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Abstract. We provide new sufficient convergence conditions for the convergence of the
secant-type methods to a locally unique solution of a nonlinear equation in a Banach space.
Our new idea uses recurrent functions, and Lipschitz-type and center-Lipschitz-type instead
of just Lipschitz-type conditions on the divided difference of the operator involved. It
turns out that this way our error bounds are more precise than earlier ones and under our
convergence hypotheses we can cover cases where earlier conditions are violated. Numerical
examples are also provided.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally unique
solution z* of the equation

(1.1) F(z) =0,

where F' is a Fréchet-differentiable operator defined on a convex subset D of a Banach
space X with values in a Banach space ).

A large number of problems in applied mathematics and also in engineering are
solved by finding the solutions of certain equations. For example, dynamic systems
are mathematically modeled by difference or differential equations, and their solu-
tions usually represent the states of the systems. For the sake of simplicity, assume
that a time-invariant system is driven by the equation & = Q(x) for a suitable oper-
ator @, where x is the state. Then the equilibrium states are determined by solving
equation (1.1). Similar equations are used in the case of discrete systems. The
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unknowns of engineering equations can be functions (difference, differential, and in-
tegral equations), vectors (systems of linear or nonlinear algebraic equations), or real
or complex numbers (single algebraic equations with single unknowns). Except in
special cases, the solution methods most commonly used are iterative-when starting
from one or several initial approximations a sequence is constructed that converges
to a solution of the equation. Iteration methods are also applied for solving opti-
mization problems. In such cases, the iteration sequences converge to an optimal
solution of the problem at hand. Since all of these methods have the same recursive
structure, they can be introduced and discussed in a general framework.
We consider the Secant method in the form

(1.2) Tpy1 = 2p — OF (xp_1,2,) ' F(x,) (n>=0), (v_1,20 € D)

where 0F (z,y) € L(X,Y) (z,y € D) is a consistent approximation of the Fréchet-
derivative of F' [5], [13]. Bosarge and Falb [7], Dennis [9], Potra [16], Argyros [1]-[5],
Hernéndez et al. [10] and others [11], [15], [18] have provided sufficient convergence
conditions for the Secant method based on Lipschitz-type conditions on 6 F (see also
relevant results in [6]-[9], [12], [14], [16], [17], [19]).
The conditions usually associated with the semilocal convergence of the Secant
method (1.2) are:
e [ is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space );
e z_; and x( are two points belonging to the interior D° of D and satisfying the
inequality
oo — 21l < e

e F is Fréchet-differentiable on D, and there exists an operator §F: D x D° —
L(X,Y) such that:
the linear operator A = §F(x_1,x0) is invertible, its inverse A~! is bounded, and

7

| AT F (z0) ]| <
I <i(llz = =] +ly = =)

|
AT OF (z,y) — F'(2)]|

for all z,y, z € D;
Ulzo,r) ={z € X: ||z — x| <r} CD°

for some r > 0 depending on [, ¢, and 7; and

(1.3) le+2In< 1
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The sufficient convergence condition (1.3) is easily violated. Indeed, for solving
equation (1.1), let [ = 1, n = .18, and ¢ = .185. Then (1.3) does not hold, since
le + 2+/In = 1.033528137. Hence, there is no guarantee that equation (1.1) under
the information (I, c,n) has a solution that can be found using the Secant method

(1.2). In this study we are motived by optimization considerations, and the above

observation.

Here using Lipschitz-type and center-Lipschitz-type conditions, we provide a

semilocal convergence analysis for (1.2). It turns out that our error bounds are

more precise and our convergence conditions hold in cases where the corresponding

hypotheses in earlier references mentioned above are violated. Newton’s method is

also examined as a special case. Numerical examples are also provided.

2. SEMILOCAL CONVERGENCE ANALYSIS OF THE SECANT METHOD

We need the following result on majorizing sequences for the Secant method (1.2).

Lemma 2.1. Let lp > 0,1 >0, ¢ > 0 and n € [0, ] be given parameters.

