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Abstract. Let (X, 1) be a Polish ideal space and let T' be any set. We show that under
some conditions on a relation R C T2 x X it is possible to find a set A C T such that R(AQ)
is completely [-nonmeasurable, i.e, it is l-nonmeasurable in every positive Borel set. We
also obtain such a set A C T simultaneously for continuum many relations (Ra)q<2«. Our
results generalize those from the papers of K. Ciesielski, H. Fejzié, C. Freiling and M. Kysiak.
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1. MOTIVATIONS

Let us start with an old result obtained by Sierpinski in [7]. He showed that there
exist two subsets of reals A, B of Lebesgue measure zero such that their algebraic
sum, i.e. A+ B={a+b: a € A, b € B} is nonmeasurable. Similar fact is true in
Baire category case.

Sierpinski’s result was generalized to other o-algebras and o-ideals of subsets of R.
Kharazishvili in [4] proved that if the ideal [ is not closed under algebraic sums and
A is a o-algebra such that the quotient Boolean algebra A/l satisfies c.c.c. then there
exist sets A, B € [ such that A + B ¢ [. A similar result was obtained by Cichon
and Jasiniski in [1]. They proved that if | is a o-ideal with coanalytic base then there
exist A, B € [ such that A+ B is not l-measurable i.e. does not belong to the o-field
generated by Borel sets and the ideal [.

Ciesielski, Fejzic and Freiling proved in [3] a stronger version of Sierpinski’s theo-
rem. Namely, they showed that if C C R has the property that C' + C has positive
outer measure then there exists A C C such that A + A is nonmeasurable. Kysiak
in [5] generalized this result showing that if [ is a o-ideal of subsets of R and A is a
o-algebra of subsets of R such that | C A and each set from A \ [ contains a perfect
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subset then for every C' € [ such that C' + C ¢ [ we can find A C C such that
A+ A¢A.

In this paper we obtain generalizations of above results in few meanings. We
replace addition by any binary relation satisfying some conditions and we replace
[-nonmeasurability by complete [-nonmeasurability.

2. DEFINITIONS AND NOTATIONS

We use standard set-theoretical notation. If X is a set then we denote the family
of all subsets of X by &2(X). If  is a cardinal number then [X]" denotes the family
of all subsets of X of size . Similarly, [X]S* denotes the family of all subsets of X
of size less or equal to k.

If the space X is fixed and A C X then by A¢ we denote the complement of A,
ie. A= X\ A

We say that a family | C &2(X) is an ideal if it is closed under finite unions and
taking subsets. If additionally, [ is closed under countable unions then we say that
[ is o-ideal.

We say that X is a Polish space if X is a metric space with complete metric and
a countable dense subset. By Borel(X) we denote the smallest o-field generated by
open subsets of X.

Definition (Polish ideal space). We say that (X,[) is a Polish ideal space iff
X is an uncountable Polish space and | C Z(X) is a o-ideal with a Borel base
containing all singletons. Let us recall that the ideal | has Borel base iff

(VI € )(3B € 1)(B 2 I A B € Borel(X)).

Definition 2.1 (completely [-nonmeasurable set). Let (X,[) be a Polish ideal
space. Let A C X. We say that A is completely 1-nonmeasurable whenever

(VB e B.()(ANB £0AA°NB £0),

where %, (1) = Borel(X) \ I.

Let us recall that if (X,[) is a Polish ideal space then A C X is [-nonmeasurable
iff A does not belong to the o-algebra generated by Borel sets and the ideal [.

Completely I-nonmeasurable sets have been investigated in particular in [2], [6], [8].

If (X,0) is a Polish ideal space where | = [X]|S“ then a set A is completely [-
nonmeasurable iff A is a Bernstein set and in the case when [ is an ideal of Lebesgue
null sets, a set A is completely l-nonmeasurable iff A is saturated with respect to
the Lebesgue measure.
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Definition 2.3. Let (X,[) be a Polish ideal space. We say that [ has the hole
property if
(VZ C X)(3B € Borel(X))(B 2 ZA
(VB' € Borel(X))(B' 2 Z — B\ B’ €1)).

In this case we define (see [6], [8])

[Z]1 = minimal (mod [) Borel set containing Z,

1Z[1 = maximal (mod [) Borel set contained in Z.

Let us remark that an ideals [ has the hole property if the Boolean algebra
Borel(X)/l is complete. In particular, all o-ideals which satisfy c.c.c. have also
the hole property. So, the classical ideals of null sets [L and meager sets K have the
hole property.

