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Abstract. We consider the Navier-Stokes equations in unbounded domains 2 C R" of
uniform C 1’l—type. We construct mild solutions for initial values in certain extrapolation
spaces associated to the Stokes operator on these domains. Here we rely on recent results due
to Farwig, Kozono and Sohr, the fact that the Stokes operator has a bounded H °°-calculus
on such domains, and use a general form of Kato’s method. We also obtain information on
the corresponding pressure term.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we consider the Navier-Stokes equation

ug —vAu+ (u-Viu+Vp=f (t>0),

) V-u=0,
1.1
u(0, ) = wo,
ulaq = 0,

in unbounded domains Q C R™ of uniform C''-type for “rough” initial values ug.
Here, u(t,z) € R™ denotes the unknown velocity field and p(¢,z) € R denotes the
unknown pressure at the point € Q and at time ¢t > 0, f = f(¢,z) € R™ denotes
an external force, and we have no motion at the boundary (“no slip”). We shall
be concerned with the construction of mild solutions for initial values ug that are
“rough” in the sense that they belong to suitable extrapolation spaces for the Stokes
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operator. On R, half spaces or domains with compact boundary this has been done,
e.g., in [12], [2], [1], [10]. The results were based on the L?-theory for the Stokes
operator on these domains, apart from [12] which, on R™, used Morrey spaces instead
(cf. also [10, Sect. 4.3]). Here and in the following, the letter ¢ is used to denote the
integrability exponent for Lebesgue-spaces and their sums and intersections. When
nothing else is said, we always understand that ¢ € (1,00). It is well known that
there is no L4-theory for the Stokes operator in general unbounded domains €2, even
if they are smooth.

This lack has been overcome by Farwig, Kozono and Sohr ([4], [6]) who, instead of
working in L9(Q2)™ and L%(1Q), studied Helmholtz decomposition and Stokes operator
for the following function spaces

F) = {Lq(ﬂ) @), ge2.0)
LYQ) + L3(Q), q€(1,2),
Foiey {Lg(ﬂ) LA, gel2)
LE@) + L2, q€(1.2)

where as usual L2(Q2), the space of solenoidal vector fields in L9, is the closure
in LY(Q)" of C2%,(Q2) :== {p € CX(Q)": V-p = 0}. We denote by DI(RQ2) :=
W24(Q2) N W, %(Q) the domain of the Dirichlet Laplace operator A, in L4(Q2) (for a
bounded domain we refer to [8, Sect. 2], the general case can be found in, e.g., [13]),
and we write, for ¢ € (1, 00),

Q) ND*Q), q=2,
(@) +D*Q), ¢<2
W (Q) N Wy (Q), ¢>2,
Wo(Q) + We2(Q), q<2.

~ D1
DY(Q) := {Dq

T Q) = { Q2

0 : @
We recall some facts (for further details we refer to Section 2 below). The correspond-
ing Helmholtz projection ﬁq: L9(Q)™ — L2(Q) is bounded (cf. [5]), and the Stokes
operator /qu in EZ(Q) is defined by gq = —I]Squ on D(gq) = DI(Q)" N Zg(Q) for
1 < ¢ < oo (cf. [6]). It was shown in [6] that —Zq generates an analytic semigroup
in L4(Q) and that A, has maximal L"-regularity in these spaces for r € (1,00) (we
cite these results as Theorems 2.2 and 2.3 below).

In [14] we showed that & + gq has a bounded H*°-calculus in EZ(Q) for any
€ > 0. The latter result allows to identify domains of fractional powers of € + gq
(for details we refer again to Section 2 below). Here we already fix the notations
Wolg(Q) = WHQ)" N LL(Q) and W;14(Q) = (Wolgl (Q)) for the dual space.
We shall use (-,-) to denote extensions of the usual L2-duality throughout. We also
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recall the following notation from [10]: for a Banach space Z and a € R, p € [1, o¢],
T € (0, 00| we write

L2 (0,7;Z) :={f : (0,7) — Z measurable: t+— t*f(t) € LP(0,7; 2)},
/1

20,m2) = It =t fO)llLr©o,r2)-

Coming back to (1.1) we start with the case f = 0 and use V - v = 0 to rewrite
(u-V)u=V-(u®u). If u has values in L%(Q2) we can apply P, to the equation to
obtain

(1.2) {“/+AqU=—PqV-(u®u) (t > 0),

u(0) = up.

