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Abstract. Let ¢ > 3 be an integer, let x denote a Dirichlet character modulo ¢. For any
real number a > 0 we define the generalized Dirichlet L-functions

L(57X7 a) = Zl %7

where s = o + it with 0 > 1 and ¢ both real. They can be extended to all s by analytic
continuation. In this paper we study the mean value properties of the generalized Dirichlet
L-functions especially for s =1 and s = % + it, and obtain two sharp asymptotic formulas
by using the analytic method and the theory of van der Corput.

Keywords: generalized Dirichlet L-functions, mean value properties, functional equation,
asymptotic formula
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1. INTRODUCTION

Let ¢ > 3 be an integer and y a Dirichlet character modulo q. For any real number

a > 0 we consider the mean value properties of the generalized Dirichlet L-functions
defined by

L(SaX7a) = z_:l %7

where s = 0 + it with ¢ > 1 and ¢ both real. We can also extend temt to all s by
analytic continuation. Conserning the generalized Dirichlet series, Bruce C. Berndt
(see [1]-[3]) studied many identical properties satisfying restrictive conditions. It is
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well known that for x a nonprincipal, primitive character modulo ¢, the Dirichlet
L-function L(s, x) satisfies the functional equation

Ris0 = (5) 0 (3 +9) 260 = T RA - 50
S’X - q 2 S S7X - ib\/a S7X Y
where
0, X(_l) =1,
- 1, X(_l) =-1
and |e(x)| = 1. For ¢ > 1 — m with m a positive integer, B.C.Berndt (see [3])
derived

a= ("L (“1)Y0(s + 5)L(—4, X)
(% sta’

where G(s) is an analytic function. When n is a nonpositive integer, we can easily

L(s,x,a) = + G(s)),

Jj=0

calculate L(n, x,a), in particular, L(0,x,a) = L(0,x). A lot of scholars also stud-

ied the mean value properties of Dirichlet L-functions. D.R.Heath-Brown (see [4])

studied the square mean value properties of Dirichlet L-functions on the line o = %

Wenpeng Zhang (see [5] and [6]) got different kinds of the mean value of Dirichlet
L-functions with weight or not. In addition, R.Balasubramanian (see [8]) got the

asymptotic formula

1 2 2
Z ‘L(§ + it, X)‘ — P (q) 1Og(qt) + O(q(]og IOg q)2) + O(telo@)

x mod g q

+ O(\/at%elox/log q)7

which is satisfied for ¢ > 3 and for all ¢. In this paper, taking s =1, a > 1, we are
interested in the mean value properties of the generalized Dirichlet L-functions, that
is, we want to get an asymptotic formula for

> L xa)l,

XFXo

where y is the Dirichlet character modulo ¢ and Y is the principal character. On
the other hand, the General Riemann hypothesis points out that all nontrivial zeros
of Dirichlet L-functions lie on the line 0 = % It has attracted attention of many
eminent mathematicians and a great deal has been discovered about the distribution
of the zeros of Dirichlet L-functions. Therefore, we are also interested in the mean
value properties of the generalized Dirichlet L-functions especially in the critical

region g = %, that is, we want to get another asymptotic formula for

Z ‘L(% + it,x,a)

x mod ¢

2

)
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where x is the Dirichlet character modulo ¢, 0 < a < 1. About the mean value
properties of the generalized Dirichlet L-functions, we know very little at present.
At least we have not found it in any reference that available. However, the problem
is very interesting because it can help us to find some relationships between Dirichlet
L-functions and the general case. That is, we shall prove

Theorem 1.1. Let ¢ > 3 be an integer and let x denote the Dirichlet character
modulo q. The Hurwitz zeta function ((s,c) (s = o +it, a > 0) is defined for o > 1
by the series

oo

1
((s,a) = Z nta)

n=0

Then for any positive real number a > 1 we have the asymptotic formula

a/d

> L)l = o) Y BB (2,4) - 2 Z“ > o HEE)

XFX0 dlq

where ©(q) is the Euler function, p(d) is the Mobius function and the O constant
only depends on a.