Let us notice that if | has the hole property then for every l-nonmeasurable set
A, there exists a Borel [-positive set B € Borel(X) \ [ such that A is completely
[-nonmeasurable in the space X N B. (It is enough to put B = [A4]; \ ]A[1.)

Now let A, B be any sets and let R C A x B be a relation. Then for X C A and
Y C B we define

R(X)={ye B: 3z € X (x,y) € R},
R'\Y)={z€A: yeY (x,y) € R}.

If x € A and y € B then

R(z) = R({z}) and R™(y) = R™"({y}).

3. RESuULTS

In [3] authors have shown that for any subset C' C R there exists a set A C C such
that A+ Ais a Bernsteinsetin R = {x € C+C: |[{(a,b) € CxC: z = a+b}| =2¥}.

The next theorem generalizes the above result in few meanings. We deal with any
relation instead of the function +, we obtain the result for any ideal | having the
hole property and we do not require that the image of the relation is measurable.

Theorem 3.1. Let T' be any set, A be a cardinal number such that A < 2% or
A = 2% for regular 2¥. Let (X,[) be a Polish ideal space and assume | has the hole
property. Let R C T? x X be a binary relation satisfying the following conditions:
1) [R(T*): = X,
(2) |R™(z)| = 2% for l-almost all z € X,
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(3) [IRN S| < A for every S of the form {a} x T x {x} or T x {a} x {z}, where
zeXanda€eT,

(4) for every different z,y € X, |R5'(z) N Rg'(y)| < A, where R5'(z) =
{(a,b), (b,a), (a,a),(b,b): (a,b) € R~(x)}.

(5) |R((a,b))| < A for every a,b e T.

Then there exists a set A C T such that R(A?) is completely [-nonmeasurable in X .

Proof. Let us consider two families of positive (modulo [) Borel sets, namely

Let us fix an enumerations
%Q:{Bg: Oé<)\0}, %1:{3(1)(: Oé<)\1}.

Since there are continuum many Borel sets, without loss of generality, we can assume
that )\0 = )\1 = 2%,
We will construct a sequence

((A¢, De) € 2(T) x P(IR(T*)1): € <2%)

possessing the following properties:
1: (V€ < 29)(Vi € {0, 1})(R(Ae x Ag) N BE # 0),
: (V€ < 29)(De N BY £0),
: (V€ < 29)(|Ac| < max{[¢[*, A} A |De| < max{l¢[*, A},
: (V§ <n< 2“’)(145 - A"? A\ D& - D"?)’
. (v < 2w>( U R(Ae x Ae)n U De = @).

E<n &<n
Suppose we are at an a-th step of the construction. It means we have a sequence

((A¢, De): € < o). We will construct A, and D,
Put A% = |J A¢ and D® = |J Dg. Since |D®| < 2%, there exists ¢ € B2 \

{<a E<a

D%, Fix ¢! € BL N R(T?). Fix d € D®. Then |{(a,b) € R~ c'}: {(a,a),
(a,b), (b,a), (b,b)} N R™H{d} # 0}| < A. Thus, we have that the set

T W N

W = {(a,b) € R™Hc",c'}: {(a,a), (a,b), (b,a), (b, b)} N RD* # 0}

has size less than max{|a|*, A}.

Now, let
Ey={veT: Juec A® (u,v) N R~ D> £ ¢},

Ey={veT: Juc A” (v,u) N R™D* £ §}.
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Let E = F; U Es. Then by (3) we have |E| < max{|a|*, A}, thus we have |[R~1 D> N
(ExTUT x E)| < max{|a|*,\}.
Now let us pick some elements a € A“ and d € D®. Then by (3) we have
{be T: {(a,b), (b,a)} N R™{d} # 0} < \.
Then we have
IR7'D* N (A x TUT x A%)| < max{|a|", \}.

But

IR} N (A% x TUT x A%)| < max{|a|*, A},
IR} N (A% x TUT x A%)| < max{|a|*, A},

so we can choose elements

(@® ) e RFHEOIN(EXTUT x EYUWUA)
(a', ) e RFHAMIN(EXTUT x EYUWUA)

#0,
# 0,
where A = {(u,u): weT}.

Now take A, = A*U{a® b°, al,b'}. Since |A,| < 2 we have |[R(A, x An)| < 2¢.
By (5) we can find d € B, \ R(A2%). Put D, = D*U {d}.

Our construction is completed.

Put A= |J A,. The set R(A?) has a nonempty intersection with every positive
a<2v

Borel set from X. What is more, R(A?)ND = (), where D = |J D,. This shows that
a<2v

the complement of the set R(A?) has a nonempty intersection with every positive
Borel set included in JR(T?)[;. This finishes the proof that R(A?) is completely [-
nonmeasurable. (]

Theorem 3.1 requires dealing with ideal [ which have the hole property. One can
ask if a similar result is true in general. Naturally, we have to change the assumption
(1). One way of doing this is to assume
(1) X\ R(T?) €.

