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Abstract. We investigate the relationship between the Grobner-Shirshov bases in free
associative algebras, free left modules and “double-free” left modules (that is, free modules
over a free algebra). We first give Chibrikov’s Composition-Diamond lemma for modules
and then we show that Kang-Lee’s Composition-Diamond lemma follows from it. We give
the Grobner-Shirshov bases for the following modules: the highest weight module over a
Lie algebra sla, the Verma module over a Kac-Moody algebra, the Verma module over the
Lie algebra of coefficients of a free conformal algebra, and a universal enveloping module
for a Sabinin algebra. As applications, we also obtain linear bases for the above modules.
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1. INTRODUCTION

In literature, the Composition-Diamond lemma for modules was first proved by
S.-J.Kang and K.-H.Lee in [16], [17]. According to their approach, a Grébner-
Shirshov basis of a cyclic module M over an algebra A is a pair (S,T), where S is
the defining relations of A = k(X|S) and T is the defining relations of the A-module
AM = mod(e|T). Then Kang-Lee’s lemma says that (S,T") is a Grobner-Shirshov
pair for the A-module 4M = moda(e|T) if S is a Grobuner-Shirshov basis of A and
T is closed under the right-justified composition with respect to S and T, and for
f €8, g € T such that (f,g). is defined, (f,9)w = 0 mod(S,T;w). They also
gave some applications of this lemma for irreducible modules over si, (k) in [17], the
Specht modules over the Hecke algebras and the Ariki-Koike algebras in [18], [19].
Some years later, E.S. Chibrikov [11] proposed a new Composition-Diamond lemma

Supported by the NNSF of China (No.10771077) and the NSF of Guangdong Province
(No. 06025062).

99



for modules that treats any module as a factor module of a “double-free” module
modyx)(Y) over a free algebra k(X). When using this approach, any A-module
AM is presented in the form

AM = modk<X> <YV|SAX*YV7 T>,

where A = k(X |S), aM =mods(Y|T), X* is the free monoid generated by X.

The aim of this paper is to describe a relationship between the Grébner-Shirshov
bases in free associative algebras, free left modules and “double-free” left modules,
respectively. We also give some applications of the Composition-Diamond lemma to
“double-free” modules. The paper is organized as follows. In Section 2, we deal with
the Grobner-Shirshov bases and the Composition-Diamond lemma for left ideals of a
free algebra. Actually, this is a special case of cyclic “double-free” modules. By using
this lemma, we can easily get the well-known Cohn’s theorem (see [12] p. 333). In Sec-
tion 3, we give a relationship between the Grobner-Shirshov bases in free associative
algebras, free left modules and “double-free” modules, respectively. In particular, we
give a proof of Chibrikov’s Composition-Diamond lemma and formulate Kang-Lee’s
Composition-Diamond lemma. Then we show that the latter follows from the for-
mer. In Sections 4, 5, 6 and 7, we give Grobner-Shirshov bases for the highest weight
module over the Lie algebra sls, the Verma module over a Kac-Moody algebra, the
Verma module over the Lie algebra of coefficients of a free conformal algebra, and
a universal enveloping module for a Sabinin algebra, respectively. As applications,
in particular, we also obtain linear bases for the above modules. For the universal
enveloping module for a Sabinin algebra it was done before by Perez-Izquierdo [21]
using another method.

Let k be a field and X a set. Let X* be the free monoid generated by X and k(X))
the free associative algebra over X and k. For a word w € X*, we denote the length
of w by deg(w). Suppose that < is a well ordering on X*. For any polynomial f, let
f be the leading term of f. If the coefficient of f is 1, then this polynomial is said
to be monic. The following lemma will be used in Sections 4, 5 and 6.

Lemma 1.1 ([9], [10], [3]). Let Lie(X) be a free Lie algebra over a set X and a
field k. Let S C Lie(X) be a nonempty set of monic Lie polynomials. Then, with a
deg-lex ordering on X*, S is a Grobner-Shirshov basis in Lie(X) if and only if S(-)
is a Grobner-Shirshov basis in k(X) where S(7) is just S but all [xy] substituted by

TY — Y.
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2. COMPOSITION-DIAMOND LEMMA FOR LEFT IDEALS OF A FREE ALGEBRA

Let X be a set and < a well ordering on X*. Let S C k(X)) in which every s € S
is monic. Then k(X)S is the left ideal of k(X) generated by S. For the left ideal
k(X)S, we define the compositions in S as follows.

Definition 2.1. For any f,g € S, if f = ag for some a € X*, then the compo-
sition of f and g is defined to be (f, g)f = f — ag. The transformation f — f — ag
is called the elimination of the leading word (ELW) of g in f. If (f, g)f = > wa;s;,
where o; € k, a; € X*, s; € S and a;8; < f, then the composition (f,g)7 is trivial
modulo (S, f), denoted by (f,g)7 =0 mod(S, f).