Assume
(2.1) (14 2lp)n+lc< 1
for
5 — lle+n) _ 1—lp(c+2n)
O T T e+ 1) T 11—l

& the unique positive zero of equation

(2.2) f@)=1gt> + (o +1)t* —1=0 in (0,1);

(2.3) 80 <0 < 500

Then the scalar sequence {t,} (n > —1) given by

)

l(thrl - tnfl)(thrl - tn)

(2.4) t1=0, tg=cty =c+1n, tnss = tnp1 +
is non-decreasing, bounded above by

(2.5) pr=—1 4o
and converges to its unique least upper bound t* such that

(2.6) 0 <t <t

1—lo(tng1 — to + tn)
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Moreover, the following estimates hold for all n > 0:

(2.7) 0 < thro —tni1 < O(tnsr —tn) <" .

Proof. Using (2.2), we obtain f(0) = =1 < 0, f(I) = 2lp > 0, and f'(t) =
3lot?2 +2(lg +1)t > 0 (t > 0). The existence of §; follows from the intermediate value
theorem on (0,1) and the fact that f crosses the positive a-axis only once. Similarly,
we show the existence of s; using (2.1).

We shall show using induction on k£ > 0 that

(2.8) 0< Tht2 — Thy1 < 5(tk+1 — tk).

Using (2.4) for k£ = 0, we must show

(=t ) _

0<
1—lots

or
lle+n)

= 1—lo(0+77) S9
which is true by virtue of (2.1) and the choice of ¢ > do.
Let us assume that (2.8) holds for k < n + 1.
It then follows from the induction hypotheses

tito < thtr1 + 0(tkt1 — ti)

St +0(tk —te—1) + 0(tpr1 — tr)
(2.9) <t +6(t —to) + oo+ 0(thgr — tr)

<c+n+on+... .+

1 — §kt2 n
— —
c+ 1-3 n < 1_5+c

Moreover, we have
(210) l(tk+2 — tk) + 6lo(tk+2 —to + tk+1)

1—F2 1 ghtl
SU(rr2 = trgr) + (bear — ) + MO( =6 " 1-0
)

<I(O% + 65y + %(2 — L — 52 4 Slge.

)77 + dlpc

To show (2.8), using (2.4) we obtain

(2.11) 16" + 6%y + 1‘5—105(2 — M — M) 4 8lge < 6
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or

(2.12) 1+ 6"+ lo((T+0+...+ ")+ (A +5+...+ )+ le—1<0.
In view of (2.12), we are motivated to define (for § = s) for k > 1 functions

(2.13) fe(s) =1(s* L+ M+ 1020 + s+ ...+ %) + "D+ lpe — 1.

We need the relationship between two consecutive functions fj. Using (2.13), we
obtain

(2.14) feo1(s) =1(s" + "+ 1021 + s+ ...+ ") + 52 4 lpe — 1
=1(s" 4 M)+ 1(sF ST — 1R 4 M)
Fl0(2(1+ s+ ...+ %) + 5T 4+ 1p(2s"T1 4 sF2)p
—los" T+ lge — 1
= fi(s) F UM =55+ Lo (s 4 552
= f(s)s" '+ fi(s)-

We shall show
(2.15) fr(0) <0 (k>1).
But we have by (2.14)
(2.16) fi(0) = fe-1(6) = ... = f1(6).
Define the function fo on [0,1) :
2.17) fols) = lim_fis).
Then, we can show instead of (2.15)

21
Fo(8) = T2% + loe = 1 <0,

which is true by (2.3) and (2.13). Hence, we showed that the sequence {t,,} (n > —1)
is non-decreasing and bounded above by t**, so that (2.7) holds. It follows that there
exists t* € [0,t**] such that lim ¢, =t*.

This completes the proof gﬁ?mma 2.1. ([
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We shall study the Secant method (1.2) for triplets (F,x_1,2() belonging to the
class C(l,1o,n, c,d) defined as follows:

Definition 2.2. Let I, lp, 1, ¢, 6 be non-negative parameters satisfying the
hypotheses of Lemma 2.1.

