Czechoslovak Mathematical Journal

Lutz Volkmann
A bound on the k-domination number of a graph
Czechoslovak Mathematical Journal, Vol. 60 (2010), No. 1, 77-83

Persistent URL: http://dml.cz/dmlcz/140550

Terms of use:

© Institute of Mathematics AS CR, 2010

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/140550
http://dml.cz

Czechoslovak Mathematical Journal, 60 (135) (2010), 77—83

A BOUND ON THE k-DOMINATION NUMBER OF A GRAPH

LuTZ VOLKMANN, Aachen

(Received July 7, 2008)

Abstract. Let G be a graph with vertex set V(G), and let k > 1 be an integer. A subset
D C V(G) is called a k-dominating set if every vertex v € V(G)— D has at least k neighbors
in D. The k-domination number v4(G) of G is the minimum cardinality of a k-dominating
set in G. If G is a graph with minimum degree 6(G) > k + 1, then we prove that

V(O)] +7(G)

Ye+1(G) < 5

In addition, we present a characterization of a special class of graphs attaining equality in
this inequality.
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Let G be a finite and simple graph with vertex set V(G). The neighborhood
Ng(v) = N(v) of a vertex v € V(G) is the set of vertices adjacent to v, and the
number dg(v) = d(v) = |N(v)] is the degree of the vertex v. By n(G) =n, A(G) = A
and 0(G) = § we denote the order, the mazimum degree and the minimum degree of
the graph G, respectively. If A C V(G), then G[A] is the graph induced by the vertex
set A. Denote by a(G) the independence number and by w(G) the cligue number
of a graph G, respectively. We denote by K, the complete graph of order n and by
K, s the complete bipartite graph with partite sets X and Y such that |X| = r and
|Y| = s. Next assume that G; and G5 are two graphs with disjoint vertex sets. The
corona G = G1 o Gy formed from one copy of Gy and |V(G1)| copies of Gy where
the i-th vertex of GGy is adjacent to every vertex of the i-th copy of G3. The union
G = G1 UGs has V(G) = V(G1) UV(G2) and E(G) = E(G1) U E(G2). The join
G1+ G2 has V(G) = V(G1) UV(G2) and

E(G) = E(G1)UE(G2) U{uv|u € V(Gy) and v € V(G2)}.
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A set D C V(G) is a k-dominating set of G if every vertex of V(G) — D has at
least k > 1 neighbors in D. The k-domination number ~,(G) of G is the cardinality
of a minimum k-dominating set. If D is a k-dominating set of G with |D| = v, (G),
then we say that D is a v;(G)-set.

In [6] and [7], Fink and Jacobson introduced the concept of k-domination. The
case k = 1 leads to the classical domination number v(G) = v1(G). Bounds on the
k-domination number can be found, for example, in [2], [3], [4], [5], [9], [12], [13],
[14]. Now we prove the following relation between the (k + 1)-domination and the
k-domination numbers.

Theorem 1. If G is a graph and k an integer such that 1 < k < §(G) — 1, then

n(G) + (G
es1 (G) < w
Proof. Let S be a v,(G)-set, and let A be the set of isolated vertices in
the subgraph induced by the vertex set V(G) — S. Then the subgraph induced by
V(G) — (S U A) contains no isolated vertices. If D is a minimum dominating set of
G[V(G) — (SU A)], then the well-known inequality of Ore [10] implies

V(G) = (SUA)] _ [V(G) = 5] _ (@) —m(G)

D] < <
2 2 2

Since §(G) > k+1, every vertex of A has at least k + 1 neighbors in S, and therefore
DU S is a (k4 1)-dominating set of G. Thus we obtain
n(G) —w(G) _ n(G) +%(G)

Ye+1(G) < [SUD| < % (G) + 5 = 5 ;

and the desired inequality is proved. ([

Corollary 2 (Blidia, Chellali, Volkmann [1] 2006). If G is a graph of minimum
degree §(G) > 2, then
n(G) +(G)

12(G) < 5

The following family of graphs demonstrates that the bound in Theorem 1 is the
best possible.

Example 3. Let H be a connected graph, and let £k > 1 be an integer. If
G = H o K41, then n(G) = (k+ 2)n(H), and it is easy to verify that

n(G) + ()

Ye+1(G) =n(H)(k+1) = .
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The graphs G of even order n and without isolated vertices with v(G) = n/2 have
been characterized independently by Payan and Xuong [11] and Fink, Jacobson,
Kinch and Roberts [8].