Definition 2.2. Let S C k(X) with each s € S monic. Then S is called a
Grobner-Shirshov basis of the left ideal £(X).S if all compositions are trivial modulo
S. The set S is now called the minimal Grobner-Shirshov basis of k(X)S if there
exists no composition of polynomials in S, i.e., f # ag for any a € X*, f, g € S,

I #g

A well ordering < on X* is left compatible if for any u,v € X*,
u>v = wu >wo for all w € X™.

That < is right compatible can be similarly defined. Moreover, < is monomial if it
is both left and right compatible.

Now we formulate the Composition-Diamond lemma for left ideals of a free asso-
ciative algebra.

Lemma 2.3 (Composition-Diamond lemma for left ideals of k(X)). Let S C
k(X) in which every s € S is monic and let < be a left compatible well ordering on
X*. Then the following statements are equivalent:

(1) S is a Grobner-Shirshov basis of the left ideal k(X)S.

(2) If 0+# f € k(X)S, then f = a5 for somea € X*, s € S.

(2) If 0# f € k(X)S, then f = > w;a;s; with a181 > a282 > ..., where each
a; €k, a;, € X*, 5, €8.

(3) Irr(S) ={w € X* | w# a5, a € X*, s € S} is a k-linear basis for the factor
k(X)-module j,(xyk(X)/k(X)S.

Lemma 2.3 is a special case of Lemma 3.2 (see the next section).
Assume that S is a Grobner-Shirshov basis for the left ideal £(X)S of k(X). We
may assume that the leading terms of the elements in S are different. Then

S1={seS|s#al, a€ X", t € S\ {s}}
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is clearly a minimal Grobner-Shirshov basis for the left ideal k(X)S. Then k(X)S
is a free k(X )-module with the basis S; by Lemma 2.3. Thus, we get the following
well-known result.

Corollary 2.4 (Cohn [12]). Any left (right) ideal of a free algebra k(X) is a free
left (right) k(X )-module.

Now, we quote below Kang-Lee’s Composition-Diamond lemma. Let S, T C k(X),
A = K(X|S), let sAM =4 AJA(T +1d(S)) be a left A-module and f,g € k(X). In
Kang-Lee’s paper [16], the composition of f and g is defined as follows.

Definition 2.5 ([16], [17]). Let < be a monomial ordering on X*.
(a) If there exist a,b € X* such that w = fa = bg with deg(f) > deg(b), then the
composition of intersection is defined to be (f, g)., = fa — bg.
(b) If there exist a,b € X* such that w = afb = g, then the composition of inclusion
is defined to be (f, g)w = afb—g.
(c) A composition (f, g). is said to be right-justified if w = f = ag for some a € X*.

If f—g=> aa;s;b; + 3 Bjcst;, where oy, B € ky ai, by, c; € X*, s, €8, t; €T
with a;8;b; < w and ¢;t; < w for each ¢ and j, then f — g is called trivial with
respect to S and T and denoted by f = ¢ mod(S,T;w). When T = (), we simply
write f = ¢ mod(S,w). If for any f,g € S, (f,g)w is defined and f = g mod(S,w),
then we say S is closed under composition. Note that if this is the case, S is called
a Grobner-Shirshov basis in k(X)) which was first introduced by Shirshov [26] (see
also [1], [2]).

Remark. A Grobner-Shirshov basis S in k(X) is called minimal if there is no in-
clusion composition in S. If a subset S of k(X) is not a Gribner-Shirshov basis, then
we can add to S all nontrivial compositions of polynomials of S, and by continuing
this process (maybe infinitely) many times, we eventually obtain a Gréobner-Shirshov
basis S°in k(X). Such a process is called the Shirshov algorithm. If we delete from S¢
all polynomials with the leading term containing the leading term of other polynomi-
als in S¢ as subwords, then we will get a minimal Grébner-Shirshov basis equivalent
to S°.

Definition 2.6 ([16], [17]). Let S,T be monic subsets of k(X). We call (S,T) a
Grobner-Shirshov pair for the A-module 4 M =4 A/A(T+I1d(S)), where A = k(X|S),
if S is closed under composition, 7" is closed under the right-justified composition
with respect to S and T, and for any f € S, g € T and w € X* such that if
(f,9)w is defined (it means that afb = cg, where a, b, c € X*, f € S, g € T and
deg(f) > deg(c)), we have (f,9)w =0 mod(S, T;w).
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The following is Kang-Lee’s Composition-Diamond lemma for a left module.

Theorem 2.7 ([16], [17]). Let (S,T) be a pair of subsets of monic elements in
k(X) and A = k(X|S) the associative algebra defined by S. Let aM =4 AJA(T +
Id(S)) be a left A-module defined by (S,T). If (S,T) is a Grobner-Shirshov pair for
the A-module 4 M and p € k{(X)T+1d(S), then p = asb or p = ct, where a,b,c € X*,
seS, teT.

