] < 1 and |w(z)| < 1. Hence

w(z) =

1+

A+1
/\+1(D f(Z)_l)_M (-1<B<A<1, zeU),

b DX f(2) 1+ Bw(z)
which shows that f(z) belongs to THJI-’ 1[4, B] and the proof is complete. O

Remark 2.3. For j =1, A=0,b=1,B=0and A=1—qa, 0 < a <1 we get
the result obtained by Silverman [20].

Remark 2.4. For j=1,b=1,B=0and A=1—-0a, 0 < a <1 we get the
result obtained by Ahuja [3].

Remark 2.5. For b =, B=0and A = (3, 0 < # < 1 we find the result of
Lemma 1 obtained by Mugurusundaramoorthy et. al. [11].
Remark 2.6. Forb=v,B=0,A=3,0<3<1and w(\ k)= (k—1)"!x
k
I] (m — 2a) we get the result of Lemma 1 obtained by Orhan [13]. Applying the

m=2
above lemma, we prove the following result.

Theorem 2.7. TH!,[A, B] C Nj;s(e), where
-~ J+1
Yj4+1 (b, )\, A, B) '

Proof. For a function f(z) € THb)\[A B] of the form (1.2), Lemma 2.2 imme-
diately yields

(G+[(A=B)b-Bj)w(\j+1) > ar<(A-B)p|,
k=j+1
24 Z e (A - B)b _ 1

k=j+1 +| A B)b B]') (A7.7+1) ¢j+1(b7)‘aA7B).
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On the other hand, we also find from (2.1) and (2.4) that

@A\ j+1) Y kax < (A= Bl + (1 - [(A= B - Bjlw(\j+1) > a
k=j+1 k=j+1
< (A= B)b|+ (1= |(A - B)b— Bj)
(A B)lo
G +1(A=B)b = Bj)m(\,j+1)
(j +1)(A - B)|b]
(G +1(A=B)b— Bjl)’

x w(A,j+1)

that is,
S (J+1)(A - B i+l
2.5 kar < — . . = =90,
D D Vv ey ) 1) =Ts Wy BT 09 W
which, in view of Definition 2.1, proves Theorem 2.7. U

Corollary 2.8. THY ,[A, B] C Ny s(e) where

5 2 B 2(A — B)|b|
"~ b MAB) (1+[(A-B)b—B)(A+1)

Remark 2.9. For b=, B=0and A = (3, 0 < 8 < 1 we get the result of
Theorem 1 obtained by Mugurusundaramoorthy et.al. [11].

Remark 2.10. Forb=v, B=0, A=3,0< < 1and w(\ k) = (k—1)!"!t x
k
[T (m — 2a) we get the result of Theorem 1 obtained by Orhan [13].

m=2
Remark 2.11. Forb=1,B=0,A=0and A=1—qa, 0 < a < 1 we get the
result of Theorem 2.1 obtained by Altintag et. al. [4].

3. NEIGHBORHOOD FOR THE CLASS KJ’.’_X[A,B,C, D]

We define the following class.

Definition 3.1. A function f(z) € T'(j) is said to be in the class KJZ?7/\[A, B,C, D]
if it satisfies
A-B

(3.1) ‘—_1‘<ﬁ (z€U)

for -1< B<A<LL, -1<D<C<1landy(z) € TH;A[C,D].
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Theorem 3.2. N;s(g) C KJL-”)\[A,B, C, D] where g(z) € TH]L?’)\[C, D] and

(3 2) 1-A —1_ ) (pj+1(b,)\, C,D)
' ]-_B_ j+150j+1(ba>‘70aD)_1.