Theorem 4 (Payan, Xuong [11] 1982 and Fink, Jacobson, Kinch, Roberts [8]
1985). Let G be a graph of even order n without isolated vertices. Then v(G) = n/2
if and only if each component of G is either a cycle Cy of length four or the corona
F o Ky of some connected graph F.

A graph is Py-free if and only if it contains no induced subgraph isomorphic to
the path P; of order four. A graph is (K4 — e)-free if and only if it contains no
induced subgraph isomorphic to the graph K, — e, where e is an arbitrary edge of
the complete graph K. The graph G denotes the complement of the graph G. Next
we present a characterization of some special graphs attaining equality in Theorem 1.

Theorem 5. Let G be a connected Py-free graph such that G is (K, — e)-free. If
k is an integer such that 1 < k < §(G) — 1, then

n(G) +(G)

Yet1(G) = 5

if and only if

1. G= Kk+2, or

2. G = HU2K, 1 such that n(H) = k and all components of H are isomorphic to
Ki1 or to Ky, or

3. G=(Q1UQ2)+ F, where Q1,Q2 and F are three pairwise disjoint graphs with
1< |V(F)| <k, a(F) <2, and @ and Q2 are cliques with |V (Q1)| = |V (Q2)| =
k+2 — |V(F)| such that |V(F)| <2 or o(F) =2 and F = Ky, — M, where M
is a perfect matching of F or a(F) =2 and |V(F)| =k —tfor 0 <t < k—3
with k > 3t + 4 and all components of ' are isomorphic to Kito 1420

Proof. Assume that y4,4+1(G) = (n(G) + 7(G))/2. Following the notation
used in the proof of Theorem 1 we obtain |[D| = |V (G) — S|, and we observe that
SUD is a v,y1(G)-set. It follows that G[V(G) — S| has no isolated vertices and so
by Theorem 4, each component of G[V(G) — 5] is either a cycle Cy or the corona of
some connected graph. Using the hypothesis that G is P,-free, we deduce that each
component of G[V(G) — S] is isomorphic to Cy or to K. Since G is (K, — e)-free,
there remain exactly the three cases that G[V (G) — 5] is isomorphic to K3, to Cy or
to 2K5.

Case 1: First assume that G[V(G) — S| = Ka. Suppose that G has an inde-
pendent set @ of size at least two. Then the hypothesis §(G) > k + 1 implies that
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V(G) — Q is a (k + 1)-dominating set of G of size n — |Q| < |[SUD| =n —1, a
contradiction. Therefore o(G) = 1 and thus G is isomorphic to the complete graph
Kk+2.

Case 2: Secondly, assume that G[V(G) — S] is a cycle Cy = zoz1222320. In
the following the indices of the vertices x; are taken modulo 4. Recall that S U D
is a k41 (G)-set, and D contains two vertices of the cycle Cy. Clearly, since S is
a v, (G)-set, every vertex of the cycle Cy has degree at least k + 2. Suppose that
dg(z;) 2 k+ 3 foran i € {0,1,2,3}. Then {zi12} US is a (k + 1)-dominating set
of G of size |S|+ 1 < |[SUD| = |S| + 2, a contradiction. Thus dg(x;) = k + 2 for
every i € {0,1,2,3}. If @ is an independent set of G, then |Q| < 2, for otherwise
the hypothesis 6(G) > k + 1 implies that V(G) — @ is a (k + 1)-dominating set of G
of size |[V(G) — Q| < |SUD| = n(G) — 2, a contradiction too. Since there are two
non-adjacent vertices on the cycle Cy and G is Py-free, it follows that every vertex
of S has at least three neighbors on the cycle Cy.

Subcase 2.1: Assume that a(G[S]) = 1. Then the subgraph induced by S is
complete and |S| > k. If |S| = k, then we observe that every vertex of S has exactly
four neighbors on the cycle Cy. Thus, in each case, we deduce that dg(y) > k+ 3
for every y € S. But then for any subset W of S of size three, the set V(G) — W is
a (k + 1)-dominating set of G of size less than |S U D|, a contradiction.

Subcase 2.2: Assume that a(G[S]) = 2. Suppose that there exists a vertex
w € S with at least & — 1 neighbors in S. Then, since |N(w) NV (Cy4)| > 3, say
{zo,x1,22} C N(w)NV(Cy), we observe that (S — {w}) U {zg,z2} is a (k + 1)-
dominating set of G of size |[S| + 1 < |S U D|, a contradiction. Thus every vertex of
S has at most k& — 2 neighbors in S.