If additionally, we replace relation by function we get the following generalization of
a result from [3].
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Corollary 3.1. Let T be any set, X an uncountable Polish space and \ be a
cardinal number such that A < 2% or A = 2% for regular 2¥. Let f: T x T — X be
a function satisfying the following conditions:

(1) F(TxT) =X,

(2) |f~Y(x)| = 2% for all but countably many = € X,

(3) |f~Y(x) N S| < A for every x € X and S of the form {a} x T, T x {a}, where
a€eT,

(4) foreveryx #y € X, |f5'(z)Nf5" (y)| < A, where f5'(z) = {(b, a), (a, a), (a,b),
(b,b): (a,b) € [ L (@)}

Then there exists A C T such that f(A x A) is a Bernstein set in X.

Corollary 3.2. Let f: R? — R be a symmetric C' function such that f, # 0
almost everywhere. (f, denotes the derivative of f with respect to the first coordi-
nate.) If f(R?) = R then there exists a subset A C R such that f(A?) is a Bernstein
set in R.

By considerations analogous to those in Theorem 3.1 we get

Theorem 3.2. Let A be a cardinal number such that A < 2 or A = 2“ for regular
2¢¥. Let Ty, T be any sets, (X, ) any Polish ideal space and suppose that | has the
hole property. Let R C (Th x Ta) x X be a binary relation satisfying the following
conditions:

(1) [R(Th x T)|i = X,
(2) |R™(z)| = 2% for l-almost all z € X,
(3) |[R7Y(xz)N S| < A\ for S of the form {a} x Ty, Ty x {b}, where a € Ty, b € Ty,
(4) |R(a,b)| < X for every a € Th, b € Ts.
Then there exist A C Ty and B C T, such that R(A x B) is completely -
nonmeasurable in the space X.

Now, we will deal with continuum many relations simultaneously.

Theorem 3.3. Let \ be a cardinal number such that A < 2% or A = 2% for regular
2¢. Let T be any set, (X, 1) a Polish ideal space and let (Ry)q<2e € (2(T? x X))?"
be a sequence of binary relations satisfying the following conditions for every «, 3 :

(1) X\ Ra(T?) €1,

(2) |Ry (z)| = 2% for l-almost all x € X,

(3) |[Ra N'S| < X for every S of the form {a} x T x {z}, T x {a} x {z}, where
acT, zeX.

(4) for every v # y € X, |R_4(z) N R[;é(yﬂ < A, where R5'(z) = {(a,b), (b,a),
(a,a), (b,b): (a,b) € R~ (z)}.

(5) |Ral(a,b)] < A for every a,b e T.
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Then there exists A C T such that for every a < 2“ the set R,(A?) is completely
l-nonmeasurable in X.

Proof. Let us enumerate all [-positive Borel sets in such a way that every
[-positive Borel set appears continuum many times:

Bi(l) ={By: a<2“}.
We will construct a sequence
((Ag, De) € Z(T) x 2(X): £ <27)

having the following properties:

L (V€ < 29)(V( < €)(Re(Ag x Ag) N Be # 0),

2: (V¢ < 2)(Dg N Be # 1),

3: (V€ < 2°)(|Ae| < max{|¢[*, \} A |De| < max{[é]*, A}),

4: (V§ <n< 2“’)(145 - A?7 A D& - 1)77)7

5 (v < 22)(% < ) (U Bele x 49\ Re(Ac x 40) 0 U De =0).
<n n

Suppose we are at an «-th step of the construction. This means we have already
constructed a sequence ((A¢, De): £ < a). We will construct A, and Dy,

Put A* = |J A¢ and D* = |J D¢. Fix £ < «. Since |D®| < 2%, there exists
§<a {<a
¢t € (Bo \ D*) N R¢(T?). Fix d € D*. Then for every < «

{(a,b) € R;{c*}: {(a,a),(a,b), (b,a), (b,b)} N R, {d} # 0}| < A

Thus, the set

W = {(a,b) € Rgl{cg}: {(a,a)7 (a,b), (b,a), (b,b)} N U R;lDa # @}

n<a

has size less than max{|a|*, A}.