In [4], Farwig, Kozono, Sohr applied their results to the construction of so-called
“suitable weak solutions” of Navier-Stokes equations on unbounded domains.

In this paper we shall obtain solutions w for initial values ug belonging to some
extrapolation space of Zg(Q) with respect to f~1q. More precisely we let, for ¢ €
(n,00), p € [2,00],

X () i= (W, 9(9), LLUR) /g0
where (-,-)p,, denotes real interpolation. Essentially due to the results in [14], the
Stokes semigroup (Tq(t)) on LZ(Q) extends to an analytic semigroup (fq,p(t)) on
)?310(9) with negative generator A, (cf. Corollary 2.6 below).

We look for mild solutions of (1.2), i.e. for continuous functions u: [0,7) —
)Z'g,a(ﬂ) satisfying the fixed point equation

(1.3) u(t) = T(t)ug — /0 T(t— )PV - (u(s) @ u(s))ds, te[0,7),

for some 7 > 0 where T'(-) = Tq,p('). Our main result reads as follows.

Theorem 1.1. Let Q C R"™ be a domain of uniform C*'-type and q € (n,00).
Fix a > 0 and p € (2,00) satisfying o + 1/p = % — %n/q For any initial value
ug € )A(:gyg(ﬂ) there exists T > 0 depending on the norm HUOHJ?;{(,(Q) such that (1.3)
has a unique solution

u e C(0,7), Xg () N L0, 73 LE(9)).
Remark 1.2. For p = oo, the domain D(/Tq,oo) of ;LLOO is not dense in )N(go’[,(sz),
and we denote the closure of D(Ag ) in X%, () by X%, (). For ¢ € (n,00) and

a > 0 with a = % — %n/q the assertion of Theorem 1.1 holds for p = oo if we take
Uug € ch’):a (Q)
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For the proof we use Kato’s method and proceed as in [10]. We have to check that
the necessary estimates, which are well known in an L?-setting on bounded or exterior
domains, also persist to the present Eq—setting on unbounded domains of uniform
C11-type. To this end we shall use the main results of [14] (cited as Theorem 2.4,
Corollary 2.5 below) on boundedness of H-calculi and imaginary powers of the
Stokes operator on unbounded domains which allow to identify domains of fractional
powers of the Stokes operator. In particular, the space )?gU(Q) in Theorem 1.1 can
thus be seen to be an extrapolation space associated to the Stokes operator in LZ((2).

Remark 1.3. An inspection of the proof of Theorem 1.1 and the results of [10]
allow to obtain, under the assumptions of Theorem 1.1, time local solutions with the
same regularity also for external forces f € Lg(/f (0, 00; W14/2(Q)™). The existence

. Instead of (1.3) one has

time 7 then also depends on the norm HfHLgf(W—lvq/?(Q)")

to solve
(1.4) u(t) = T(t)uo + /0 T(t—s)P(f(s) — V- (u(s) @ u(s)))ds, te[0,7).

Other assumptions on f are also possible when we split the second term on the
right hand side of (1.4) and treat f and V - (u ® u) separately. For ¢ € (n,2n) it
is thus possible to take f € Lj(0,00; L9/2(Q)™) where 8 > 0 and r € (1,00] satisfy
B+1/r=2—n/q. We do not go into details here and refer to [10].