For the general case of the 2k-th (k > 2) power mean value of the generalized

Dirichlet L-functions
> ILA,xa),
X#Xo0

the authors can also get the asymptotic formula by similar methods, but the course
of the calculation is quite complex, so we have not given the general conclusions in
this paper.

Theorem 1.2. Let ¢ > 3 be an integer, a real number, t > 3, and x a Dirichlet
character modulo q. Then for any positive real number 0 < a < 1, we have the

asymptotic formula

5 e - 2 o) o K1) g 0

1

+O(qt™2) + Ot log® t 2°) + O(q2t1> logt 2w(0)),

o0

where ¢(q) is the Euler function, 3, = > x/n(n + x) a computable constant only
n=1

depending on = and w(q) denotes the number of distinct prime divisors of q.
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Obviously, we can get the mean value of the Dirichlet L-function by taking a = 0.
So this result is brought up for a universal construction. For the general case of the
2k-th (k > 2) power mean value of the generalized Dirichlet L-functions

1 2k
Z ‘L(§ +it,X,a)‘ ,

x mod ¢q

the authors cannot get the asymptotic formula for the generalized Dirichlet L-
functions because there is no good method to solve this problem. Even for k = 2,
we have not grasped a better asymptotic formula owing to the confinements of the

method in existence.

2. ON THEOREM 1.1

To complete the proof of Theorem 1.1 we need the following several lemmas. First,
we make an identity of the Dirichlet L-functions and the generalized form.

Lemma 2.1. Let ¢ > 3 be an integer and let x denote a Dirichlet character
modulo q. L(s, x) denotes the Dirichlet L-functions corresponding to x, and L(s, x, a)
denotes the generalized Dirichlet L-functions. Then for any real number a > 0 we

have
L(1,x,a) = L(1,x) — az %.

Proof. According to the definition of the Dirichlet L-functions and the gener-
alized form, we have

L(l,X,a)—L(l,X):Z;:fl ann Z( (n))

=1

3
Il
i
3
Il
-
3

so by transposition we get
_ ZOO x(n)
L(LX?“)*L(LX)_G’ ni

This proves Lemma 2.1. O
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Lemma 2.2. Let q be an integer with ¢ > 3 and x a Dirichlet character modulo
q. Denote A(y,x) = >. x(n)d(n). Then we have the estimate

N<n<y
> 1AW 0P < ye®(9).
X#X0
Proof. See Lemma 4, and let k = 2 (see [6]). O

Lemma 2.3. Let g > 3 be an integer and x a Dirichlet character modulo q. Then,

we have

> L0 = wlc@ [T (1- ) + 0.

X7X0 plg

where p(q) is the Euler function, [] denotes the product over all different prime
pla
divisors of q, and € is a fixed positive constant.

Proof. See Lemma 4, and let m = 2 (see [6]). O

Lemma 2.4. Let ¢ > 3 be an integer and x the Dirichlet character modulo q.
Then for any positive real number a > 1 we have

[
> A= e [ (1- 5) + 2L S HD YL

X#X0 n= 1" rlg dlg k=1

+O(s0(q\)/lggq).

Proof. First, applying Abel’s identity, by analytic continuation we have

q n +oo
L(l,x)—;%+/q A gy,
=) K x() T 2y +a)A(X, y)
;N(N+a);n(n+a)+/zv Ply+or P
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where A(x,y) = > x(n), and N > g is an integer. Further,
q<n<y

X#Xo n= 1"
N
_ X(n) T 2y + a) AR, y) ~ x(n) e A(X y)
_;ﬁ(;n(nmﬁ/]v Y2 (y + a)? dy)(nzl n +/q Y2 dy)
N _ N _
3 X(n) & x(m) X(n) [T Ay
_XZ;O;TL(TL-FG)W; m +><§on§::1 (n—l—a)/q v W
x(n) [ 2y+a)A(X,y)
+X§()nzl / Ply+a?
2 2y + a)A(X, y) 20 A(x, 2)
+X§; / y—+a)dy/q Rl

= A+ As + As + Ay

We will estimate each of the summands. First, we estimate A;. From Cauchy’s
inequality and Lemma 2.3 we have

Ay

I
N
™

=
+=
2
MQ
=
S8

N
/q/ a,

9, 1 1
:so(q)mzzjl T kz::lz::lm G e T Otsd)

