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Abstract. The main purpose of this paper is to introduce the concept of intuitionistic
I-fuzzy quasi-coincident neighborhood systems of intuitiostic fuzzy points. The relation
between the category of intuitionistic I-fuzzy topological spaces and the category of in-
tuitionistic I-fuzzy quasi-coincident neighborhood spaces are studied. By using fuzzifying
topology, the notion of generated intuitionistic I-fuzzy topology is proposed, and the con-
nections among generated intuitionistic I-fuzzy topological spaces, fuzzifying topological
spaces and [I-fuzzy topological spaces are discussed. Finally, the properties of the operators
Iw, ¢ are obtained.

Keywords: intuitionistic I-fuzzy topological space, intuitionistic fuzzy point, intuitionis-
tic I-fuzzy quasi-coincident neighborhood space, fuzzifying topology, I-fuzzy topology

MSC 2010: 54A40, 54E15

1. INTRODUCTION

The idea of intuitionistic fuzzy sets was first proposed by Atanassov [1]. This
is a generalization notion of fuzzy sets. From then on, this idea has been studied
and applied in a variety areas. For example, D. Coker [5] introduced the concept of
intuitionistic fuzzy topological spaces. Park [16] defined the notion of intuitionistic
fuzzy metric spaces. Xu and Yager [20] investigated the aggregation of intuitionistic
fuzzy information, and developed some geometric aggregation operators. They also
gave an application of these operators to multiple attribute decision making based
on intuitionistic fuzzy sets, etc. Among of them, the research of the theory of in-
tuitionistic fuzzy topology is similar to the the theory of fuzzy topology. In fact,
the concept of intuitionistic fuzzy topological spaces given by Coker [5] is originated
from the fuzzy topology in the sense of Chang [4]. According to the standardized
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terminology in [10], it will be called intuitionistic I-topological spaces. Based on
Coker’s work [5], many topological properties of intuitionistic I-topological spaces
have been discussed ([8], [9], [13], [14]). On the other hand, Sostak [19] constructs
a new notion of fuzzy topological spaces, and this new fuzzy topological structure
has been accepted widely. Recently, Fang and Yue [11], [12] introduced the concept
of I-fuzzy quasi-coincident neighborhood systems, and they proved the category of
I-fuzzy topological spaces is isomorphic to the category of I-fuzzy quasi-coincident
neighborhood spaces. Moreover, they used this notion to study the further properties
of I-fuzzy topological spaces in [20].

Influenced by Sostak’s work [19], Coker [7] gave the notion of intuitionistic fuzzy
topological spaces in the sense of Sostak. By the standardized terminology introduced
in [10], we will call it intuitionistic I-fuzzy topological spaces in this paper. In [17],
the authors studied the compactness in intuitionistic /-fuzzy topological spaces. The
main purpose of this paper is to introduce the notion of intuitionistic /-fuzzy quasi-
coincident neighborhood systems of intuitiostic fuzzy points. The relation between
the category of intuitionistic I-fuzzy topological spaces and the category of intuition-
istic I-fuzzy quasi-coincident neighborhood spaces are discussed. Then we construct
the notion of generated intuitionistic I-fuzzy topology by using fuzzifying topolo-
gies, and the connections among generated intuitionistic /-fuzzy topological spaces,
fuzzifying topological spaces and I-fuzzy topological spaces are studied. Finally, the
properties of the operators Iw, ¢ are obtained.

Throughout this paper, I = [0,1], Iy = (0,1], I; = [0,1). Let X be a nonempty
set; the family of all fuzzy sets and intuitionistic fuzzy sets on X are denoted by IX
and (¥, respectively. The notation pt(/*) denotes the set of all fuzzy points on X.
For all A € I, A denotes the fuzzy set on X which takes the constant value A. For
each A € I, the symbol 1 — A denotes the fuzzy set which value is 1 — A(x) for all
x € X. For each A C X, A° denotes the complement of A with respect to X, and
14 denotes the function X — I, 14(x) = 1 for all z € A, otherwise its value is 0.
For all A € ¢X,let A = (jua,va). (For background on intuitionistic fuzzy sets, we
refer to [1].)

2. SOME PRELIMINARIES

Definition 2.1 ([21]). A fuzzifying topology on a set X is a function 7: 2%X — I,
such that
1) 7(0) =7(X) = 1;
(2) VA,BC X, 7(AAB) 2 1(A) AT(B);
(3) VA, C X, teT, T(\/ At) > A T(A).
teT teT

234



The pair (X, 7) is called a fuzzifying topological space.

Definition 2.2 ([11], [12]). An I-fuzzy topology on a set X is a function 7:
I* — T such that
(1) n(0) = n(1) = 1;
(2) VA, B € IX, (AN B) > n(A) An(B);

(@) vAre X teTn(V A) > A n(d),
teT teT
If 7 is an I-fuzzy topology on X, then we say that (X, n) is an I-fuzzy topological

space.