Remark 1.4. One might like to identify the space )?;,170(9), which is an extra-
polation space for LZ(f2), as a subspace of the extrapolation space X](Q)" :=
(W La(@), L),
position of X7(€2)" as a direct sum of X! () (representing divergence-free vector
fields in X7(£2)") and the space of gradients in X(2)". This problem shall be
studied in greater generality in another paper.

in other words, one would like to have a Helmholtz decom-

The next result studies the limit case ¢ = n (for n > 3) in the situation of
Theorem 1.1. Observe that ¢ = n leads to @« = 0 and p = co. For = R" and
the L7-scale in place of the L?-scale, the corresponding assertion has been proved by
Y. Meyer ([17]). Here we use the notation
(15) Lz, () == (L2(Q), L2 ()0
where 2 < gp < n < g1 < oo and 6 € (0,1) are such that 1/n = (1 —6)/q0 + 0/q:.

Again, we denote the closure of the domain of the Stokes operator g(nm) in L%, ()
by L2, ().

300



Theorem 1.5. Let n > 3 and Q C R"™ be a domain of uniform C*!-type. For any
initial value ug € Lgob[,(Q) there exists T > 0 depending on the norm ||uo|

Lz o(9)
such that (1.3) has a unique solution

u € O([0,7), Ly, ().

The proof relies on a type of maximal L°- regularity and we shall check the
sufficient condition of [10, Lem. 3.11].

Finally, we construct, in the situation of Theorem 1.1, solutions to the full equation
(1.1) by recovering the corresponding pressure term.

Theorem 1.6. Let © be an unbounded domain of uniform C''-type and
q € (n,00). For any initial value ug € XJ ,(2) and any external force f €
Lg(/XQ(O,oo;:VIV/*Lqﬂ(Q)”) there exists a Vp = Vpi + 0,Vp, satisfying Vp, €
LP (0,7 L9()") and Vpy € L%Q(O,T; W—14/2(Q)") such that the local solu-
tion u of Theorem 1.1 and Remark 1.3 and Vp satisfy (1.1) on (0, 7).

The approach in the proof is inspired by [19, IV. Sec. 2.6]. We decompose u =
u1 + ug according to (1.4), and exploit the properties u; € L£+1(O,T;D(Zq)) and
Uy € LZQ)(/X2 (0, 7; W&’fﬂ (€)). This shows how to give sense to the conditions V-u =0
and u|pq = 0 in (1.1). For the interpretation of Au we refer to Section 5.

The paper is organized as follows. In Section 2 we recall results on the Stokes
operator from [6], [14] and we introduce certain interpolation and extrapolation
spaces associated to the Stokes operator and the Dirichlet Laplacian. In Section 3
we prove Theorem 1.1 using the general approach presented in [10]. In Section 4 we
prove Theorem 1.5. Finally, Theorem 1.6 is proved in Section 5.

In this paper, C' denotes a generic constant, and dependence on parameters T, ¢,

etc. is denoted by C,, C., etc.

Acknowledgement. The author thanks Prof. Reinhard Farwig for drawing his
attention to the Stokes operator on unbounded domains of uniform C*+!-type and for
sending him his joint papers with H. Kozono and H. Sohr [4], [5], [6], which—together
with ideas from [10], [14]—led to this work.
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2. THE STOKES OPERATOR IN UNBOUNDED DOMAINS

First we recall the precise definition of the class of domains 2 we shall work on
(cf. [6, Def. 1.1]).

Definition 2.1. A domain @ C R®, n > 2, is called of uniform C'!-type if
there are constants o, 3, K > 0 such that, for each xy € 012, there is a Cartesian
coordinate system with origin at ¢ and coordinates y = (¢, yn), ¥' = (Y1, -+, Yn—1)
and a C1!-function h, defined on {y': |y'| < a} and with ||h||c11 < K, such that,
for the neighborhood