We say that a triplet (F,xz_1,x0) belongs to the class C(l,lo,n,c,0) if
(c1) F is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space );
(c2) w1 and g are two points belonging to the interior DY of D and satisfying the
inequality
oo — a1l < c

(c3) F is Fréchet-differentiable on D°, and there exists an operator 6F': DY x D —
L(X,Y) such that

the linear operator A = §F (z_1, ) is invertible, its inverse A~! is bounded and

IA™ R (o) | < s
IATHOF (2, y) = F' ()l < U(llw = 2Il + lly — 2);
[AHOF (2, ) = F'(zo)]ll < lo([l2 — @oll + [ly — wol|)

for all z,y, z € D;
(c4) the set D. = {x € D; F is continuous at x} contains the closed ball U(zg,t*) =
{z € X | ||x — zo|| < t*} where t* is given in Lemma 2.1.
We present the following semilocal convergence theorem for the Secant method

(1.2).

Theorem 2.3. If (F,x_1,x9) € C(l,lo,m, ¢, 0), then the sequence {x,} (n = —1)
generated by the Secant method (1.2) is well defined, remains in U(xq,t*) for all
n > 0 and converges to a unique solution z* € U(zg,t*) of the equation F(z) = 0.

Moreover, the following estimates hold for alln > 0 :

. Tn4+2 — Tn+1|| X ln+2 — ln+1,
(2.18) I | <t t
and

(2.19) @0 — 2| < t* =ty

where the sequence {t,} (n > 0) is given by (2.4).
Furthermore, if there exists R > t* — ty such that

(2.20) lo(c+n+R)<1
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(2.21) U(zo,R) C D,
and

(2.22) do < 6 < min{d1, s00},
where

1—[0(C+77+R)
1—1lo(c+R) ~’

then the solution x* is unique in U(zo, R).

5y =

Proof. We first show that the operator L = §F(xg,xr+1) is invertible for
Tk, Thr1 € U(xo,t*). It follows from (2.4), (2.5), (c2) and (c3) that

(2.23) I = AT'L| = [ATHL = A)|| < [ATHL = F'(w0)) || + [[ATH(F' (x0) — A)]|
lo(lzx — 2ol + [|k4+1 — zoll + [[2o — z—1])
lo(ty —to + try1 —to + )

lo(t* —to +t* — to + )

<o 2(——1—0)—0) <1

<
<
<
<

since 6 < S0-
According to the Banach Lemma on invertible operators [5], [13], and (2.23), L is
invertible and

(2.24) 1L Al < (1= lo(llzw = 2ol + lzks1 — ol +¢)) 7
The second condition in (c¢3) implies the Lipschitz condition for F” :

(2.25) A7 (F () = F'(0))]| < 2Uu—v], e D"

By the identity

(2.26) F(z) - F(y) = / Fl(y + t(z — y)) di(z — y)

we get

221) |45\ (F() - F(y) — F'(u)(@ — )] <z —ull + |y —ul) |z — g
and

(2:28) [ A [F(2) = F(y) =0 F (u,v) (@ = )]l < Ul =] +]ly = vll+[[u—v)z—y]
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for all ,y,u,v € D°. By a continuity argument (2.25)—(2.28) remain valid if z
and/or y belong to D..

We first show (2.18). If (2.18) holds for all n < k and if {z,,} (n > 0) is well
defined for n =0,1,2,...,k then

(2.29) o — zn |l < tn —to < t* —to, n <k

That is, (1.2) is well defined for n = k + 1. For n = —1 and n = 0, (2.18) reduces
to ||z—1 — zo]| < ¢ and ||zg — z1]] < n. Suppose (2.18) holds for n = —1,0,1,...,k
(k > 0). Using (2.24), (2.28) and

(2.30) F(ak1) = Fake) — Far) — 0F (wp—1, 2k) (Trg1 — 21)
we obtain in turn

(2.31) 2kt = Tprall = [6F (@r, Tpgr) T F(zn) |
S |I6F (w, mpr1) T All[ATF (zp41) |
o Wleerr = xll + 2k — 21 ])
= 1-— lo(”xk;Jrl — £L'()|| + ka — iCOH +c
(ths1 —th +te — th—1)
S 1 —lo(tker —to+te —to+to—t_1)

=Th+2 — Tht1-

)||ﬂ?k+1 — x|

(trt1 — tr)

The induction for (2.18) is completed. It follows from (2.18) and Lemma 2.1
that the sequence {x,} (n > —1) is Cauchy in the Banach space X, and as such it
converges to some x* € U(xg,t*) (since U(wg,t*) is a closed set). By letting k — oo
n (2.31) we obtain F(z*) = 0.