Lemma 2.3 ([22]). Suppose that (X, 7) is a fuzzifying topological space, and for
each A € IX, let w(7)(A) = A 7(0.(A)), where 0,.(A) = {z: A(x) > r}. Then
rel
w(7) is an I-fuzzy topology on X .
Definition 2.4 ([9], [21], [22]). Let (X, 71), (Y, 72) be two fuzzifying topological
spaces, and f: X — Y a mapping. Then f is called continuous if for all A C
Y, 1 (f7(A4) = 2(A).

Definition 2.5 ([1], [2]). Let a, b be two real numbers in [0, 1] satisfying the
inequality a + b < 1. Then the pair (a,b) is called an intuitionistic fuzzy pair.

Let (a1,b1), (az,b2) be two intuitionistic fuzzy pairs, then we define
(1) {(a1,b1) < (a2, bs) if and only if a1 < a2 and by > bo;
(2) (a1,b1) = (az,bs) if and only if a1 = a2 and by = by;
(3) if (aj,bj)jes is a family of intuitionistic fuzzy pairs, then _\/J(aj, bj) =
JjE
(Va5 Abs)and A asby) = (A as V by
Jje€J Jje€J jeJ jeJ
(4) the complement of an mtultlomstic fuzzy pair (a,b) is the intuitionistic fuzzy

pair defined by (a,b) = (b, a).

In the following, for convenience, we will use the symbols 1~ and 0™~ denote the
intuitionistic fuzzy pairs (1,0) and (0,1). It is easy to find that the set of all intu-
itionistic fuzzy pairs with the above order forms a complete lattice, and 1™, 0~ are
its top element and bottom element, respectively.

Definition 2.6 ([5]). Let X, Y be two nonempty sets and f: X — Y a function.
If B={(y,us(y),v8(y)): y € Y} € ¢Y, then the preimage of B under f, denoted
by f(B), is the intuitionistic fuzzy set defined by

f7(B) = {(z, f (uB) (@), [~ (v8)(x)): = € X}

Here f (up)(x) = up(f(2)), F~(v8)() = va(f(«)). (This notation is from [18].)
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If A= {(z,pa(z),va(z)): z € X} € (¥, then the image of A under f, denoted
by f7(A) is the intuitionistic fuzzy set defined by

S7A) ={W, [T pa)y), L— L —va)w): y €Y},

where
sup pa(z), if f(y) #0,
I (a)w) = {www
0, it f~(y)

0
inf qya(x), if f7(y) # 0,

1-f7A-7a)y) = {”Ef )
1, if f7(y)=10

Y

Definition 2.7 ([3]). Let L be a complete lattice. L is called a completely
distributive lattice (briefly CD lattice), if the following conditions hold:

(CD1) A ( V am’) =V (/\ di,f(i))?

iel Njed; fellJi vier
(CDh2) V ( A ai,j) = A (\/ di,f(i))a
i€l Njed; fellJi el

where for each i € I" and j € J;, a;; € L, and f € [ J; means that f is a mapping
f: T —= U J; such that f(i) € J; for each i € I.

3. INTUITIONISTIC I-FUZZY TOPOLOGICAL SPACES AND
INTUITIONISTIC [-FUZZY QUASI-COINCIDENT NEIGHBORHOOD SPACES

Definition 3.1 ([7]). Let X be a nonempty set, and §: (¥ — I x I satisfy the
following;:
(1) 6({0,1)) = 6((L,0)) = 17;
(2) VA, B e (¥, 6(ANB) > 6(A) \3(B);
() vAre X teT, (VA > A Ay,
teT teT
Then ¢ is called an intuitionistic I-fuzzy topology on X, and the pair (X,0) is

called an intuitionistic I-fuzzy topological space. For any A € (X, we always sup-
pose that §(A4) = (us(A),vs5(A)); the number ps(A) is called the openness degree
of A, while «5(A) is called the nonopenness degree of A. A fuzzy continuous map-
ping between two intuitionistic I-fuzzy topological spaces (¢X,6;) and (¢Y,d2) is
a mapping f: X — Y such that 01(f“(A4)) > 62(A). The category of intuition-
istic I-fuzzy topological spaces and fuzzy continuous mappings is denoted by II-
FTOP.
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Definition 3.2 ([6], [13], [14]). Let X be a nonempty set. An intuitionistic
fuzzy point, denoted by (4 ), is an intuitionistic fuzzy set A = {(y, na(y), va(y)):

y € X}, such that
a if y=ux,
naly) =

0 if y+#ux,

and
W) poify=u,
Ta = 1 if y # .

Here x € X is a fixed point, and the constants a € Iy, § € I satisfy a4+ < 1. The
set of all intuitionistic fuzzy points x(, g) is denoted by pt(¢X).