=p(q) > pu(d) Y m + O(log q)

_ (d) L !
©(q) > ;mz(era/d) + O(log q)
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u(d 1
Z Z « m*(m + a/d)

la
0(@((1) %; % idm> +0(logq)
= ¢(q) e ( QZ(a/d mja/d—%)>+0(1ogq)
= A5 1D gy 4 A5 1D %] -+ Ol1og )
dlq dlq k=1
- @w)g (1-5)+ 22 3 et [:/j]% Ooga)

Now, we will estimate Az, Az and A4. According to Lemma 2.2 and Cauchy’s
inequality we have

N

= 303 A [T AN gy T LSS et

XF#X0 = 1" n=1 XF#X0

<<%/qooyi<z > <Z|AX’ 2) dy<<s0(q\)/lqi>gq7

X#Xo XF#Xo
+oo ) Alv
|As| = ZZX / (v +a)Ay)
X#xo n=1 Y (y+a)
T _yta . *(q) logq
g [ S g 008
0ogq N yQ(y—i-a)Q Z | (X y)| Y N\/N
XFX0
|4y = Z/ wa—wdy/ (e2) g,
X#X0 (Y +a)? q 2
2y+a ©*(q)
/ / g Y AR YA )l dydz < =,
ly+a) X#X0 N\/N\/E

where we have used the common estimate. Taking N = ¢% we get

ZZ n+a (1,%)

X#Xo0 n= 1"

plg d|q k=

This proves Lemma 2.4. O



Lemma 2.5. Let ¢ > 3 be an integer and x the Dirichlet character modulo q.
Then for any positive real number a > 1 we have

> X5 n+a —¢£3)<<2>H(1—§)+—¢£? —”éf)é(%%)
X#xo ' n=1 pla dlq
20(q) 3 p(d) [Za/d] 1 ¢(q)log g
P dlq d k=1%+0( q )

Proof. Let N > g be any integer, then we have

< x(n) P Y x(n) T (2y + a)A(x, y)
> v al ‘ZO(ana)*/ Y2y + a)? dy)

D

X#Xo ' n=1 x#xo Sn=1 N
N
x(m) T (22 + a)A(x, 2)
" (mz_lm<m+a> v )
=ola) Y., mn(m+1a)(n+a) + O(‘pN(%q)) +0(1)

) M (5 3 (e + S — 2)) o)

T (- )+ )

604



Taking N = ¢° we have

D

EZ: n+a

fﬁ?«mno—;) Ay te(22)

XF#X0 plg dlq
u(d [a/d] g)logg
220 5~ 1l Z Lo Hled ).
dlq
This proves Lemma 2.5. O

Next, we shall complete the proof of Theorem 1.1. From Lemma 2.1, Lemma 2.4
and Lemma 2.5, we can easily get Theorem 1.1. For any ¢ > 3 we have

S L, 0)?

X#X0

-¥

2

L(1x) a0

X#Xo0 i +a)
|L 1 X _a 7X)
XZ;O Xgonz:l n+a
o] oo 2
—a x(n) +a2

- p(d) u(d) q)logq
= el S 12 ) - Z 'Y (Tq )
This completes the proof of Theorem 1.1.

3. ON THEOREM 1.2

First, we should introduce one of the most important methods. That is the so-
called saddle-point method that van der Corput (See [9]-[11]) found to deal with
exponential integrals and exponential sums which occur in a large number of prob-
lems whose solutions ultimately depend on asymptotic formulas or good O-bounds
in the 1920s. In the proof of Theorem 1.2, we usually use the following propositions.

Proposition 3.1. Let f(z), f'(x), g(x), ¢’(x) be real-valued functions on the
interval [a, b], let all of them be continuous and monotonic on [a, b], and let |f'(x)| <
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d <1, |g(z)| < ho, |¢'(x)| < hi. Then we have

b
1) > gmetrm) = [ gwle(r) do+ 05,

a<n<b

where e(f(n)) = exp(2nif(z)), and the O-constant is absolute.