Uapn(zo) ={y = (', yn) € R™: |yn — h(y')| < B,1¥'| < a}

of xg we have Uy g n(x0) N0 = {(¥,h(¥")): |¥| < a} and

Uapn(o) N ={(,yn): My') =B <yn <h(y), || <}

We refer to the definition of the spaces L7(Q) and Zg(Q) in the introduction.
Denoting by G4(Q) := {Vp € L1(Q)": p € L{ (Q)} the space of gradients in L(2)",

loc

the space of gradients in L4(Q)" is defined by
~ G1(Q) N G?(Q), € [2, 00),
Gy o [ CTONE@), g0
GI1(Q)+G*(Q), qe(1,2).
It has been shown in [5] that, for unbounded €2 of uniform C!+!-type, the Helmholtz
decomposition L2(2)" = LL(Q)DG1(R) is valid for all ¢ € (1, 00). The corresponding
Helmholtz projection P,: LY(Q)" — LZ(€2) with kernel G(Q2) is bounded, Cg% (€2)
is dense in LZ(2), and the duality relations
(2.1) (LLQ) = L8, (B =Py

hold, where g € (1,00) and 1/q+1/¢' = 1.

We refer to the introduction for the definition of the Stokes operator in Eg Q)
and cite the following two results on properties of the Stokes operator in unbounded
domains of uniform C'!-type.

Theorem 2.2 ([6] Thm. 1.3). Let Q2 C R™ be a domain of uniform C**-type. For
q € (1,00) and € > 0, the Stokes operator A, is the negative generator of an analytic
semigroup (Ty(t))i>o0 in LL(Q) satisfying

1Ty fllze < Me®| fllz,, f€LLQ), t >0,

where M = M (e, q, o, 3, K) and «, 3, K are the constants from Definition 2.1. More-
over, the operator € + A, is sectorial of type 0, and the duality relation (A,) = Ay
holds.
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Theorem 2.3 ([6] Thm. 1.4). If Q C R" is a domain of uniform C!-type then,
for q,r € (1,00) the operator A, has maximal L"-regularity on finite time intervals
in LI(Q): for T >0, f € L™(0,T; L%(Q) the mild solution to

u,(t) + Aqu(t) = f(t)a te [OvT]a U(O) =0,
satisfies

Hu,(t)HLr(o,T;Zg(Q)) + ||Aqu(t)||Lr(0,T;Eg(Q)) < C”f”Lr(o,T;Zg(Q))v

where C = C(q,r,T,a, 8, K) and o, 3, K are the constants from Definition 2.1.

As already mentioned, another technical ingredient is the main result from [14]
on H-calculi for the Stokes operator on unbounded domains. For the notion of a
bounded H*°-calculus, for further properties and for the relevance of bounded H°-
calculi we refer to [15]. For bounded domains of C''!-type the corresponding result
with € = 0 has been proved in [11, Thm. 9.17].

Theorem 2.4 ([14] Thm. 1.1). Let Q C R™ be a domain of uniform C1-type.
For q € (1,00) and any € > 0, the operator € + A, has a bounded H*-calculus in
L1(QY). In particular, e + A, has bounded imaginary powers in LL().

Since € + jq has bounded imaginary powers, the fractional domain spaces D((e +
/Tq)e), 6 € (0,1), can be obtained as complex interpolation spaces [Eg (Q), D(/Tq)]e
(cf. [20]). It is this property that we shall exploit. The following consequence has
been shown in [14].

Corollary 2.5 ([14] Cor. 1.2). If Q@ C R™ is an unbounded domain of uniform
CH1-type then D((e + A,)Y/?) = Wolg(Q) for g € (1,00).
We recall that VA[;Olg(Q) = W9(Q)" N LL(Q). By Corollary 2.5, we can write

Wy h1(@) = (Wold (@) = (D((e + Ag) 2

For the usual (L9, L9 )-duality, the dual space of D((c + ng)lp) can easily be iden-
tified with

(LE(Q), I+ Ag) 72 1),

if we recall (gq/)’ = /Tq from Theorem 2.2 above (here ~ denotes completion). We
thus obtain
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Corollary 2.6. For q € (1,00) we have
W, Q) = (L), (e + A 72 ).

The Stokes semigroup fq(~) on L%() has an extension to an analytic semigroup
Tq(fl)(-) on W 14(Q) satisfying

ITSV@)) < Cee®, £ 0, €> 0.

Its restriction T, ,(-) to )?310(9) is an analytic semigroup on )?gU(Q) satisfying
IT,,(t)] < Ceest, >0, e>0.