Definition 3.3 ([14]). Let z( gy € pt(¢¥) and A, B € (X. We say that z(,.g)
quasi-coincides with A, or that x(,,g) is quasi-coincident with A, denoted x (4 g)GA,
if pa(x) +a > 1 and ya(x) + 6 < 1. We say that A quasi-coincides with B at =,
or that A is quasi-coincident with B at z, AGB at x, in short, if pa(z) + up(z) > 1
and v4(x) + vp(x) < 1. We say that A quasi-coincides with B, or that A is quasi-
coincident with B, if A is quasi-coincident with B at some point z € X.

The relation“does not quasi-coincide with” or “is not quasi-coincident with” is
denoted by —q.
It is easily shown for V(4 g) € pt(¢¥) that T(a,3)4(1,0) and x4 3 —¢(0,1).

Definition 3.4. An intuitionistic I-fuzzy quasi-coincident neighborhood system
of X is aset Q= {Qu(, 4 T(a,p) € pt(¢X)} of mappings Qo ¢X — I x I such
that for all U,V € (X

(1) Qx(uﬁ)«l; 0)) =17, Qx(aﬁ)(<g7 1)) =07
(2) Qx(aﬁ)(U) > 0= %(q,3)3qU;

(3) Qx(aﬁ) (U A V) = Qx(aﬁ) (U) A Qz(mﬁ) (V)7
(4) Qv ,(U)= V A Q. (V).

2(a,8) 4V SU Y(0,) 4V
A set X equipped with an intuitionistic /-fuzzy quasi-coincident neighborhood
system @ = {Quz, 5 ¢ T(a,8) € pt(¢¥)}, denoted by (X, Q), is called an intuitionistic
I-fuzzy quasi-coincident neighborhood space. A fuzzy continuous mapping between
two intuitionistic I-fuzzy quasi-coincident neighborhood spaces (X, P) — (Y, Q) is a
map f: X — Y such that for all z(, g € pt(¢¥), U € ¢¥,

Qfﬂ(m(a,m)(U) S Pro gy (f)).

The category of all intuitionistic I-fuzzy quasi-coincident neighborhood spaces and
their fuzzy continuous mappings is denoted by I7-FQN.

237



Proposition 3.5. Suppose that §: ¢(X — I x I is an intuitionistic I-fuzzy topol-
ogy on X, and for all x(, ) € pt(¢X), U € ¢, define

Vo (V) if @asqU,
Qx(a /3)( ) = Z(a,p)dV<U
! if (a3 7qU.

Then the set Q° = {Qm(a 5 T(a,p) € pt(¢X)} is an intuitionistic I-fuzzy quasi-
coincident neighborhood system of X, called the intuitionistic I-fuzzy quasi-

coincident neighborhood system determined by 9.

Proof. (1) Since for each x4 g) € pt(¢X), T(a,3)q(1,0) and (4 3)—G(0, 1), then
Q3. ((1,0) > 6((1,0) = 1%, @3, ((0,1)) = 0~

(2) Obvious.

(3) If 2(a,3~q(U A V'), we deduce that x(,,3—GU or (4 8¢V, hence

) N~
Z(a,B) (U /\ V) x( 5)( ) /\ Q;C(u B)( ) O °

If 2(o,3G(U AV), then x4 5qU and z(,,3¢V. By the definition of QI( 5 for all
UVecX
USV=Q; ,(U)<Q; V)

T(a,B)
Thus, Qx( B)(U/\V) Qx( B)( )/\me B)( )-
Suppose that Qx( ﬁ)(U) (a1,b1) and Qx( 5)( ) = (agz,bs). Then
Q) ()Y AQS, (V)= (a1 Aag, by V by).

For each € > 0, we have (a1 Aaz) — e < a1, (a1 Naz) —e < ag, (b1 Vb)) +& > by,

(b1Vb2)+e > by. From the fact that a; = V ws(W), ag = \V 115 (W),
T(a,3) WU T(a,m) dWLV

there are W1, W, € ¢X with T(a,3)dW1, T(a,3)§W2 such that (a1 Aaz) —e < ps(Wh),
(a1 ANag) —e < ps(W2). By Definition 3.1, we have ps(W1 AW3) = ps(W1) A us(Wa),
thus (a1 Aag)—e < pus(W1AW3). Using the same method, it follows that (b1 Vbe)+e >
vs(Ws A Wy). Put Ws = Wy A Wa A W3 A Wy clearly, x4,3¢Ws < U AV and
/L(;(W5) > /.Lg(Wl A\ WQ) > (a1 A\ ag) — &, ’)/5(W5) < ’Ya(Wg A\ W4) < (bl V bg) +e¢e. By
the arbitrariness of €, we have a1 A a2 < pus(Ws), by V ba > ~v5(W5). Thus

(a1 A az, b1V ba) < (us(Ws),vs(Ws)) = 6(Ws)

<
< SW) =@, (UAV).

Hence Qz( 5 (UAV) = Qz( o (O)A Qg’(a,m V).
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(4) For any V € (X with (4 5§V < U, we have Q5 (V) = §(V), so

Z(a,B)

A Q. (V)=6v).