Let S = X UY be such that every vertex of X has exactly three and every
vertex of Y exactly 4 neighbors on Cy. We shall show that X = (. If X # 0,
then let S,, C X be the set of vertices such that no vertex of S;, is adjacent to
xiyo for i € {0,1,2,3}. Because of a(G) = 2, we observe that the set S, U {z;}
induces a complete graph for each i € {0,1,2,3}. In additon, since G is Py-free, it is
straightforward to verify that all vertices of X UV (C4) are adjacent to all vertices of
Y and that S,, US,,,, U{x;,xi11} induces a complete graph for each i € {0,1,2,3}.
Now assume, without loss of generality, that S,, # 0, and let w € S;,. Using the
fact that every vertex of S has at most & — 2 neighbors in S, we conclude that
dg(w) < k4 1. Furthermore, we observe that dg(w) = dg(zo). But since we have
seen above that dg(zg) = k + 2, we arrive at a contradiction.

Hence we have shown that X = ). Since dg(z;) = k + 2 for every ¢ € {0,1,2,3},
it follows that |S| = k. If we define H = G[S], then we deduce that w(H) = 2
and 6(H) > 1. In addition, the hypotheses §(G) > k + 1 and n(G) = k + 4 lead to
A(H) < 2. Since H is also Py-free, H contains no induced cycle of odd length. Using
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w(H) = 2, we deduce that H is a bipartite graph. Now let H; be a component of H.
If H; is not complete, then H; contains a P4, a contradiction. Thus the components
of H consist of K11, K12 or K3 .

If K42 is a component of H, then V(G) — V(K1 2) is a (k + 1)-dominating set of
G of size n — 3, a contradiction.

Case 3: Thirdly assume that G[V(G) — S| = 2K,. Let 2Ky = J; U J; = J be
such that V(J1) = {u1,u2} and V(J2) = {uz,us}. If a(G) > 3, then we obtain the
contradiction vi4+1(G) < n—3. Thus a(G) = 2. Since S is a v, (G)-set, every vertex
of J has degree at least k + 1. Suppose that dg(ui) > k + 2 and dg(u2) > k + 2.
Then {us} US is a (k + 1)-dominating set of G of size |S|+1 < |[SUD|=1|S|+2,a
contradiction. Thus J; contains at least one vertex of degree k + 1, and for reason
of symmetry, also J2 contains a vertex of degree k+ 1. Since a(G) = 2, every vertex
of S has at least two neighbors in J; or in Js. Now let z € S. If = has two neighbors
in J; and one neighbor in Js_; for ¢ = 1,2, then the hypothesis that G is Py-free
implies that = is adjacent to each vertex of J. Consequently, S can be partitioned
into three subsets S7, .S2 and A such that all vertices of Sy are adjacent to all vertices
of J; and there is no edge between S; and J, all vertices of S are adjacent to all
vertices of Jo and there is no edge between S, and Ji, all vertices of A are adjacent
to all vertices of J. Since G is Pj-free, it follows that there is no edge between S
and So, and that all vertices of S; are adjacent to all vertices of A for i = 1,2.
Furthermore, o(G) = 2 shows that G[S;] and G[S2] are cliques. Altogether we see
that dg(u;) = k+ 1 for each i € {1,2, 3,4} and therefore |S1| + |A| = |S2| + |A] = k.
It follows that |S1| = |S2| and |S| + | 4| = 2k. Since G is connected, we deduce that
Al > 1 and so 1 < |4] < k. If we define F' = G[A] and Q; = G[S; UV (J;)] for
i = 1,2, then we derive the desired structure, since a(G[A4]) < 2.

Assume that |[V(F)| > 3 and «(F) = 1. If 21, x9, z3 are three arbitrary vertices
in F, then let Sy = V(G) — {z1,22,23}. If dg(a;) > k + 3 for each i = 1,2,3,
then Sy is a (k + 1)-dominating set of G, a contradiction. Otherwise, we have
n—1=dg(x;) < k+2 for at least one i € {1,2,3} and so n < k+ 3, a contradiction
ton>k+4.

Assume next that |[V(F)| > 3 and «(F) = 2. As we have seen in Case 2, all
components of F are complete bipartite graphs.