Now, let
E| = {v €T: Jue A (u,v) N U REIDO‘ # (Z)}7
(Sa
Ey = {v €T: Jue A (v,u)N U RZ'D™ # (Z)}.
(Sa

Let E = E; U Ey. Then by (3) we have |E| < max{|a|",\} and thus |R£_1D°‘ N
(ExTUT x E)| < max{|a|T, A}
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Now let us pick some elements a € A* and d € D®. Then by (3) we have
{beT: {(a,b),(b;a)} N R {d} # 0} < A
Then we have
|IR7ID*N (A* x TUT x A%)| < max{|a|",\}.

But
|Rf_1{cg} NAYxTUT x A%)| < max{|a|+, A},

so we can choose an element (at,b%) € Rgl{cf} \N(EXTUT x EYUW UA) # 0,
where A = {(u,u): u € T}. We do the same for all £ < a.
Now take A, = A*U |J {a%,b%}. Since |[A,| < 2%, we have | |J Re(AaxAq)| < 2¢.
§<a ¢<a
We can find d € B, \ U Re(A2). Put D, = D*U {d}.
E<a
Our construction is completed.

Put A= |J A,. For every £ < 2 the set R¢(A?) has a nonempty intersection
a<2v

with every positive Borel set from X. What is more, R¢(A?)ND C R (A?), where D =

U Da. Recall that Rg(Ag) has size smaller than continuum. So the complement
a<2v

of the set Rg(A2) has nonempty intersection with every positive Borel set. This
completes the proof that Rg(Az) is completely l-nonmeasurable. O

In Theorem 3.3 and Theorem 3.1 we have used assumption (4) which looks tech-
nically. The other disadvantage of condition (4) is that it’s hard to find natural
applications different from symmetric relations. The next theorem has more read-
able assumptions which provide us a little wider class of applications. The pay
of simplicity is that in applications we will omit the ideal of countable sets which
gives a Bernstein set. Instead of it we deal with ideals L, K and get completely
L, K-nonmeasurable sets.

Theorem 3.4. Let T be any set, (X,[) a Polish ideal space and let A be a
cardinal number such that A < 2% or A\ = 2% for regular 2*. Assume that (R, )a<2v €
(2(T? x X))?" is a sequence of binary relations satisfying the following conditions
for every « :

(1) |R, 1 (z)| = 2% for l-almost all x € X,

(2) |[Ra NS| < X for every S of the form A, {a} x T x {z}, T x {a} x {x} where
aeT,xreX.

(3) for every [-positive Borel set B C X, |R;Y(B) N{a} x T| = 2% for some a € T,

(4) |Ra(a,b)| < A for every a,b e T.
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Then there exists A C T such that for every a < 2“ the set R,(A?) is completely
l-nonmeasurable in X.

Proof. We proceed as in the proof of Theorem 3.3. We will construct a
transfinite sequence

(A, D¢) € 2(T) x Z(X): € <27)

satisfying conditions 1 :=5 : (from Theorem 3.3).
Suppose we are at an a-th step of construction and we have constructed a se-

quence ((A¢, De): € < a)). As before put A* = |J A¢ and D* = |J D,. Using
{<a {<a
assumptions (2) and (3) there exists a® € T such that

(B (Ba) N {a} x T)\ (AU | Ri2(D%) #0

n<a

and choose any b% such that (a%,b®) is in this set. We can do this with every ¢ < a.
Now repeating arguments from the proof of Theorem 3.3 put A, = A*U |J {a®,b¢}.

<
By (4) we can find d, € By \ |J Re(A2) and then we put D, = DU {d,}. It
<
completes our construction. Rest of the proof is the same as in Theorem 3.3. ([

Before application let us formulate two technical claims.

Claim 3.1. Assume that f: R? — R is C!, onto. Assume that B C R is L-
positive Borel set. Then f~!(B) is L-positive Borel set on the plane.

Claim 3.1 is a consequence of a well known fact that the image of null set under
a Lipschitz function is null.

Claim 3.2. Assume that f: R?> — R is C', onto and its partial derivatives do
not vanish almost everywhere. Assume that B C R is K-positive Borel set. Then
f~1(B) is K-positive Borel set on the plane.

We leave a proof of Claim 3.2 to the reader.
Corollary 3.3. There exists a set A C R such that f(A x A) is completely
[-nonmeasurable for every f: R? — R which is C*, onto.

Proof. There are continuum many functions f: R? — R which are C'. As-
sumptions (1),(2),(4) of Theorem 3.4 are fulfilled. To see that condition (3) of
Theorem 3.4 is true it is enough to use Claim 3.1 and Fubini theorem. O
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Corollary 3.4. There exists a set A C R such that f(A x A) is completely K-
nonmeasurable for every f: R? — R which is C', onto and its partial derivatives do
not vanish almost everywhere.