Yo, 3V

Thus6(V)< A Q) (V)<@i , (V)<Q:, , (U) hence

Y(o,)dV

Ql’(a »U) = \/ 3(V) < \/ /\ Qx(g ») Ql’(a M

T(a,3) VU Z(a,3) VU Y(o,0)qV

Therefore Qx( HU) = V A\ Qy(gu)( )- -
x(a,méVéUy(g,u)‘fV

Lemma 3.6. Foreach U € (X, §(U) = A Qx(a o ().

T(a,3)GU

Proof. From the proof of Proposition 3.5 (4), §(U) < A Qm(a ﬁ)( ).
T(a,3)qU
Thus the key of the proof is to prove that §(U) > A Qm(a 5 (O).
T(a,p)qU
In fact, by Definition 2.7 and from the fact that I x I is a CD lattice, we have

A @.,0= AV

T(a,8)qU T(a,8)qU T (a,p)qV<U

= V N 5 (@@p))

fe 11 B(x(a,p) *(a,pniU
Z(a,8)9Y

V 5( V f<x<a,ﬁ>>)=a<v>7

fe 11 B@ap) “%piU
?(e,8)9Y

N

where B(z(,,5) = {V € ¢X: T(a,3qV < U}. The last equality is due to the fact
that \/  f(z(ap) =Uforal fe [[ B(xung) O

T(a,0)9U T(a,8)qU

From Lemma 3.6, we have

Proposition 3.7. Ifd; and é5 are two intuitionistic I-fuzzy topologies on X which
determine the same intuitionistic I-fuzzy quasi-coincident neighborhood system of X ,
then 61 = 6.
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Theorem 3.8. Suppose f: (X,0x) — (Y,0y) is fuzzy continuous between in-
tuitionistic I-fuzzy topological spaces. Then f: (X,Q%%) — (Y,Q%) is also fuzzy
continuous with respect to the induced intuitionistic I-fuzzy quasi-coincident neigh-
borhood systems.

Proof. Foreach U € ¢Y, suppose f: (X,dx) — (Y,dy) is fuzzy continuous,
then dx ((f~(U)) = dy(U). Notice that x(,,3)¢f(U) if and only if f~(2(4,8))4U
for all x(a 8) € pt(CX)

If f~ (x ) )qU then
Qf = (%(a, [i))(U) - \/ dy(V) < \/ dy (V)
I (@(a,)dV<U T(a,3)df (V)K= (U)
< Vo sty )
Z(a,3)df —(V)SF—(U) Z(a,p) W< f—(U)

= Q. (J~ ().

O

On the other hand, let Q = {Qz, , * T(a,8) € pt(¢X)} be an intuitionistic I-fuzzy
quasi-coincident neighborhood system on X. Define the map 69: (¥ — I x I as
follows: for any U € (¥,

QU)= N Quun(U)

Z(a,3)qU

Then we have

Theorem 3.9.

i efined as above is an intuitionistic I-fuzzy topology on X, and its quasi-

i) 69 defined as above i intuitionistic I-f topol X, and it '
coincident neighborhood system is just @), called the intuitionistic I-fuzzy topol-
ogy induced by Q = {Qu(, 4 T(a,p) € pt(¢X)}.

ii) Suppose that P = { P, D X(a.p) €D as the same properties as (7, an

i) S that P = {P, ,: (a3 € pt(¢*)} has th ties as Q, and
they induce the same intuitionistic I-fuzzy topology on X. Then P = Q.

Proof. (i) First we check 6 satisfies (1)-(3) of Definition 3.1.
(1) §Q(<l, 0)) = A Qx(a,[)‘)(<l7 0)) = 17, and notice that for each x(, g) €

Z(a,3)G(1,0)

pt(¢X), T(a,5d(0, 1), so §9((0,1)) = AD =1~.
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(2) For all U,V € (¥,

CUAV)= N QuupUAV)= N Qe (U)AQu, (V)]

Z(a,3)Q(UAV) Z(a,3)Q(UAV)

:< A wa)(m)A( A Qx(a,m(V))

T(a,5)Q(UAV) T(a,5)Q(UAV)

>< A Qe (U ) ( A Qe (V )—6Q< ) AG2(V).

T(a,8)qU T(a,8)qV

(3) For all U; € ¢X, j € J,

6Q<\/ Uj) = /\ Quiop (\/ Uj) = /\ /\ Qo) (\/ Uj>

jeJ I(a)[g)é( \/ Uj) jeJ jEJx(aﬁ)(jUj jeJ
jeJs

2 /\ /\ (Qx(a,ﬁ)(Uj) = /\ 5Q(UJ)

J€J x(a,p)q(Uj) jeJ

So 69 is an intuitionistic I-fuzzy topology on X.
(ii) Let P = {Px(aﬁ):
system determined by 69. For any x4 € pt(¢*), U € (¥, if #(4,5GU, we have