The estimate (2.19) follows from (2.18) by using the standard majoration tech-
niques [1], [5], [13].

We shall first show uniqueness in U(zg,t*). Let y* € U(zo,t*) be a solution of
equation (1.1).

Set

1
M :/ Py + " — 2%)) dt.
0
It then follows by (c3) that

(2.32) A A = M) = lo(lly* = zoll + [|l2* — woll + |0 — 1)
< lo((t* —to) + (t* —to) + to)

by +0) - =u(y ) <

since ¢ < S0-
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It follows from (2.32) and the Banach lemma on invertible operators that M ™!
exists on U(x,t*).

Using the identity
(2.33) F(z*) = F(y*) = M(z" —y")

we deduce z* = y*. Finally, we shall show uniqueness in U(zo, R). As in (2.32), we

arrive at
—104 _ n
JAT A= M)|| <lo( {15 +e+R) <1
by (2.20), and (2.22).
That completes the proof of Theorem 2.3. O

Remark 2.4.
(a) The root &; of the function f has an unatractive closed form found using Math-
ematica and given by

d
01 = do + =+ da,

3lods
where
lo+1 f
do = 0L g — 213, 412,
3lo
dy = (—2(lp + 1)® + 27121 + 3v/3d3)"/?,
ds = —4l3(lo + 1)1 + 271512,
and d
dy = —2
* 7 39173,

(b) Returning to the example given in the introduction, say Iy = 0.1, we obtain
do = 0.378827193, soo, = 0.948747087, 6 = 0.913742123, whereas (2.1) holds,
since 0.2405 < 1. That is, our results apply, whereas the ones using (1.3)

cannot.
Remark 2.5. Let us define the majoring sequence {w,} used in [4], [5] (under

condition (1.3)):

Z(wn—i-l - wn—l)(wn-i-l - tn)
1 —(wpe1 —wo +wy)

(2.34) w_1 =0, wo =c¢, wi =c+1n, Wpt2 = Wpy1+

Note that in general

(2.35) lo

N

261



holds, and [/ly can be arbitrarily large [3], [5]. In the case lyp = [ we have ¢, = w,
(n > —1). Otherwise:

(2.36) th <w, (n>=2),
(2.37) tnt1 — tn < Wpt1 — Wy (n > 2),
(2.38) 0Kt -ty <w —w, (n=20), w' = lm w,.

n—-:uoo

Note also that strict inequality holds in (2.36) for n > 1 if Iy <.

The proof of (2.36)—(2.38) can be found in [5]. Note that the only difference in
the proofs is that the conditions of Lemma 2.1 are used here instead of the ones in
[4]. However, this makes no difference between the proofs.

3. SPECIAL CASES AND APPLICATIONS
‘We shall consider Newton’s method
(3.1) Tpy1 = 2n — F'(2,) ' F(z,) (n>0), (x9€D)

as a special case of the Secant method (1.2).
We need a result similar to Lemma 2.1 for Newton’s method (3.1).

Lemma 3.1. Let ly > 0,1 >0, n > 0 be given parameters.
Assume

(3.2) 2ho = by < 1,

where
b

_ L+ 4o + VIE+8lol
= 1 :

Then the scalar sequence {t,} (n > 0) given by

I(tni1 —tn)?

(3.3) 0="U, t1=1n, tnt2 n+1+2(1—lotn+1)

is non-decreasing, bounded above by
(3.4)
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where

4l

3.5 f——
(3:5) 1+ V1% +8lgl

and converges to some t* € [0, t**].
Moreover, the following estimates hold for all n > 0:

1) o\ n+1
(3.6) 0 <tpi2 —tnt1 < §(tn+1 —tn) < ... < (5) 7.