Lemma 2.3 is a special case of Theorem 2.7 when S = (.

3. COMPOSITION-DIAMOND LEMMA FOR “DOUBLE-FREE” MODULES

Let X, Y be sets and modyx)(Y) a free left k£(X)-module with the basis Y.
Then modyxy(Y) = @ k(X)y is called a “double-free” module. We now define
yey

the Grébner-Shirshov basis in mody,xy(Y). Suppose that < is a monomial ordering
on X*, < a well ordering on ¥ and X*Y = {uy | v € X*,y € Y}. We define an
ordering < on X*Y as follows: for any w; = u1y1, ws = usys € XY,

(%) w) < Wy < up < Uz Or Uy = Uz, Y1 < Y.
It is clear that the ordering < is left compatible in the sense
w=<w = aw < aw’ for any a € X*.

Let S C modyx)(Y) with each s € S monic. Then we define the composition
in S only the inclusion composition which means f = ag for some a € X*, where
fr9€S. I (f,9)7 = f—ag=>_a;a;s;, where a; € k, a; € X*, s; € S and a;8; < f,
then this composition is called trivial modulo (S, f) and is denoted by

(f.9)7 =0 mod(S, f).

Definition 3.1 ([11]). Let S C modyx)(Y’) be a non-empty set with each s € S
monic. Let the ordering < be defined as before. Then we call S a Grobner-Shirshov
basis in the module mody, x)(Y’) if all compositions in S are trivial modulo S.

The proof of the following lemma is basically taken from [11]. For the sake of
convenience, we sketch the proof.
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Lemma 3.2 ([11], Composition-Diamond lemma for “double-free” modules). Let
S C modyx)(Y) be a non-empty set with each s € S monic and < the ordering on
X*Y as before. Then the following statements are equivalent:

(1) S is a Grobner-Shirshov basis in modyx)(Y).

(2) If0 # f € k(X)S, then f = a5 for some a € X*, s € S.

(2) If 0# f € k(X)S, then f = > w;a;s; with a181 > a282 > ..., where each
a; €k, a;, € X*, 5, €8.

(3) Irr(S) ={w € X*Y |w # a8, a € X*, s € S} is a k-linear basis for the factor
modyx)(Y']|S) = modyx)(Y)/k(X)S.

Proof. (1)=-(2). Suppose that 0 # f € k(X)S. Then f = > a;a;s; for some
a; €Ekya; € X*, 5, € 8. Let w; =a;5; andwy =wy =...=w > w41 = .... We
now prove that f = a5 for some a € X*, s € S, by using induction on [ and w,. If
I =1, then the result is clear. If [ > 1, then a15; = a353. Thus, we may assume that
a1 = asa, 2 = a8 for some a € X*. Now, by (1),

a151 — a2S2 = a2aS1 — a282 = az(asy — S2) = as E Bibju; = E Bjasbju;,

where 3; € k, b; € X*, u; € S and b;u; < 52. Therefore, azbju; < w;i. By using
induction on [ and w1, we obtain the result.

It is clear that (2) is equivalent to (2').

(2) = (3). For any 0 # f € modyx)(Y), if f =uy € Irr(S), then f = Brug +....
If f ¢ Irr(9), then f = aja;s; + . ... Consequently, f can be expressed by

f=Y iaisi+ Y Buj,

where o;,8; € k, a; € X*, s; € S and u; € Irr(S). Then Irr(S) generates the
factor module. Moreover, if 0 # Y wa;s; = Y [ju;, where a; € X*, s; € S,
uj € Irr(S), a151 > a282 = ... and uq > ug > ..., then us = a151, which is clearly a
contradiction. Hence, Irr(S) is a k-linear basis of the factor module.

(3) = (1). For any f,g € S, suppose that f = ag. Since (f, g)f € k(X)S, by (3)
we have (f,g)7 = f —ag = > aja;s;, where s; € S, a; € X* and a;8; < (f, 97 = f.
Now, it is clear that S is a Grébner-Shirshov basis in mody,(x)(Y’). O

Remark. We view k(X) as a free left k(X )-module with one generator e. Then
mody, x)(e) = k(X)e =4(x)k(X) is a cyclic k(X )-module. If S C k(X), then k(X)S
is a left ideal of k(X) which is also a left k(X)-submodule of k(X )e. This implies
that Lemma 2.3 is a special case of Lemma 3.2.