T(a,p) € pt(¢X)} be the quasi-coincident neighborhood

Pr ()= NV 0°(WV)= V N Qyuu(V) = Qo (U). More-
Z(a,0)qV U Z(a,3) TV <U Y(0,0)qV

over, from the definition of P, , (U) we know that when x4, 5)~¢U, Py, , (U) =

0%, thus Py, , (U) = Qu, 4 (U). Therefore Q = P. 0

Theorem 3.10. Suppose that P = {Py, ,: T(a,) € pt(¢X)} and Q = {Qya:
Y(a,3) € pt(¢Y)} are intuitionistic I-fuzzy quasi-coincident neighborhood systems
on X and Y, respectively. If f: (X,P) — (Y,Q) is fuzzy continuous, then f:
(X,67) — (Y,09) is also fuzzy continuous, where 67 is the intuitionistic I-fuzzy
topology on X induced by P and 69 is the intuitionistic I-fuzzy topology on Y
induced by @, respectively.

Proof. Notice that for all U € ¢, 2z, € pt(¢Y), {ywp € pt(¢Y):

Ya,5)AU} 2 {f(@)(ap € PHCY): T(a,p) € PH(CY) and f(2)(a,3qU}. So for each
Uec¢y

5Q (U) = /\ Qy(,,,,,,) (U) g /\ Qf(x)(aﬁ) (U)

Y(nw)GU F(@) (0, 3)qU

< N P, (W) =8P,

Z(a,3)df = (U)

This means that f: (X,67) — (Y, 69) is fuzzy continuous. O
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By the above discussions, we easily obtain the following theorem.

Theorem 3.11. The category 1I-FTOP is isomorphic to the category II-FQN.

4. THE GENERATED INTUITIONISTIC [-FUZZY TOPOLOGY

Let (X, 7) be a fuzzifying topological space. By Lemma 2.3, w(7) is an [-fuzzy
topology on X. For each A € (X, let Iw(7)(A) = (u7(A),7"(A)), where u7(A) =
w(T)(pa) ANw(T)(L —v4), ¥ (A) =1 —u"(A). Then we have

Lemma 4.1. Let (X, 7) be a fuzzifying topological space, then lw(7) is an intu-
itionistic I-fuzzy topology on X .

Proof. (1) u7((0,1)) = w(r)(0) Aw(r)(©) = 1, thus Lo(r)((0, 1)) = (1,0) = 1,
Moreover 17 ((1,0)) = w(7)(1) Aw(T)(1) = 1, and clearly, Iw(7)(1,0) = (1,0) = 1".
(2) For all A, B € (¥, Iw(r)(AAB) = (u"(AA B),y" (AN B)). Now

T (ANDB) = p"({(pa A pB,va Vv vB))
=w(7)(pa App) Aw(T)(L— (74 V YB))
=w(7)(pa A pp) Aw(T)((L—v4) A (L—7B))
Z w(r)(pa) Aw(T)(pp) Aw(T)(L—74) Aw(T)(L = 7B)
= u"(A) AuT(B),
YV (AANB)=1-p"(ANB) <1—(u"(A) Ap(B))
=1 =p7(4)v(A-p(B))
=77(A) V7 (B).

Thus,

L (7)(A) ANw(T)(B)
= (u"(A),77(A) A" (B),7"(B))
= (u"(A) ApT(B),y"(A) V7 (B))
< (W (ANB),7"(AAB))
= Iw(7)(A A B).
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(iii) For all A; € ¢X,t €T, Iw(ﬂ( V At) = <<MT( V At),77<t¥TAt)>. In

addition, < <
i (\/T A) = utr) (\/T jua,) At (1 A m)
= <t\e/T ,UAt> (te (1 —a, >
(Ao JA(p o)
= N @) AL =7a)) = A\ 17(A0),
Ly L
AT (t\e/TAt) =1—u (t\E/TAt> <1-— t/E\T,f(At)
— V- (A) =\ 7 (4.
teT teT
Hence
Ao = A (4007 (10) = </\T A\ 740
< (V) (V)=o)
Therefore, Iw(7) is an intuitionistic I-fuzzy topology on X. O

Definition 4.2. By Lemma 4.1, we know Iw(7) is an intuitionistic /-fuzzy topol-
ogy on X. We say that (¢¥,Iw(7)) is the intuitionistic I-fuzzy topological space
generated by fuzzifying topological space (X, 7).

Lemma 4.3. Let (X, ) be a fuzzifying topological space, then
(1) VAC X, p((1a,14¢)) = T(A)
(2) VAz(g,@GCX,Iw(T (A) =

Proof. (1) Foreachrely, ACX, o.(1a)=A4,so

pr((La; 1ac)) = w(r)(1a) Aw(T)(L = 1ac) = w(7)(1a)
= N\ m(0,(1a)) = 7(A).

rel
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(2) For each constant map A € IX, X\ € I, we have

D)= Arle-Q) = A Q) A A (o)

rel r<A r>A
=7(X)AT(0)=1.