The proof is similar to the proof of Corollary 3.3. We have to use Claim 3.2 instead
of Claim 3.1 and Kuratowski-Ulam theorem instead of Fubini theorem.

In [3] authors have shown that there a set C' such that C'+ C' is an interval and
for any A C C the set A + A is not a Bernstein set. However, we can obtain the
following result.

Theorem 3.5. Let T1,T> be any sets and (X, 1) be a Polish ideal space and let

f: Ty x Ty — X be any function satisfying the conditions

(1) f(Ty xT2) = X,

(2) |f~Yx)| € w for l-almost all z € X,

(3) for every [-positive Borel set B C X we can find continuum many a € Ty such

that {a} x To N f~1(B) has size continuum.

Then there exist A C Ty and B C T, such that f(A x B) is completely -
nonmeasurable in X. Moreover, if Ty = T5, then there exists A C Ti such that
f(A x A) is completely [-nonmeasurable.

Proof. Fix an enumeration A, () = {Is: £ < 2*} of all positive Borel subsets
of X. We will construct a transfinite sequence:

((ag,be,ce,de) € Th x To X Ig x Ie: € < 2¥)

such that

(1) (V€ < 29)(f(ag. be) = ce).

(2) (V¢ < ZW)f(Ag X Bg) NDg = 0,

where Ag = {aci (< f}, BE = {b(t (< f}, Dg = {d(t (< f}
Assume we are at a-th step of the construction. We have

Ay ={ac: (<a}, Bo={bs: ( <a}, Doy ={dc: ¢ <a}.

Let
Uo={aeTi: (3beTr)(f(a,b) € Dy)}

and
Va={beTr: (3a € Th)(f(a,b) € Du)}.

Then |Uy| < |a] < 2¢ and |V,| < |a] < 2¥. Since |I,| = 2% and for every z € X
we have |f~'({z})| < w, Io \ f(Us x Vi) # 0. So, by assumption (3) there exists
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(a,b) € Th x Ty such that f(a,b) € I, \ Dy. Moreover, there exists do, € I \ (f(XoU
{a},Y, U {b}). This completes a-step of the construction.

Now, put A = {ac: ¢ < 2¥}, B = {b¢: ¢ < 2}, C = {¢ec: ¢ < 2%}, D =
{d¢: ¢ < 2¥}. By the construction, the sets C' and D intersect all [-positive Borel
sets. Moreover, C' C f(A x B) and DN f(A x B) = (. This shows that f(A x B) is
completely l-nonmeasurable.

To prove the second assertion let us assume 77 = T, = T. We build a transfinite

sequence
<(a§,b§,d§) eT xT x IEI &< 2w>

satisfying
(1) (V€ <2¥)(f(ag, be) € I,
(2) (Vf < 2w)f(A§ X AE) N DE = (Z),
where A¢ = |J {a¢,b¢} and De = {d¢: ¢ < &}
¢<¢

Assume we are at an a-step of the construction. We have

Ao = |J{ac b}, Do ={d¢: ¢ <al}.
(<a
Let
Vo={a€T: (IbeT)(f(a,b) € DoV f(b,a) € D,)}.

By the second assumption, we have |V| < 2¥. By the third assumption, [{a € T
HbeT f(a,b) € I,}| =2¥} =2 and thus {a € T: |[{b €T f(a,b) € I,}\ Vo # 0.
So, there exist a,b € T \ V,, such that f(a,b) € I, and for every z € T we have
fla,2), f(b,2), f(z,a), f(z,b) ¢ D,. Now let a, = a, b, =b. Let d, be any element
of the set I, \ f(Aat+1 X Aa+1) # 0. This completes the a-step of the construction.

Now, put A= |J Aa. It is clear that f(A x A) is completely [-nonmeasurable. O
a<2¢

Immediately we get a corollary.

Corollary 3.5. Let (X,0x), (Y,ly) and (Z,1z) be any Polish ideal spaces. Let

us assume that f: X XY — Z is a function having the properties

(1) f(X xY) =7,

(2) |f~Y(2)| < w for Iz-almost all z € Z,

(3) for every I z-positive Borel set B C Z, f~!(B) has positive inner measure with

respect to the family Borel(X x Y)\ (Ix x ly)).

Then there exist A C X and B C Y such that f(A x B) is completely [z-
nonmeasurable.

Proof. By Mycielski theorem for every set D C X x Y of positive measure
(with respect to the family Borel(X x Y)\ (Ix x ly)) there exist perfect sets P C X,
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Q C Y such that P x Q € D. Now, we can apply Theorem 3.5 and get the desired
conclusion. O
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