Proof. Suppose that f(z) € N;s(g). Then Definition 2.1 yields

oo
Z k|ak — Ck| <4,
k=j+1
which readily implies the coefficients inequality
> o< 2
g —Ck| X — -
k=j+1 jt+1

Next, since g(z) € TH]L?’)\[C, D], we have

> 1
L ——,
Z F Pj+1 (b7 A C D)

k=j+1
Further,
Sk — il .
16 ) ¢ s o 3G+
g(Z) 1— § Ch 1- 1/¢]+1(b5 A7CaD)

k=j+1
o 1) SOjJrl(ba)\; C,D) o A—-B

This implies that f(z) € K?,[A, B,C, D].
Putting j = 1 in Theorem 3.2, we have
Corollary 3.3. Ny 5(g) C K{”)\[A,B,C, D] where g(z) € TH{”)\[C, D] and

wa(b, A\, C, D)
2(b,\,C, D) — 1"

—_

(3.3) 1-4_,_ g
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4. PARTIAL SUMS

Following the earlier works by Silverman [22], N.C. Cho et al. [6] and others
(see also [16], [9]), in this section we investigate the ratio of real parts of functions
involving (1.2) and their sequence of partial sums defined by

(4.1) fi(z) = z;
fu(z)=2= > ar® (jeN:={1,2,3,..})

k=j+1

and determine sharp lower bounds for
R{f(2)/ fn(2)}, R{fn(2)/f(2)}, R{f(2)/fn(2)} and R{f.(2)/f(2)}.

Theorem 4.1. If f of the form (1.2) satisfies condition (2.1), then

f(2) Pntjt1(b, A A, B) — 1
(42) %{ fn(z)} g %j+j+1(ba A A, B)
and

fn(2) Pntjt1(b; A, A, B)
(4.3) %{ f(2) } z <Pn+j+j1 (b; A, A, B) +1

where ¢4 ;11(b, A\, A, B) is given by (2.2). The results are sharp for every n, with
the extremal function given by

1

_ zn—i—l
Pr+j+1 (ba A7 Aa B)

(4.4) f(z) ==

Proof. In order to prove (4.2), it is sufficient to show that

wisri(b A A, B) —
(45)  Putj(b, /\,A,B)[;;((ZZ)) - (Qs;::;fl(b,A,A,iB) ] <2 e
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We can write

f(z)  (ntini(b, A A B) —1
n+j ) aA7B -
Pntir1(b, A ){fn(z) ( Pntj+1(b A A, B) )}
1-— ioz apzk=1
L K=j+1 _(Pntir1 (0 A A B) — 1
= @ntj+1(b; A, A, B) n k1 ( Pntjt1(b; A A, B) )
1— > agz ’

k=j+1

= Pntj+1 (b7 A A, B)

1— 3 ap2b = 3 ap2t!
k=j+1 k=ntj+1 B (¢n+j+1(b, A A B) — 1)

1— i akzk—l ¢n+j+1(b7AaAvB)
k=j+1

14 w(z)
1—w(z)
Then

o0

_Son-i-j-l-l(ba A A, B) Z akzk_l
k=n+j+1

w(z) = m 5 :
2—2 Z akzk—l — gOn+j+1(b, /\7 A, B) Z akzk—l
k=j+1 k=n+j+1
Obviously w(0) = 0 and

o0

¢n+j+1(b7)‘aAvB) E Qg
k=ntj+1

n o0 :
2-2 > ap—pnrjr(bANAB) Y ak
k=j+1 k=n+j+1

Now, |w(z)| <1 if and only if

w(2)| <

oo

n
230n+j+1(ba A7Aa B) Z ap <2—2 Z g,
k=n+j+1 k=j+1

which is equivalent to

e}

n
(4.6) Z ak + ontjt1(b, N\, A, B) Z ar < 1.
k=j+1 k=n+4j+1
In view of (2.1), this is equivalent to showing that

n

(4.7) > (kb A A, B) = Day,
k=j+1

+ D (b A A B) = gnyja(b, X A B))ag > 0.
k=n+j+1
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To see that the function f given by (4.4) gives the sharp result, we observe for
z = re?™/™ that

e L 1
— —_ — —
fn(2) Pntj+1(b, A, A, B) @ntj+1(0, A, A, B)
where r — 17.
Thus, we have completed the proof of (4.2). O

The proof of (4.3) is similar to (4.2) and will be omitted.
Similarly, we can establish the following theorem.

Theorem 4.2. If f(z) of the form (1.2) satisfies (2.1), then

f,(Z) Qanr’Jrl(bv)‘aAvB)_n_l
and
frlz(z) P+t '+1(b, AvAaB)

where ¢4 ;11(b, A\, A, B) is given by (2.2). The results are sharp for every n, with
the extremal function given by (4.4).