Thus u™ ({a, B)) = w(7)(a) Aw(T)(1 = B) = 1. Hence, lw(7)({a, 8)) = (1,0) =17

O

Definition 4.4. Let f: (¢X 1) — (¢Y, 82). If for each A € (Y, §2(A) > 0,
implies the inequality d1(f“(A)) > 0, then f is called a weak fuzzy continuous
mapping from (¢X,81) to (¢V, 62).

Theorem 4.5. Let (X,71), (Y,72) be two fuzzifying topological spaces. Then
i (¢ Tw(m)) — (¢Y,lw(re)) is fuzzy continuous if and only if f: (X, 1) — (Y, 72)

is continuous.

Proof. Necessity. For each B C Y, by Lemma 4.3, we have

T1(f7(B)) = pi (L= (B)s L(s-(B))e))-

Since f: (¢X,Iw(m)) — (¢¥,1w(r)) is fuzzy continuous, we have

Lw(m)({(f~ (1), [~ (1p))) = lw(72)((1B, 15¢)).

Thus
P (L= )y Ly B)e)) 2 17 (1, 1pe)) = 72(B).
This implies that 74 (f(B)) = 12(B). Thus f: (X, 7)) — (Y, 72) is continuous.
Sufficiency. For all B € ¢Y, Iw(m)(f~(B)) = (u™ (f~(B)),y™ (f~(B))). Now

pt(fo(B) = N\ mlon(f~(ms) A N\ milor(L— f~(v8)))

rel rel
= /\7'1 (or(B))) A /\7'1 (o+(L—~B))).
rel rel

If f: (X,71)— (Y, 72) is continuous, then
vrel, n(f~ (or(up))) 2 m2(ov(up)), n(f" (0r(1—78))) = 2(0r(1 —7B)).
Thus

N7 (0r(np) = N\ 7200 (p5)) = w(r2)(up), and

rel rel
A n(F (oL =78)) = \ ma(00(1 = 78)) = w(m)(L - 7p)-
rel rel
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Hence ™ (f7(B)) 2 w(m2)(up) Aw(72)(L=7B) = p™(B) and y™ (f 7 (B)) < 7™(B).
So Iw(m ) (< f7(B)) = lw(m)(B).
This means that f: ((X,Iw(r1)) — (¢¥,Iw(m)) is fuzzy continuous. O

Theorem 4.6. f: (¢X,Iw()) — (¢¥,Iw(7)) is weak fuzzy continuous if and
only if f: (I, w(m)) — (IY,w(m2)) is weak fuzzy continuous.

Proof. Necessity. For each A € IV with w(7)(A) > 0, from the fact that
lw(r2)((4,1 - A)) = (L™ ((4,1 - A4)),7= (A, L - A))),

we have p™((A,1 — A)) = w(m)(4) > 0. Thus Iw(mz)((4,1 — A)) > 0~. Since f:
(¢XTw(m)) — (¢Y,Iw(7)) is weak fuzzy continuous, it follows that Iw(m)({f(A),
fo(@—A4))) >0~. Thus

w(m)(f7(A) =™ ({(f7(A), f7 (1= A))) >0.

So f: (I*,w(m)) — (IY,w(72)) is weak fuzzy continuous.
Sufficiency. For each (up,vg) € ¢¥ with Iw(re)({(up,v5)) > 0, we have

w” (s, vB)) = w(r2)(up) Aw(T2)(l —v8) > 0.

Thus w(m)(up) > 0, w(r2)(l — ) > 0. Since f: (IX,w(n)) — (IY,w(r)) is
weak fuzzy continuous, we have w(m)(f“ (up)) > 0, w(n)(f“ L —"B)) = w(n)(1—
f(vB)) > 0. Hence

p (™ (), ™~ (vB)) = w(m)(f™ (uB)) Aw(m)(L = f~ (vB)) > 0.

Clearly, Lo(71) (f~ (1p), £~ (7)) > 07, 50 f: ((¥,Tw(r)) — (¥, Lw(72)) is weak

fuzzy continuous. O

Theorem 4.7. Suppose (¢, 6) is an intuitionistic I-fuzzy topological space. For
each A C X, let [0](A) = ps({1a,lac)). Then [4] is a fuzzifying topology on X.

) [6]1(0) = ps((0x, 1x)) = 1, [0](X) = pus((1x,0x)) = 1;

Proof. (@
cX

(i) [6
(ii) for all A, B
[5](14 VAN B) = M6(<1A/\87 1(A/\B)u>) = /.L5(<1A ANlp,14cV 1Bc>)

= ps((1a,1ac) A(lp, 15¢))

2 ps((La,1ae)) Aps((1p,1pe)) = [6](A) A [0](B).
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(iii) For all A, C X, t € T,

A ) = Qg o)) = ((V 10 A 1)
:Mé(\/<1A“1A§>> > A ps((1a,,1a)) = A\ [0](Ar).

teT teT teT

So [4] is a fuzzifying topology on X. O

Theorem 4.8. Suppose f: ((~,0) is an intuitionistic I-fuzzy topological space,
for each A € TX, let 6(A) = pus((A,1 — A)). Then § is an I-fuzzy topology on X.