For p < oo, )?310(9) is reflexive and the negative generator A, of T, ,(-) is densely

defined.

Proof. The first assertion is clear from the arguments above. One can extend
J := (e + A,)"/? to an isomorphism J: W;b9(Q) — L2(Q). Then Tvq(fl)(t) =
J *lfq(t)j defines the desired extension. For the remainig assertions we use real
interpolation. (Il

We note a last consequence of Theorem 2.4, namely a Sobolev type embedding
result.

Corollary 2.7. Suppose that Q C R" is an unbounded domain of uniform C:'-
type. Let € > 0, g € (1,00), s € (0,1) with s < n/q, and r € (1,00) such that
r~t =¢7' —2s/n. Then

D((e + 4,)*) = L3(Q).

Proof. We start with an argument that has been used in the proof of [14,
Cor. 1.2]. Since we have bounded imaginary powers, [7, Lem. 6] gives

D((e +Ay)*) = D((e = A,)*) N LL(S).
By consistency of the resolvents of the Laplacian we have

D(e— &,y = { PUE= 20D+ D —82)7), g€ (1,2),
v D((e = Ag)*)ND((e — A2)®), q€[2,00).

Since 2 is of uniform type C*! and s € (0, 1) we have the usual Sobolev embedding
D((e — Ay)®) — L7(Q) (use a partition of unity similar to [5, pp. 242/243] and
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uniformity of the constants for the “parts”). We also have D((e — A3)®) — L3(Q).
From this the assertion follows in case that both ¢, < 2 or that both ¢, > 2.
If ¢ < 2 and 7 > 2 we have to show in addition that

D((e — A)") = L*(©) and D((e — Ag)*) — L (Q).

These embeddings hold by usual Sobolev embedding since ¢=! — 2s/n = r~1 < 1/2
and 1/2 — 2s/n < ¢~ — 2s/n = r~1. Now the assertion follows also for ¢ < 2 and
T > 2. ([

3. MILD SOLUTIONS AND PROOF OF THEOREM 1.1

We use the general approach from [10]. In an L9-setting with ¢ € (n,00) where
n > 2 is the dimension, this approach is based on function spaces with exponents
q and %q. Due to the structure of the spaces Eq(Q), which is different depending
on whether ¢ > 2 or ¢ < 2, we sometimes have to distinguish the cases ¢ > 4 and
q € (n,4). The latter case, of course, does only occur for n € {2,3}.

First we fix the domain 2 C R™ of uniform C*!-type and ¢ € (n, ). For our
approach via the results in [10] we define the following function spaces:

7= LYQ)", W =W, "#(Q), and X := X2 _(Q),

where « and p are as in the theorem, i.e. « > 0, p € (2,00] with a4+ 1/p = % - %n/q
The next proposition establishes the properties we have to check for the nonlinearity.

Proposition 3.1. (a) The map Z x Z — W=L3(Q)" (u,v) — V - (u® v) is
well-defined, bilinear and continuous.

(b) The Helmholtz projection ﬁq/g has a continuous linear extension 15q/2:
W—1%(Q)" — W given by restriction

(3.1) ﬁq/2<ﬁ = 80|W01,(<yq/2>’(9)7 e (W_l’% @)").
(¢c) The map Z x Z — W, (u,v) — —]SQ/QV - (u ® v) is well-defined, bilinear and
continuous.

Proof. (a): As mentioned above we distinguish two cases.