Proof. We follow the proof of Lemma 2.1.
The estimate corresponding to (2.10) is given by

o 0-DE) - () Pres(-3)

which leads to the definition of functions

(3.8) f(s) = (2lps® + lgs — 1),
fe(s) = (Is" 1+ 2001 +s+s7+...+)n—-2 (k>1),

which implies that
(3.10) Ferr(s) = f(8)s* '+ fu(s).

Then we can set
In

do = o =1—1on.

0 1-— l()??’ s o
It is then simple algebra to show that conditions (2.1), and (2.3) reduce to (3.2).
That completes the proof of Lemma 3.1. O

In the next result we provide more estimates on the distances ¢,,41 —t,, and t* —¢,
(n>0):

Proposition 3.2. Under the hypotheses of Lemma 3.1, the following estimates
hold for all n > 0:

GNP
(3.11) tst =t < (5) (200" 'n
and
. 5\" (2ho)* ~'n
(3.12) £ —t, < (5) g o<
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Proof. In order to show (3.11) we need the estimate

S\ k+1
1— 2

2

(3.13) (g)kﬂ%) (k > 1).

For k =1, (3.13) becomes

or

(1+ 21 ) < 4lg — 1+ V12 + 8ol
L+ VE+8Il/" S oo + 1+ VIE 1810

In view of (3.2), it suffices to show that

lo(4lo + 1+ /12 + 8lpl)(3L + V12 + 8lpl)
(I 4+ V12 + 8lol)(4ly — I + /12 + 8lgl)

which is true as equality.

<b

Let us now assume estimate (3.13) is true for all integers smaller or equal to k.
We must show (3.13) holds for k being replaced by & + 1:

5N k+2
S O

2

or

@i (g (5) et (g) g (-0 %)

By the induction hypothesis, to show (3.14) it suffices to prove

20-6) B @) (G5

or

or
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In view of (3.2) it suffices to show that

blod?
12-0)

<b;

which holds as equality by the choice of § given by (3.5). This completes the induction
for estimates (3.13).

We shall show (3.11) using induction on k > 0. The estimate (3.11) is true for
k = 0 by (3.2), (3.3), (3.5). In order to show the estimate (3.11) for k = 1, since
ty —t] = %l(tl —10)2/(1 — lgty), it suffices to prove

l772 2
T <98
21 —1lom) = "
or
! 8bl
< 0
1—1lon ~ 1 ++/12 48yl (n #0)
or
1 14+ V12 + 8yl
n< (1= =) (o £ 0,0 £0).
lo 8b

But by (3.2)
4

< .
TS T 4o+ VE 30

It then suffices to show

4 <i(1_l+\/12+810l)
I+4lo+VIZ+ 8l o 8b

or
14+ /12 + 8yl <1 4l
8b h 1+ 41y + /12 + 8lyl

or
1+ VIZ+ 8yl U+ V12 + 8yl
8b S+ 4l + V2 + 8l

which is true by (3.2), as the equality.

Let us assume (3.14) holds for all integers smaller or equal to k. We shall show
(3.14) holds for k replaced by k + 1.
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Using (3.2) and the induction hypothesis, we have in turn

l
2(1 — lotri1)

< s () n )

T () @) ((5) e )

thro — thy1 = (trs1 — tr)?

5\ k+1 gh+1_q
since

l 5\ k-1
1 — ((= 2ho) " 1n) <1 E>1).
(3.15) 2(1—l0tk+1)((2) (2h0) ") (k>1)

Indeed, we can show instead of (3.15) that

wn<t0-(0)7 )

which is true, since (3.6) and the induction hypothesis imply

)
tpy1 <t + a(tk —tp—1)

)
<t1+§(t1—to)+...+

This completes the induction for the estimate (3.12).