Proof. (i)4(0) = ps((0.1) = ns((L.0) =6(1) =15
(ii) for all A, B € I*X,

6(AAB) = us((AAB,1—(AAB)))
= u5({A,1 — A > A(B,1 - B))
> ps((A, 1= A)) A ps((B,1 = B)) = 6(A) A§(B);

(iii) for all A, € IX, t €T,

5<\E/TA> - u5<<t\€/TAt,1— V) = s (V tdn1- )

teT teT
> N\ ws((An, 1= Ap) = N\ 6(A).
teT teT
So 4 is an I-fuzzy topology on X. O

Theorem 4.9. Suppose that ((X,9) is an intuitionistic I-fuzzy topological space.
For each r € Iy, A C X, let
1) (A) = V{ps(B): op(up) = A, B e X},
(6" (A) =V {1s(B): or(1—5) = A, B e (X},
Then both 11(§)" and 12(5)" are fuzzifying topologies on X.

Proof. We only need to prove that ¢1(d)" is a fuzzifying topology on X. The
proof for ¢5(d)" is similar to ¢1(5)".

(i) 21(0)"(0) = 1s((0,1)) = 1, s0 11(6)"(0) = 1, ta(9)"(X) = ps((1,0)) = 1, so
1 (@)"(X)=1.

(ii) For all A, B C X, and any ¢ > 0, there exist Ay, By € (X such that o, (a,) =
A, or(tp,) = B and 11(6)"(A) — e < ps(Ar), t1(0)"(B) — e < us(B1).
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From o, (pa, A pp,) = AN B, we have

1 ()" (AAB) = ps(Ar A B1) = ps(A1) A ps(B)
> (11(0)"(A) =) A (11 (8)"(B) =€) = ta(8)"(A) A (11 (0)"(B) —e.

By the arbitrariness of €, we obtain ¢1(6)"(AA B) = ¢1(0)"(A) A (11(0)"(B).
(iii) For all A; C X, ¢ € T, and ¢ > 0, there exists B; € ¢ such that o,(up,) = A;
and ¢1(0)"(At) — e < us(By). Since 0'7"( V MBf,) =V oy(up,), then
teT

teT

u(9)" (\/ At> 2 Ma(\/ Bt> > N\ ns(B)

teT teT teT

> N@@)(4) =)= A\ u(d)(4r) —<.

teT teT

By the arbitrariness of £ again, we obtain ¢; (5)’“( V At) = A u(8)"(A4s).
teT teT
Therefore ¢1(4)" is a fuzzifying topology on X. O

Let t1(6) = A t(6)", 12(6) = A t2(6)", then both ¢1(d) and ¢2(0) are fuzzifying
re&ly rely
topology on X.

Theorem 4.10. Suppose that f: (¢X,61) — (¢Y,d2) is fuzzy continuous, then
f+ (X,4(01)) = (Y, 0(d2)) (i =1,2) is continuous.

Proof. (1)Forall ACY,
u(@)(F(A) = A V{ou(B): or(up) = f~(4), B e},

rely

1(02)(A) = A V{%2(B): o,(up) = A, Be(¥}.

relp
For each B € (Y, if o, (up) = A, then o,.(f ~(up)) = f~(A). Since f: (¢¥,d1) —
(¢Y,d2) is fuzzy continuous, we have d;(f~(B)) > 62(B) for every B € ¢¥. So

a(@)(f(A) = A VIau(F~(B): or(us) =4, Be(}

rely

> N\ Vi{5B): on(up) = A, Be ("} =u(b)(A).

relp

This means f: (X,t1(61)) — (Y, ¢1(d2)) is continuous.
As for the continuity of f: (X, t2(d1)) — (Y, t2(d2)), the proof is similar to (1). O
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Theorem 4.11. Let (X, 7) be a fuzzifying topological space and (X,0) an intu-
itionistic I-fuzzy topological space. Then
(1) [w(r)] =7;
(2) VACX, pll((1a, 1ac)) = ps((La, Lac));
(3) [0] < 1a(6), [0] < e2(9).
Proof. (1) For all A C X, [lw(1)][(A) = pro)((1a,1a¢)) = 7(A) (by
Lemma 4.3);
(2) forall AC X,

P (14, Lac)) = w((8])(1a) A w (6L — Lac)
w([0])(La) = [0](L1a) = ps((La; Lac)).

(3) for all A C X, [0](4) = us((1a,1ac)).
Vr e Iy, 0r(1a) = A, thus ¢1(0)"(A) = us((1a, 1ac)), so

u(8)(A) = /\ w9 (4) > ps((1a, 1ac)) = [8)(4).

relp

Moreover, 0,(1—14c) = A, thus 12(8)"(A4) = 1s((1a,lac)), so 12(6)(A) = [0](4). O

Theorem 4.12. Suppose that f: X — Y, and (X, 7) is a fuzzifying topological
space on X. Then 7/f = 7o f~ is a fuzzifying topology on Y, and lw(7/f) =
Iw(r)/f.