Case ¢ > n and ¢ > 4. For u,v € Z we then have u,v € L9 N L? which yields
u®uv € LY2N L' by Hélder’s inequality. By ¢ > 4 we have L¥?>N L' ¢ L?, and thus
we obtain that

(u,v) — u ® v is bilinear and continuous

Z x Z — LY2(Q)™ " = L3 Q)™ 0 LA ()™
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By ¢ > 4 we have (39)' <2and W&’(Q/QY(Q) = W&’(Q/Q)/(Q) + Wy*(Q) which leads
to W—14/2(Q)" = W-14/2(Q)" N W~12(Q)". We conclude that

Zx 7 — W2, (u,v) = V- (u®w)

is bilinear and continuous.
Case n € {2,3} and ¢ € (n,4). For u,v € Z = LYN L? we have u ® v € L%/? by
Holder. Since %q < 2, we conclude that

(u,v) —u®v is continuous Z x Z — LI/2(Q)™*" = LI/2(Q)"™ ™ 4 L2(Q)"*".
Hence V - (u ® v) is an element of

W*Lq/z(Q)" + W—I,Q(Q)n _ (WOL(Q/Q)/(Q)n N WOLQ(Q)n)/
= (W 2 (@) = W),

and (u,v) — V- (u® v) is bilinear and continuous Z x Z — W’l’q/Q(Q)”.
(b): Since (3 1) defines a continuous linear map, we only have to check for con-
sistency with IPq/2 For a ¢ € W~ L.a/2(Q)™ which coincides with (f,-), where

f e LY2(Q)", and for any v € W1 (a/2) (€2) we have

e(v) = (f,0) = (f,P(gs2yv) = (Pgsaf,v),

and hence P, /2P = (P Py/2f,-) as desired.
(c) follows from (a) and (b). O

The next proposition contains the properties we have to check for the Stokes
semigroup.

Proposition 3.2. (a) The Stokes semigroup Tq(/;l)(t) acts continuously W — Z
with
TS Ollw—z < Ct= /2020t e o,7),

for any 7 € (0, 00).
(b) The Stokes semigroup acts continuously X — Z and W — X with

Ty p)llx -z < Cot= V220 | TE D ()|l wox < Cot7/4, te 0,7,

for any 7 € (0, 00).
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Proof. (a): More generally, we shall show that, for 1 < r < s < oo and
7 € (0,00),

IT(t)] 7. @—is (@) S Crognt 370/ 4 2 [0, 7],

By duality, interpolation (cf. [14, Lem. 4.1}, where [20, 1.2.4] is used), and the semi-
group property it suffices to show this for » = 2 and some s > 2.

For n > 3 the usual Sobolev embedding Wolg(Q) C Wol’Q(Q)” s [/ (n=2)(Q)n
leads to Wolf(Q) < L2/ (=2 (), and this in turn yields

||j:’2(t)||Zg(g)4,z§"/("*2)(ﬂ) < CTt_l/Qa te [077—];

notice that $n(3 — 1(n—2)/n) = 1.

For n = 2 we use the inequality |juljps < C’Hqu/2 Hqu/Q (cf. [16, p. 70]) that

w2
leads to
||T2( )HL2 Q)—LiQ) S <GtV te [0, 7];
observe here that $n(3 — 1) = § since n = 2.

(b) The first assertion follows by interpolation from the observation that the Stokes
semigroup acting Wg’l’q(ﬂ) — L2(Q) has norm < C,t~Y/2, t € [0,7], for any finite
7 > 0 (here we use Corollary 2.6).

Part (a) and Corollary 2.6 imply that the Stokes semigroup acts continuously
W — W;L(Q) with norm < C,t~"/24, ¢ € [0,7], for any finite 7 > 0. Now
interpolation yields the second assertion. O

Let v = § +n/2g. Then v € (3,1) and a + 1/p = 1 — . By reiteration it is
clear that the space X satisfies (X _1, X1)1/2,, = X where X; denotes the domain of
the Stokes operator in X, equipped with the graph norm, and X_; denotes the first
extrapolation space of X with respect to the Stokes operator, i.e.