Using the estimate (3.14) for j > k, we obtain in turn
(3.16)

tiv1 —te = (41 — ;) + (& — tj—1) + o+ (tep1 — te)

07 291 o\t 29711 o\* 2k -1

((5) @+ (5)" @ho)® "+t (5) @ho)* )
2 S\ k .

< 2" 2" ) (= 21
< (1+@h)* + (2h)*) +...)(5) @ho)®
(9 @

N

2/ 1 —(2ho)%""

The estimate (3.12) follows from (3.16) by letting j — oo.
This completes the proof of Proposition 3.2.
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We shall study Newton’s method (3.1) for couples (F,zg) belonging to a class
C(l,1p,m,0) defined as follows (see also the corresponding Definition 2.2).

Definition 3.3. Let [, ly, 1, 0 be non-negative parameters satisfying the hy-
potheses of Lemma 3.1.

We say that a triplet (F,xz_1,z0) belongs to the class C(l,ly, 7, 0) if
(h1) F is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space );
(hy) F is Fréchet-differentiable on the interior D° of D, and there exists zo € D such
that
the linear operator A = F’(z0) is invertible, its inverse A~ is bounded,

lollz — zo;
and
JATHF () — F'()]]| < Ulz — vy

for all z,y € D;
(h3) the set D, = {x € D; F is continuous at =} contains the closed ball U(zg,t*),
where t* is given in Lemma 3.1.
We present the semilocal convergence theorem for Newton’s method (3.1):

Theorem 3.4. If (F,xzq) € C(l,ly,n,0), then the sequence {z,} (n > 0) generated
by Newton’s method (3.1) is well defined, remains in U(zg,t*) for all n > 0 and
converges to a unique solution x* € U(zg,t*) of the equation F(x) = 0.

Moreover, the following estimates hold for alln > 0 :

||xn+1 - xn” < tpg1 — U,

and

|zn — ]| <t —t,

where the sequence {t,} (n > 0) is given by (3.3).
Furthermore, if there exists R > t* such that

U(J)Q,R) - D

and
lo(t* + R) g 2)

then the solution z* is unique in U(zo, R).
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Proof. The proof as being identical to that of Theorem 1 in [6] is omitted.
Note that in [6], we simply used sufficient convergence conditions different from the
ones in Lemma 3.1. This is the only difference between the proofs. O

Remark 3.5. The famous for its simplicity and clarity Newton-Kantorovich hy-
pothesis corresponding to (3.2) is given in [3], [5], [13]:

(3.17) 2h = 2In < 1.

It then follows from (3.2) and (3.17) that

N~

1
hgi:hog

but not necessarily vice versa, unless [ = [y. Comments similar to the ones in Remark
2.5 can be made for Newton’s method.

We complete this study with three numerical examples.

Example 3.6. Define the scalar function F by F(z) = cox + ¢1 + cosine®®,
xg = 0, where ¢;, ¢ = 1,2,3 are given parameters. Then it can easily be seen that
for c3 large and c¢s sufficiently small, [/l can be arbitrarily large. That is, (3.2) may
be satisfied but not (3.17).

Example 3.7. Let ¥ =Y =R, 20 =1, Uy = {z: |z — 29| <1 -7}, v €[0,3),
and define the function F' on Uy by

(3.18) F(z) =2 — 7.
Using condition (hs3) of Definition 3.3, we get
1
n= g(l—'y), lo=3—7, and [ =2 (2—7).
The Kantorovich condition (3.17) is violated, since

4 1
5(1—7)(2—7)>1 for all 7€[O,§>.

Hence, there is no guarantee that Newton’s method (1.2) converges to z* = ¢/7,
starting at xo = 1.

However, our condition (3.2) is true for all v € I = [.450339002, 3). Hence, the
conclusions of our Theorem 3.4 can be applied to solve equation (3.18) for all v € I.

268



Example 3.8. Let X =) = C[0, 1] be the space of real-valued continuous func-
tions defined on the interval [0, 1] with the norm

] = max Ja(s)|

Let 0 € [0,1] be a given parameter. Consider the “cubic” integral equation

1
(3.19) u(s) = u3(s) + )\u(s)/o q(s, yu(t) dt + y(s) — 0.