Proposition 3.2. Under the conditions of Proposition 1, let g(x)/f'(x) be mono-
tonic on the interval [a,b] and such that f'(x)/g(x) = m > 0 or —f'(x)/g(z) = m >
0. Then we have

4
< —.
m

(2) ‘ /abg(x)eif(“’) dx

Combining Proposition 3.1 and Proposition 3.2, we can get

Proposition 3.3. By virtue of (1) and (2) we have

(3) 37 gm)e(f(n)] < % - hif;“

a<n<b

This method is simpler than the theory of exponent pairs which is, nevertheless,
fairly simple to use in practice. We will also use the theory of the exponent pairs in
the proof of Theorem 1.2. For example,

Proposition 3.4. Let b—a > 1, let f”(z) be continuous on the interval [a, b] and
such that

0 <A |f"(z)] < hA

Then we have

37 e(f(n) = Oh(b — a)A\* +17%),

a<n<b

where the O-constant is absolute. The theory of exponent pairs also can be found
in references [9]-[11].

In addition to the above method, we must have another important formula onfor
the Hurwitz-zeta function, that is, the famous approximate functional equation.
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Proposition 3.5. Let s = o +it, and let real numbers x,y > C > 0 be such that
2nxy =t. Then for 0 < 01 <0 <0y < 1,t >0 we have

(@ ()= Y A Y G

n—+a)s
Ogngxfa( + ) 1<y

+O0(a™% log(y +2) +y7 L (Jt| +2)277),

where the O-constant depends on o1, 02, and

40 = |5 e (<i(ero| | - ) (14 05) 0w

For t < 0, e(—aw) is replaced by e(av) in (4), and

0= (| - D)+ 0() =0

Especially, let s = % + it. Then for ¢ > 0 we have

(5) g(% +it,a)

. ;+<E)“ei<t+z> 3 €9 L o2 log).

1 . 1 :
5 it t 5 —it
0<men_q (M t+a)2 1<0<y

V2

Next, we need the following several lemmas.

Lemma 3.1. Let q be a positive integer we have

T p(d)logd _ o(q) > log p
d

-1
d|q 9 rlg P

Proof. See Lemma 2 of [5]. O

Lemma 3.2. Let g be a positive integer, let 0 < a < 1, t > 2 be real numbers
and x a Dirichlet character modulo q. Then we have the identity

q/d

S oG +itoe)| = 28 @ X5+ o)

x mod g d|q b=1

2

)

where ((s, «) is the Hurwitz zeta function which is analytic for all s except for s = 1.
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Proof. Lets=o+itand o > 1. The generalized Dirichlet L-functions converge
absolutely, so we have

(6) L(s,x.a i z;i nq+b+a :%ZX ( b_;_a).

a b=1

By using the orthogonality relationship for character sums modulo ¢, we obtain
from (6) that

S el =k X [Sawc(s )]

q*

x mod ¢q x mod ¢q'b=1
b1+ a 1, _ b+ a
=% Ly (o) =) X xoux)
bi=1 ba=1 x mod g
v(q) zq: zq: b1 +a\=y ba+a
- (o= )=
20
4 bi=1  bo=1 4 4
(bh‘Z) 1 (b2,q)=1
bi1=bz (mod q)
pla) ¢ ‘ b+ay?
- ¢(s—2)]
q20 bz:: ( q )
(b,q)=1
v(a) ¢ < b+a ‘2
= S, d
oz ; (5= dz p(d)
= (b, q)
¢(q) z b+a/dy?
= S @[ =7 )|
9 dlq b=1 q
and our lemma follows immediately by analytic continuation. O

In the following, we will put ' = a/d, ¢’ = q/d for brevity.

Lemma 3.3. Let ¢’ > 2 be an integer and 0 < o’ < 1, t > 3. Then we have

y
(7) Z%(C(l—it,ﬂa/)—(bﬂl) )‘<<q2tl2logt+qt ilogt,

b=1 (bi}a )zt 2 q

where the < constant depends on a’.
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Proof. From Proposition 3.5 we have

C(l -1 b—;’a/) B (b :