Proof. For the first part of the theorem see [4, Theorem 1.5].

For all A € ¢V, Tw(r/f)(A) = (u/D(A), 7T/ (A)). Now

pTID(A) = w(r/f)(na) Aw(T/ )L = 7a)
(T/f)(UT(MA)) W ANCTRRICATEEY)

rel

T(.]U_(UT(NA))) AN T (or(L=74))

rel

I
> g >A

3
~

S

I
=

T(or (S~ (ma)) A\ 7(or S~ (L= 74)))

rel

)T (pa)) Aw(T) (L= [T (va)) = w7 (f7 (4)).

Il

€ =

/—\m
~

Thus

Lo(7/f)(A) = (D (A), T D(A)) = (07 (F7(A), 77 (7 (A))) = Lw(r)/f(A).

This completes the proof. O
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Theorem 4.13. Suppose that f: X — Y is a bijection and (Y,T) a fuzzify-
ing topological space. Then f(7) = 7o f is a fuzzifying topology on X, and
ST w(r) = Lw(f (7))

Proof. For the first part of the theorem see [4, Theorem 1.6]. Next,

A€, fw(m)(A) =Tw(r)(f7(A) = (u (7 (A),7(F7(A).
Notice that, for each A = {{z, pa(z),va(z)): z € X} € (¥,
f7A) = {{y, [T (na) (W), L= f7(L—~a)(y)): y €Y}, [is bijection,

p(f7(A) = w7 (pa)) Aw(T) (7 (L= 74))
= Ao (f 7 (wa)) A N\ lon(f7 (L —74)))

rel rel
= A7 (or(a) A\ 7(f7 (001 =74)))
rel rel
:/\f& UTMA /\fH Url_'yA)))
rel rel
= N @U@ ma) A N e~ @)L —7a) = pf~D(4).
rel rel

Obviously, 77 (f~(A4)) =~/ ()(A). Hence
ST w(m)(A) = (" (f(A),~77(f(A))
= (" D(A),47 D(A)) = Tw(f~(7)(A).

Therefore [ (Iw(1)) = lw(f(1)). O

Theorem 4.14. Suppose that f: X — Y is a mapping, and ((*X,0) is an intu-
itionistic I-fuzzy topological space. Then 0/f = 6 o f is an intuitionistic I-fuzzy
topology on Y, and [6/f] =[]/ f.

Proof. (i)

0/H(Q, 1) =d0f~((0,1)
=6((f7(Q), 7)) =6((Q, 1) =17,
(6/1)((L,0)) =d o f~({1,0)

249



(H) for all AaB € Cya A= <,U'A77A>7 B = <MB;’YB>7

O/fAANB) =60 f7(ANB)=6(f"(A)NFT(B))
= ([ (A) No(f(B)) = (/) (A) A6/ F)(B);

(111) for all At € CY7 te T7 At = <:U’A1,7'YA1,>7

<6/f>(t\e/TAt) b0 (\/TA )- 6(\/T F )
> NaUa) > A6/

So 0/ f is an intuitionistic I-fuzzy topology on Y.
For each ACY

[0/ f1(A) = (6/F)((1a,14¢c))) =00 f7((1a,1ac))
=06((f7(La), f7(Lae))) = 6((Lp—(a), Lp—(a)e))
= [0](f7(A4) = [d]/ f(A)
Hence [6/f] =[]/ f. O

Theorem 4.15. Suppose that f: (X — (Y is a bijection and (¢, ) is an intu-
itionistic I-fuzzy topological space, then f* () = 0 o f is an intuitionistic I-fuzzy
topological space on X, and f([0]) = [f~(9)].

Proof. Notice that f is bijection, and by the definition of f~(A) (A4 € ¢¥), we
have f7((0, 1)) = (0,1), f~((1,0)) = (1,0).
(1) f7(0)(0, 1)) =6((0,1)) =17, f7(0)((1,0)) = 6(({1,0)) =17;

(ii) for all A, B € ¢, since f is bijection, the following relation holds
FT@ANB)=6(f7(A)AfT(B)) 2 0(f(A) No(f7(B))
=7 0)(A) A fT(6)(B);

(iii) for all A, € (X, t €T,

AL Ay

> N\ (A) = 0)(Ay)-

teT

Therefore f(J) is an intuitionistic I-fuzzy topological space on X.
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For each A C X, f([0])(A) = [0](f~(A4)) = ps({Lp—(a), Lis—(a))e))s
[fTONA) = pp—(5((1a,1ac)) = ps((f7(1a),L = f7(14)))-

Since f is bijection, so 15~y = f7(1a), 1(~(aye =1 — f7(1a).
Hence f([0])(A) = [/~ (0)I(A), thus f=([6]) = [/~ (6)]- U
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