X=X [a+4)7"x)7,

we refer to [10] for more details. Now the results of [10, Sect. 3] prove the assertion
of Theorem 1.1.
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4. MAXIMAL L°°-REGULARITY AND PROOF OF THEOREM 1.5

In this section we prove Theorem 1.5. First of all we extend the definition (1.5)
to all exponents g € (1,00) by letting

(4.1) L1.(Q) := (L™ (), L7 ())p,00

where 1 < ¢ < ¢ < ¢1 < o0, 8 € (0,1) with 1/¢ = (1 —6)/q0 + 0/q1 and
qgo,q1 € (2,00) if ¢ > 2, qo,qn € (1,2)if g < 2and ¢ < 2 < ¢1 if ¢ = 2. By
reiteration this definition does not depend on the particular choice of gy and ¢; since
(LY()),>2 and (EQ(Q))qE(LQ] are complex interpolation scales (cf. [14, Lem. 4.1]).
By continuity of the Helmholtz projection in the scale (L9(2)) we obtain bound-
edness of the Helmholtz projection I]~3’q,C>o in L9 (Q)". By [20, 1.2.4] we see that
EgOU(Q) ‘= Py L™ (Q)" satisfies

L, 4() = (L2 (), L2 ()00

where qo, ¢1, 0 are as in (4.1). In particular, we have consistency with the definition
n (1.5). We also use real interpolation (-, ) .o and the same qg, g1 to define

WL () = (W (), W ™ (2))9,00
and similarly Zgo,a(Q)v Wol,’go,g(g)a W(;Lq(ﬂ), W;,};,q (Q). In the following we shall
abbreviate X = L1, ,(Q), X" = L2, (Q), Z = L2, ()", and W := Wi *(9).

Lemma 4.1. (a) For q € (1,00), the Helmholtz projection ﬂli’qm has a continuous
extension Py o: W3(Q)" — W 1:4(Q) which acts by restriction.

(b) The map (u,v) — ~n/2,oov - (u ® v) is bilinear and continuous Z x Z — W.

Proof. (a)follows from Proposition 3.1 (b) by real interpolation. For the proof
of (b) we use real interpolation for the assertion of Proposition 3.1 (a) and combine
with the assertion on the Helmholtz projection in (a). O

In the following lemma we understand in the assertions (a) and (b) that ¢ € (1, 00)
and that qo, q1,0 are as in (4.1).
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Lemma 4.2. (a) The Stokes semigroup acts as an analymc semigroup T(q o) ()
in Egog(ﬂ) Denoting by A(q ) its negative generator, € + A(q ) has a bounded
H*°-calculus for each € > 0.

(b) For any s € (0,1] and € > 0 we have

D((e + A(g,00))*) = (D((e + Agy)*), D((e + A4,)"))o,00-

Moreover,
Wl () = (L% o (), ll(e + A(go0)) "2 - )™

00,0

(¢) For any T > 0 the convolution operator
j:’(n/g’oo)(')*l L>®(0,7; W) — L>=(0,7; X)
is bounded.

Proof. (a)is obtained by real interpolation from the corresponding properties
in the Li-scale.

(b) follows by real interpolation, since (¢ 4+ A)~*

acts as an isomorphism Egj —
D((e + gqj)s), j = 0,1. The same argument applies to the negative Sobolev type
space.

(c): By [10, Lem. 3.11] it is sufficient to check the inclusion (W, W2);/300 — X

where W5 denotes D((Agn/l; Oo)) ) and ﬁg;}z)oo) is the extrapolated version of the

Stokes operator A(n/g’oo) on W (recall (b) for ¢ = n/2). By reiteration, it is sufficient
to check

(42) ( ((E+A )(1 6)/2) ((E+Av(n/2,oo))(1+5)/2))1/2,oo — EQO,G'(Q)

for some small 6 € (0,1). We use (b) for s = s1 = (1 £0)/2 and fixed qo, ¢1 where
we arrange for § = 1/2. By Corollary 2.7 we have

D((e + gqj)S) — L7(Q), j=0,1, where rj_l = qj_1 —2s/n.
By real interpolation and (b) we obtain that
D((e + Anja,o0))**) = L1 (Q)  where ri' = (2 — 2s4)/n.
By reiteration we then conclude that (4.2) holds. O
Proof of Theorem 1.5. Lemma 4.2 yields that
L>°(0,7; X) x L*=(0,7; X) — L*(0,7; X),
(u,v) — f(n/gm) * ]B(n/Qm)V (u®wv)

is continuous. It is well known that the proof can then be finished by a fixed point
argument (cf., e.g. [2, Lem. 1.2.6]). O
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5. THE PRESSURE TERM AND PROOF OF THEOREM 1.6