2 +a’\ 3 it
)
b+a’
1 2n 6(— / U) 1
= I +( ) el (71 3) ——L 2 4+ O(z" 2 logt),
1<§n:<x (n+ bJ(;’a )%_lt t 1<vz;y vatt | =

so we immediately get

J
(8) Z@(C(%—it,b;al)_ (%1)%—10‘

b=1

’

q

1 1
PN PY

_
b+a’\ 31t
1<n<e (n+ —(i]—_/)z

b=1
—it . T - b+/al 1
+ (E) fel(sz) Z 76( lfit v) +O0(z™2 1ogt)>
t 1oy Y7
_ Z Z (n-i—b(j::/(;/)q/q )
1<n< b=1 , (n + nga )?
o rre) e ) (b
Lyt 3 S

+0(q'z 7 logt)
= My + Mz + O(q'z™ % logt),

where 2nzy =t, and 0 < C' < x,y < t is to be determined later.
In M;, we know that

b+a’ \ it ’ 7o
n+ q’ (g +b+a'\i _ 1t log 77”1 +htal eQTtif(b)
b+a - - ’

L b+a
q

where we denote f(b) =

’ ’ et i1
o log 2L Also, let g(b) = 1/(2E2) 7 (n + 2235 we
will apply Proposition 3.3 and the theory of the exponent pairs to estimate A;. So

we have

’ . i _nq/
) F(o) = 2n(b+a')(ng’' + b+ d) <0,
(10) g(p) = ~LUa L2

(b+a)(ng +b+a')
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When b+ a' > t, we have

1

11 / < — 1
(1) 170)) < 5= < 1.
(12) Jg(b)| < ¢t 2(ng' )% =q'2(nt)" 2,
(13) lg'(b)| < gt

f'(b) tng' (b+a)2(ng +b+d)3
(14) — =

g(b)  2n(b+d)(ng +b+d) q

tn tn tn%
= > >

C2n(b4a)i(ng' +b+a):  2n(¢ +1)2(ng +¢ +1)z ¢

When b+a’ <t, for N <b< N+h<2N,and |f'(b)] < t/N, if we take (1,2) as
the exponent pair, we obtain

5 p 1 1
(15) ‘ e(f(b))‘ < (N) ‘N3 < 5N,
N<bSN+h<2N

Therefore, from Proposition 3.3 and (11)—(15) we have

(16)
i< Y| T g(b)e(f(b))‘Jr )
b+a’>t 1<n<Le
+ )

1<nLx
’
q _1 41
< g ‘ +(nt)”2q'2
1<nLe 1<nLe

nst

/

q L1 1

« 3 Lio(ftrit) s ¥
1<n<e nzt 1<n<e

L1 L1 1
L qgz2t " +qz2x2t 2

> g(b)e(f(b))‘

bta' <t

D g(b)e(f(b))‘

j<logt 2i-1<b<2i

S a)el) H

Y. max
1 t—a’
S N<b<2N

j<logt

* 3 Jloet, x|y oy | D e<f<b>>H
1<n<ke q q N<b<N+h<2N
!
BRI I B e v D DR H
sirtctegticts 3 o g 75| 200
<<q'x%t71+q'%x%t7%+ Z \/?logt max \/Lﬁt%]\f%

il Vn 1KN<t—a
~ ~

;1.9 L1 1 L 11

L qr2tT +q'2x2t 2 4+ q2x2t5 logt
;1,1 41 1,1

L qr2t™ 4+ q'2x2t 3 logt.
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Similarly, we can also establish estimates of M,
(17) My < ¢zt " 4 ¢227t7 5 logt.

Therefore, from (8), (16) and (17) we have

S ()
(Bahyetit VA2 7 ¢ (brar)2
q/

b=1 q

< gzt + 2zt 5 logt + ¢z 2 logt.

Taking = y = /t/(2n), we have

— (b—gla’) 2 q

d ,
1 1 . b+a 1 1.5 1
Zﬁ(g(_ —it, ) - (M);—it)‘ < ¢'2tizlogt + ¢'t” 7 logt.
q/
This proves Lemma 3.3. i

Lemma 3.4. Let ¢’ > 2 be an integer and 0 < o’ < 1, t > 3. Then we have

d !
Z’(C(% + it, b—;,a ) - (b-‘ra’l)%-i-it)r

b=1

q't

= q'(log m + ’y) + O(q/t_%) + O(t% log? t) + O(\/alogt),

where 7y is the Euler constant, and the O-constant depends on a.