Here the kernel ¢(s,t) is a continuous function of two variables defined on [0, 1] x
[0,1]; the parameter X is a real number called the “albedo” for scattering; y(s) is a
given continuous function defined on [0, 1] and z(s) is the unknown function sought
in C[0,1]. Equations of the form (3.19) arise for gasses [5], [8]. For simplicity, we
choose up(s) = y(s) =1, and q(s,t) = s/(s+t) for all s € [0,1] and ¢ € [0,1], with
s+t #0. If welet D=Ul(ug,1—6) and define the operator F on D by

1
(3.20) F(2)(s) = 2°(s) — x(s) + Az (s) / q(s,t)z(t)dt + y(s) — 0

0
for all s € [0, 1], then every zero of F satisfies equation (3.19). We have the estimate

max ‘/ 5 dt‘ =1In2.
0<s<1 s+t

Therefore, if we set £ = || F'(ug) ™|, then it follows from condition (hy) of Defini-
tion 3.3 that

n=&(|A\In2+1-86),
1=2¢(|AIn2+3(2—10)) and Ilop=¢&(2[A|In2+3(3-19)).

It follows from Theorem 3.4 that if condition (3.2) holds, then problem (3.19) has
a unique solution near ug. This assumption is weaker than the one given before using
the Newton-Kantorovich hypothesis (3.17).

Note also that Iy < [ for all 6 € [0,1].

Example 3.9. Consider the nonlinear boundary value problem [5]

’U,N — —’U,3 _ ,yu2
{u(O) =0, wu(l)=1.

It is well known that this problem can be formulated as the integral equation

(3.21) 1@%%+AQ@M¢@+W%W%
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where @ is the Green function

We observe that
1
1
o [ 1001 =5,

Let X =Y = CJ0, 1] with the norm
[#]] = max |x(s)].

0<s<1

Then problem (3.21) is in the form (1.1), where, F': D — Y is defined as
1
[F(x)](s) = x(s) — s — / Q(s, t)(2 (1) +~22(t)) dt.
0
It is easy to verify that the Fréchet derivative of F is defined in the form
1
[F" (z)v](s) = v(s) —/ Q(s,1)(32* () + 2y (t))u(t) dt.
0

If we set ug(s) = s and D = Ul(ug, R), then since ||ug|| = 1, it is easy to verify
that U(ug, R) C U(0, R+ 1). It follows that 2y < 5, hence

< 3lluoll® +2yfluoll _ 3+27

1= F(uo) : -
| F' (uo) ™Y < 1__§Et21 = 5_?27,
38 2 1+
) < 1l 2l _ 1y
17 ()™ Fu)l < 5=

On the other hand, for x,y € D we have

[(F"(2) = F'(y))v](s) = — /0 Q(s, 1) (32%(t) — 3y*(t) + 2y(x(t) — y(t)))v(t) dt.
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Consequently,

8
< Iz = yl2y + 6R + 6[[uol)
= 8
y+6R+3
= eyl
|z — uol|(2y + 3([l=|| + [luol]))
1F0) ~ P < 12 ol + 801zl + ol
_ llz = uol| (27 + 3R + 6]Juol)
h 8
2v+3R+6
= e~ ol

Therefore, the conditions of Theorem 3.4 hold with

14y l_7+6R+3 ; _ 2y+3R+6
n_5_2’ya - 4 ’ 0 — ] .
Note also that Iy < [.
CONCLUSION

We provided a semilocal convergence analysis for the Secant and Newton’s methods

in order to approximate a locally unique solution of an equation in a Banach space.

Using a combination of Lipschitz and center-Lipschitz conditions, instead of only

Lipschitz conditions [13], we provided an analysis with the following advantages
over the work in [13]: larger convergence domain, and weaker sufficient convergence
conditions. Note that these advantages are obtained under the same computational
cost as in [13], since in practice the computation of the Lipschitz constant [ requires
the computation of [y. Hence, the applicability of these methods has been extended.

Numerical examples further validating the results are also provided.
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