Subcase 3.1: Assume that K ; is the greatest component of F. Let uw and v be
the two vertices of the complete bipartite graph K ;. If n > k£ + 5, then let w be a
further vertex in F'. It is easy to verify that V(G) — {u,v,w} is a (k + 1)-dominating
set of G of size n — 3, a contradiction. If n = k + 4 and there exists a vertex w in F’
of degree k + 3, then V(G) — {u,v,w} is a (k + 1)-dominating of G of size n — 3, a
contradiction. Thus F' = K} — M, where M is a perfect matching of F.
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Subcase 3.2: Assume that |[V(F) = k—¢ for 0 < t < k — 3 and F con-
tains a component K, , with 1 < p < g and p+ ¢ > 3. Let {v1,v2,...,v,} and
{u1,us2,...,up} be a partition of K, ,.

If Ki s C F with s >t + 3, then 0(G) < k, a contradiction to §(G) = k + 1. Thus
q<t+2.

Ifg<t+lorgq=t+2andp<t+1, then it is easy to see that V(G) — {u1,v1,v2}
is a (k + 1)-dominating set of G of size n — 3, a contradiction. So all components of
F are isomorphic to Kito42 and k > 3t + 4.

Conversely, if G = Kj4o, then obviously v.(G) = k, vx+1(G) = k + 1 and so
Te+1(G) = (W (G) +n(G)) /2.

Now let G = H U 2K, be such that n(H) = k and the components of H are
complete bipartite graphs K ; or K3 9. This yields k+ 1 < dg(u) < k + 2 for every
u € V(G), and G contains a cycle C on four vertices, where each vertex of C has
degree k+ 2 in G.

Clearly, V(H) is a k-dominating set of G and so v;(G) < n(G) — 4. Since n(G) =
k + 4, we observe that v;(G) > k = n(G) — 4 and thus v;(G) = n(G) — 4.

Now let us prove that v44+1(G) = n(G) — 2. Since n(G) = k + 4, it follows
that 741(G) = k+ 1 = n(G) — 3. Suppose that D is a y;4+1(G)-set such that
|D| =n —3 =k + 1. Then every vertex of V(G) — D is adjacent to every vertex in
D. Since every vertex has degree at most k£ + 2 in G, no vertex of V(G) — D has
two neighbors in V(G) — D. Moreover, since a(G) = 2, the subgraph G[V(G) — D] is
formed by two adjacent vertices x,y and an isolated vertex w. Hence the vertices x,y
and w induce a K7 » in G, a contradiction to the hypothesis. Thus |D| > n(G)—2 and
the equality follows from the fact that V(G) minus any two non-adjacent vertices of
C'is a (k+1)-dominating set of G. Therefore y44+1(G) = n(G)—2 = (v (G)+n(G))/2.

Finally, let G = (Q1 U Q2) + F, where Q1,Q2 and F are three pairwise disjoint
graphs with 1 < |V(F)| < k, a(F) < 2, and Q1 and Q2 are cliques with |V(Q1)| =
[V(Q2)| = k+2—|V(F)| such that |V (F)| < 2 or a(F') =2 and F = K, — M, where
M is a perfect matching of F' or a(F') =2 and |V(F)| =k —t for 0 < t < k— 3 with
k > 3t + 4 and all components of I' are isomorphic to Kiio42.

Let D be a (k4 1)-dominating set of G. Since each vertex of @); has degree k + 1,
the set V(G) — D contains at most one vertex of @; for every i = 1,2. Moreover, if
(V(G) — D)NV(Q;) # 0, then V(F) C D. Now suppose that v,4+1(G) < n — 3 and
assume, without loss of generality, that V(G) — D = {u, v, w}. Then as noted above
V(Q1) UV (Q2) € D, and hence the vertices u,v,w belong to V(F'). It follows that
[V(F)| = 3.

Assume next that a(F) = 2. This implies that at least two vertices of V(G) — D
are adjacent in G.
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First assume that F' = K — M, where M is a perfect matching of F'. Note that
n=k+4 and |D| = k+ 1. It follows that {u,v,w} induces either a path Ps or a
clique K3 with the center vertex, say v, in G. But then v has at most k£ neighbors
in D, a contradiction.

Assume now that a(F') =2 and |V(F)| = k—t for 0 <t < k—2 with k > 3t+4 and
all components of F are isomorphic to Ki12142. Note that in this case n = k+4+¢
and so |[D| =n—3=k+ 1+t Assume, without loss of generality, that u and v are
adjacent in G. This leads to |[Ng(u) N D| < k, a contradiction.

Altogether, we have shown that 7541 (G) = n — 2. Finally, it is a simple matter to
obtain v (G) = n — 4, and the proof of Theorem 5 is complete. O
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