Proof. From Proposition 3.5, by analytic continuation we have

(18)
q/
1 . b+d 1 2
ZKC(TL”’ / ) (b+_,a')%+it)‘
b=1 q
q . b+a’ 2
1 (27‘[)1t i(t+1) 6(— q’ 1)) -1
= > st () €T Y =+ 0@ 7 logt)
b=1 ! 1<n<a (n + &5r) =+t t 1oy V7 !
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q q b+a’v) 2
_ q’
=2 2 e Z ) 7_-
= 1ome, (M5 SRR =1 1<y !
Y —(z—ﬂ) ey Y
- ,
=1 1emes (DT )it 1<o<y v2+lt
. b+a’
2m\ it (y xy e(—=>5v)
Y () e 5 T
b= 11<n<z 1<y
, 1 e(=")
_1 i(t+%)
o(x hogt | Y +b+a,)%+it+( i )
1<b<q N1ngae W T 1<o<y

+0 (z7 " logt)
:Al+A2+A3+A4+A5+O(J)_110g2t) .

We will estimate each term of (18).
(i) First, we estimate A;. From (18) we have

1
Z (n_i_b-‘i]-la’)%—i-it
B DD Sl 1
(n+ ”;—“) #H (4 )3

q/
1 1
:Z nt b+/a/ Z Z (n+%)%+it (m_’_b;a/)%_it

b=1 1<m<n<Lx

2

1 1
+Z Z (n+ M)%Jrit (m+ M)%—it
’ q/

b=11<n<m<x

q q
1 1
/
=q PR T PRy
bzz:l ng +b+a z:: <z<: (n—l—b; )2+t(m+bi} )2

q/
1 1
+ - -
Z Z ( + ngla/)%flt (m+ ng/a’)%Jrlt

b=11<m<n<z

1<nLe

=q Ay + A + Ass.

Apparently, A;3 is the conjugate of Aj5. So we can only estimate Aj; and Ajs.
Since
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we have

J
1
(20) An :Z Z m

b=11<n<Lx

- —- Y =
= — - —
t<n<g (o P T Y 1k T

= log(q/([] + 1)) +7 — B +O(q%) ~ (1ogd’ +7 ~ B +o(%))

= 10gm+0($),

o0

where 8, = > a//n(n+ a’). Next we will estimate Aj. First, we have
n=1
% (m+gz;+a'§§q')”
n+(b+a’)/q
(21) A12 = 7N\ 1 7\ 1
bz:;l@nzaz@ (n+ 555 (m + 25
Z q oitlog (mq' +b+a’)/(ng’ +b+a’)
= b+a’\1 b+a’\1 °
1<m<n<z b=1 (TL + %)2 (m + %)2
Let
t mq +b+a
22 b)= —log—————
(22) f(0) 2 8 T e
b+a'\—z b+a'\—z
(23) o) = (n+ =) " (m+ =)

apparently, g(b) is monotonic decreasing and we have

Iy i (n —m)q’

(24) F(b) = 2n (mq’ +b+a')(ng +b+a') '
noy . —tn=m)g' ((n+m)q' +2(b+a'))

(25) Fi(b) = 2n(mq’ + b+ a’)2(ng’ +b+ a’)? <0,
iy 4 g (m+ad)+2(b+ad)

(26) g0 =3 (ng' +b+a)2(mg +b+a')s
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Therefore, f(b) is monotonic increasing, and f’(b) is monotonic decreasing. Since
t < mng'/(n —m), we have

/ _t (n—m)q 1
(27) |f®M_2nmm“+b+def+b+w)<2n<1
1 1
99 B — ¢(Wn+m+2®+dﬂ < 1,
) 7 2(ng +b+a)? (mg +b+a)?  Vmn
(30) 10 _ Kn_m) 5 (nomjt

g(b)  2n(mq +b+a)2(ng +b+a)2 vmng

Therefore, according to Proposition 3.3 and by virtue of (19), (27)—(30) we have

(31) EEEDY ((n—m)i/\/ﬁq’+\/71'Tn)

I<m<n<e
z—1 z—1
m+k
cqrt ¥ YTy Y YD
1<m<n<Lx k=1m=1

< ¢t 'a?logt.