Proof. In order to prove (4.8), it is sufficient to show that

(4.10) <p"+j+1(b’)\’A’B) [f/(z) o (Son+j+1(ba NAB)—n— 1)} 142

n+1 frlz(z) ¢n+j+1(b7AaAvB) 1-2
(z€U).
We can write
50n+j+1(b; >‘7 Aa B) |:f,(Z) _ (@nJerrl(bv >‘a Av B) —n- 1):|
n+1 fh(2) Pnti+1(0, N, A, B)
o0
1— > kapzk?
— @n+j+1(b, A7A5B) k=j+1 _ @n-}-j-ﬁ-l(ba A7A5B) —n- 1)
n+1 1— i kakz’“*l ¢n+j+1(b7AaAvB)
k=j+1
_ Pn+j+1 (ba >‘7 Aa B)
n+1
Z": k-1 i k-1
1-— kapz""" — kapz"—
" k=jt1 k=ntj+1 3 (¢n+j+1(b, \AB)—n— 1)
1 — Zn: kagzk—1 SOn+j+1(b7)‘aAvB)
k=j+1
14 w(z)
Cl—w(z)
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Then

o0

_SonJerrl(ba AvAaB)(n—’— 1)71 Z ka’kzkil
k=n+j+1
w(z) = - S :
2—-2 > kapz* ' —onyir1(b, N A B)(n+1)"t Y kagzkt
k=j+1 k=n+j+1
Obviously w(0) = 0 and
Ontjr1(b, N\ A, B)(n+1)7! Z kag
fw(z)| < ; .
2-2 Y kag — @nyjr1(b,N A B)(n+1)"t > kay
k=j+1 k=n+j+1
Now |w(z)| < 1 if and only if
nis1(bAAB) Y
2 o Z kak<2—22kak,
k=n+j+1 k=j+1
which is equivalent to
- ¢n+j+1(ba AvAaB) .
4.11 k kap < 1.
(4.11) Z ay, + ) Z a,
k=j+1 k=n+j+1
In view of (2.1), this is equivalent to showing that
(412) Y [x(d, M A, B) — Klax
k=j+1
> SDnJerrl(ba )\,A,B) :|
b,\,A,B) — klag = 0.
+ Z |:50k( y Ny £, ) n+1 ar =0
k=n+j+1
Thus we have completed the proof of (4.8). O

The proof of (4.9) is similar to (4.8) and is omitted.

5. INTEGRAL MEANS

The following subordination result due to Littlewood [10] will be required in our
investigation. The integral means of analytic functions was studied in [16], [15].
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Lemma 5.1. If f(z) and g(z) are analytic in U with f(z) < g(z), then

27 27
/ F(re®)| 6 < / lg(rei®)| a8,
0 0

where 1 > 0 z =rel? and 0 < r < 1.

Application of Lemma 5.1 to functions f(z) in the class TH;/\[A,B] gives the
following result using known procedures.

Theorem 5.2. Let pn > 0. If f(2) € THJZ?’)\[A,B] is given by (1.2) and fa2(2) is

defined by
1 2

-z
(pj+2 (b, )\, A, B)
where ¢y, j+1(b, A\, A, B) is defined in (2.2), then for z = rel®, 0 < r < 1, we have

fa(z) =2

(5.1) / )8 < / ) s,

0

[e.°]

Proof. For f(z) =z— . axz¥, (5.1) is equivalent to proving that

k=j7+1
2n 1% 2n
/ a0 < / I
0 0

= 1
1-— Z akzkfl
By Lemma 5.1, it suffices to show that

m
- 2| dé.
30j+2(b, /\7 Aa B)

k=j+1

(o]
1
1-— agzFt<1—- ———— 2

k:zj-:i-l ¢j+2(ba AvAaB)
Setting

> 1
(5.2) 1= S g =1 — (),

k—zj;rl @j+2(b,)\,A,B>

from (5.2) and (2.1) we obtain
Z ©jr2(b,\, A, B)apz" "1 <)z Z ©jt2(b, A, A, B)ag
k=j+1 k=j+1

o0
<lzl Y enirr(b, A A B)ay < 2.
k=j+1

lw(z)| =

This completes the proof of the theorem. O
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