Our starting point is (1.3). For a given initial value ug € )?gg(Q) we decompose
u(t) = w1 (t) + ua(t), where

ur (t) = Typ(thuo, ua(t) = /0 T30 (= 5)Pya(f = V- (u(s) @ u(s))) ds,

and we look on u1, us separately.
We start with u;. Since the Stokes semigroup is analytic in X  (£2) and in LZ(€2),
we obtain

t = tdus (t) = tAuy (t) € C([0,7), X2, (Q)) N LE(0, 75 LL(S)).
In particular, we have u; € L? ,(0,7; D(/Tq)) and, recalling the definition of gq,

Ayur, Aquy € LZH(O,T;E‘I(Q)”), Aquy = —PyAquy.

Hence 0yu1 — gqul € LZ—}-l(Oa T; EQ(Q)n> and

(5.1) [|~3’q(8tu1 — ﬁqul) = Oup + ﬁqul =0.

By the Helmholtz decomposition in fﬂ(Q)” we thus obtain a gradient term Vp; €

LZJrl(Oa T; Eq(Q)") such that

(5.2) Oy — ﬁqul + Vp; = 0.

We turn to uy. Since u € LP (0, 7; L9(Q)™) we have, by the assumption on f and the
arguments in the proof of Theorem 1.1, that

w = Pya(f =V - (u@u)) € LE20,75 W, 19/2(q)).

By Corollary 2.6 maximal L®-regularity of ﬁq /2 carries over to the operator Zé;zl )

in W, "7?(Q). By [18, Thm. 2.4] (cf. also [9, Thm. 1.13]) the operator 11((1721) has

maximal L3/ *-regularity in Wy “%/?(Q). This means that

up =T\, () v w € L0, 7 Wod(Q) and dyus € LE2(0, 73 W, 19(Q)).

Similarly as for u;, we want to apply the Dirichlet Laplacian to us. We need a
lemma on the relation of extrapolated versions of the Stokes operator to extrapolated
versions of the Dirichlet Laplacian.
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Lemma 5.1. We have 23721) = - q/gA(/2 on W1 Q/Q(Q), where A( V) denotes
the extrapolated version of the Dirichlet Laplacian to the space

Wba2(Q)r = (LY@ [I(L = Bgp2) ™2 r2) ™

Observe that the last equality holds dy dualization and the identity
D((1 - g(q/Q)/)l/Q) _ ’Wg7(Q/2)/(Q)n

Proof of Lemma 5.1. By definition of jq /2, equality holds on the dense subset
D(A,/2). Hence the proof can be finished by approximation. O

By the lemma we have Kc(z/ ug € Lp/Q(O,T;W*Lqp(Q)"), in particular, this
function has values in the distributions on 2. We would like to have the same for
Orug, but this function has values in W, La/2 (Q), which is not a space of distributions.
We proceed as in [19, p. 247] and integrate fot -ds with respect to time: let v(t) :=
fot (s )ds and define vy, vo similarly by integrating uq, us, respectively. Moreover,
let g(t fo s)ds and

:/0 £(s) = V- (u(s) ® u(s)) ds.

Then vy = T(-) * g, us + Avy = g, and we see that dyvy = uy € Lp/ (0, WO’Q/Q(Q)).
By the lemma we obtain

va — AL 3P vy — he LY (0, Wb ()",

15(1/2(8“)2 — &((1721)1}2 — h) = U2 +Aq/2 Vy — g = 0.
Hence there is a gradient term Vps € Lp/2(0 T W=L4/2(Q)") such that
(5.3) Ovs = AL vy — h = Vs = 0.

We let Vp := Vp1+ 0, Vps where 0, is taken in distributional sense. Putting together
(5.2) and (5.3) we see that construction of the pressure term is achieved.
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