Since t > mnq'/(n — m), from (25), we have

t(n —m) " t(n —m)
qu’Qn < |f (b)| < m2q/2n ’
hence Propositions 3.4 and (21) yield
(32)
I : mq’ +b+a’
|A12| < Z qu . max , elt log n;’i—b+a/ ‘
1<mange (04 )2 (m 4 )2 ISVST ]y N hcon

logt
< 2 N o
1<m<n<z (n —+ Hq—,a) 2 (m + 14(;/!1 )2 1<v<q’
Z logtv/t n Z log tv/t
1<m<n<e \/ﬁm 1<m<n<a vnm

< tizlogt + ¢'z* 'logt.

,(t(n—m))% +( m2q*n )%
¢ m2q"n t(n —m)

<

Therefore, (21), (31) and (32) imply

(33) |Ar2] < (¢'t 2% + t22) logt,
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So, from (19), (20) and (33) we have
(34) Ay =q'logz +O((d't 'a* + t%x) logt).

In addition, according to Cauchy’s inequality, we have

1
2)5

(B

b=1 b=1

q
1
( z; Z (n+ b-‘i]-la )%+1t

1<n<Le

1
q

1<n<Le
< ¢'log? t.

(ii) For Ao, since >, 1/u=logy+~v+ O(1/q¢), we have
1<ugy

b+a'

pp ]

1<vy v

q 2m +” (v—u)

q’
(36) =2 > Y Y
b= 1<uy 1oy b=1
ST (D W
u uIv?
1<u<y 1<u<vy
u=v (mod ¢’)

1
/ /—1 /
=q¢(logy+v+0(")+0(d > > 7%)
1<k<[y/q'] 1Susy Vuvkd +u

=q’(1ogy+7)+0<qli > k% > %)

u4
1<k<[y/q'] ISusy

=

=¢'(logy +7) + O(y).

From Cauchy’s inequality we have

q e(_b—i—a’v) q 1,4 ( b+a’v) 2\ 3 )
q/ ’ 7 1
(37) § E T < < g > < E E 7“ > < ¢ log? t.
b=1"1<v<y b=1 b=1"1<v<y

(iii) Let = < y, 2naxy = t. Then Proposition 3.5 yields

1 ; ra >
2 m% ) w3 L +0(x* logt)
ql

o<nge 1<vy

N 1 2 it i(t43)
- Z (n+ b-’r(l/)%—‘,—it + (T) € ! Z
0<n<y/ % v 1oy &
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Therefore,

(38)
: _b+d
2m\ ¥ ice+3) =)
t ¢ it
1oy U7
. b+a’
2mN\it s e(—*5v) 1 ,
=(7) UV — 4+ O(x *logt).
(t) © Z p3 it + Z (n_’_%)%-ﬁt + (x o8 )

1<U<\/§ x<n<\/§
The definition of Aj together with (38), (35) implies that

q ; b+a’
1 27N\ —it . e(t2v)
= - - ((Zz= —i(t+%) q
(39) As = Z Z (n + bEa)s+it (( ¢ ) ¢ ! Z e
7 1</

1
+ Y gy Ol Hlogd)
(n + bEaly3 it
e<n<y/ 5 a

i q’ b+a’
(Z) ey oy Loy Y
=(— e
t 3t bta\ & it
1gn<x1<v<\/£ b=1 (n+ 7 )

+
M@
[

+0(/q'logt)
= As1 + Asz + O(\/¢' logt).

For Asso, the estimate can be got by the same method as that of A;, so we have
(40) |Asy| < /a2t~ 4 tia? logt.

For Agy, from (39), we have

1 opgbtaly, bial\ —it
R U )
(41) |Az1| < Z Z U%th .
1<n<e 1<vg\/§ b=1 (n + T)
q  oni b+,“/ v—it log (nJr b+,”/)
I M T
1<n<a vz 4 (n+ bta)z
SUSS 1<v§\/§ = 7
Let
b+a t +ad
f) = 7 —2—ﬂ10g<n+ - )7
b+a'\—3
g(b):( 7 )

616



Obviously, g(b) is monotonic decreasing, therefore, we have

2n(ng’ +b+a’)?’

O 7w su SN OE
g'(b) = - ! -
2¢'(n+ (b+a)/q)?
Thus, for t < ng’,
t t

(42) ()] =

v
¢ 2n(ng +b+a)

) o) <|(n+ 50 < 5

é%a

(45) - g(b) - (2n(nq’j—b+a’) B 5) (n—i— b—;’a )E

> (wwrrora ) ()
2n(ng’ +b+a’) ¢ q
t t
> n—q,\/ﬁ > NG
Now, Proposition 3.3 and (41)—(45) imply

(46) Aal< Y i( .

/l] !
1<n<Le 1<0g /ﬁ q'V/n

[N

Nj=

<gt™h > vn Y 7

1<nLe 1<vg /%
3
2 .

/7§
<Lqgt 1z

When ¢t > ng’ we obtain t/n%¢? < |f"(b)| < t/n%q¢?,
and (41), we have

11 !
@ JAul< Y Y 2L max

1
V2 n 1<N<q’
1<n<e 1<0g /ﬁ

1 logq’ t \3
/
< Z Z vn [q (an’Q) +

2
1<nLe 1<vg /ﬁ

3

IH|

<

/

<

logt t 1 1
< Z Z %8 (——l—ﬂ) <<t%x510gt+q/t_za:%10gt.

v

1<nLe 1<vg /ﬁ

o Vi

< < < —
S 2n(ng +b+a) " 2mng  2n

so applying Proposition 3.4

>

N<b<N+h<2N

t

<n2q12
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Combining (46) and (47) leads to

(48) |As1| < ¢t 323 +tia7 logt+ ¢/t 5% logt
< ¢zt i logt +tiz? logt.

Therefore, from (39), (40) and (48) we have

(49) |As| < ¢/23t™% +tiz7 logt.

We know that A, is the conjugate of A3, so they have the same estimates, i.e.
(50) |Ay| < ¢'z3t % + tia7 logt.

(iv) We will estimate As. This will be done also by using the above estimates.
From (18), (35) and (37) we have

(51)
+a'
1 v)
el <atont ¥ | Y o (3F) e 3 S0
1<b<q’ | 1<n<a (n+255)2 1<o<y
b+a’
_1 1 e(_ q’ U)
<rbont( Y| Y | Y | Y S )
1<b<q’ ' I1Sn<e q’ 1<b<q’ ' 1Svy

< gzt log?t.
Combining the estimates in (i), (ii), (iii) and (iv), we immediately obtain
(52) A= logz+ ¢ (logy +7) + O(q't a2 logt)
+O(tzzlogt) + Oly) + ( aﬁt_z)
+ O(t%x% logt) + O(q'z~ 7 log? t) + Oz ' log” t).
Let z = t6 log®t, y = t/(2nx). We get

t 5
(563) A= q’log2— T+ v+ 0z )+ O(t8 log? t).
T

This proves Lemma 3.4. O
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In the end, we shall complete the proof of Theorem 1.2. From Lemma 3.2 we
easily get

d|q b=1 q
() S btd 2
+ % %q:,u(d) b§=:1 (<(§ it, _;/ ) - (b+a1) +n‘)

Using Lemmas 3.3, 3.4 and 3.1, we conclude for any real number ¢ > 3

1 2
‘L(E —l—it,x,a)‘

X IIlOd(]
Z M log + vy = Bar + O ( ))
dlq
dlq

+o(@z|u(d)|(qé o logt+ gt logt>>

=@ @(bg (g_i) * 27) —#la) Z @ﬁa/d —ela) ) W
d

’ dla
+O<¢(qﬁ%%@)+o< qtﬁlg t%lu >
+0(*0q(§>t% logt% Iud(fl)|>
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_ @) (log (g—i) +2y+ > logp) — () @ﬁa/d

-1
1 plg p d|g
+O(qt™72) + O(t7 log® 12°(D) + O(q3 72 log t2*(D),

o0

where 5, = Y x/n(n+ z) is a computable constant only depending on x, and
n=1

w(q) denotes the number of distinct prime divisors of q. Here we have also used

S u(d)|/d < q/¢(q). This completes the proof of Theorem 1.2.
dlg
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