Let S C k(X) and let A = k(X|S) be an associative algebra. Then, for any
left A-module 4 M, we can regard 4 M as a k(X )-module in a natural way: for any
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fekX), meM,

fm=(f+1d(S))m
We note that 4 M is an epimorphic image of some free A-module. Now, we assume
that 4 M = moda(Y|T) = moda(Y)/AT, where T C moda(Y) and moda(Y) is
a free left A-module with the basis Y. Let 71 = {}_ fiy; € modyx)(Y)|>_(fi +

Id(S))y; € T} and R = SX*Y UT. Then, by the following Lemma 3.3, we have, as
k(X )-modules, 4 M = modyx (Y |R).

Lemma 3.3 ([11]). Let the notation be the same as above. Then, as k(X)-
modules,

o: AM — modyx(YVIR), > (fi +1d(9))(yi + AT) = > fiyi + k(X)

is an isomorphism, where each f; € k(X).

Proof. Forany > (f; +1d(S))(y; + AT),> (9: +1d(S))(y; + AT) €4 M we have

S (fi +1d(9)(yi + AT) = > (g: +1d(9))(yi + AT)  in AM
= Z(fi —9:))yi € AT in AM
& > (fi—gi)yi € K(X)R
&Y fwi TRXOR=Y" giyi + k(X)

Hence, o is injective. It is easy to see that o is also surjective and consequently, it is
a k(X )-module isomorphism. O

By Lemma 3.2 and Lemma 3.3, we know that if we want to find a k-linear basis for
the module 4 M = mod4(Y|T), where A = k(X|S), we only need to find a Grébner-
Shirshov basis for the module modyx)(Y[SX*Y U T1), where Ty = {}_ fiyi €
modyx) (Y) | 22(fi +1d(S))y; € T'}.

The next theorem gives a relationship between the Grobner-Shirshov bases (pairs)
in free associative algebras and in “double-free” modules.

Theorem 3.4. Let X, Y be well ordered sets, < a monomial ordering on X*
and < the ordering on X*Y as in (%). Let S, T C k(X) be monic sets. Then the
following statements hold:

(1) S C k(X) is a Grobner-Shirshov basis in k(X) with respect to the ordering <
if and only if SX*Y C modyx)(Y) is a Grobner-Shirshov basis in mody,x)(Y")
with respect to the ordering <.
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(2) We consider k(X) as a free k(X )-module having one generator e. Then (S,T)
is a Grobner-Shirshov pair for the A-module M = A/A(T + 1d(S)), where
A = k(X|S) if and only if S is a Grobner-Shirshov basis in the algebra k(X)
with respect to the ordering < and (SX* UT)e is a Grobner-Shirshov basis in
the free module mody,xy(e) with respect to the ordering <.

Proof. (1) Suppose that S is a Grobner-Shirshov basis in k(X). We shall prove
that all compositions in SX*Y are trivial modulo SX*Y. For any f, g € SX*Y,
let f = s1a1y, g = s2a2y, 51,50 € S, ay,a2 € X*, y € Y and w = f = ag. Then
51a1 = aSzaz. Since S is a Grobner-Shirshov basis in k(X ), we have

(fs9)w = f —ag = s1a1y — asza2y = (s1a1 — asza2)y = Z(aiuirivi)yv

where u;,v; € X*, r; € S and u;7;v;y < w. Thus, every composition is trivial modulo
SX*Y and hence, SX*Y is a Grobner-Shirshov basis in mody x)(Y). Conversely,
assume that SX*Y is a Grébner-Shirshov basis in the module mody,(xy(Y). For any
f,g €S and w = fa = bg, we have w, = fay = bgy and

(fay, bgy)w, = (fa —bg)y =Y _ ci(airs)y,

where o; € k, 7; = s;b;, a;,b; € X*, s; € S and a;7;y < wy. Then

(f,9)w = fa—bg =Y aiass;b;

with a;5;b; < w. This shows that each composition of intersection in S is trivial mod-
ulo S. Similarly, every composition of inclusion in S is trivial modulo S. Therefore,
S is indeed a Gribner-Shirshov basis in k(X).

(2) The results follow directly from Definitions 2.6 and 3.1. O

Remark. By Theorem 3.4 it is clear that Theorem 2.7 follows from Lemma 3.2.

4. HIGHEST WEIGHT MODULES OVER sl5

In this section we give a Grobner-Shirshov basis for the highest weight module over
sly. By using this result and Lemma 3.2, we re-prove that the highest weight module
over sly is irreducible (see [13]) and show that any finite dimensional irreducible
slg-module has the presentation (xx) given below.

Let X = {z,y,h} and let sly = Lie(X|S) be a Lie algebra over a field k& with
chk = 0, where

x:(g é)yz(? 8)11:((1) _01) and S = {[ha]— 2z, [hy] +2y, [zy] - h}.
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Then the universal enveloping algebra of sly is U(sla) = k(X |S(7)). Define the deg-
lex ordering on X* with > h > y. Then S is a Grébner-Shirshov basis in the free
Lie algebra Lie(X) since S(7) is a Grobner-Shirshov basis in k(X) (see Lemma 1.1).
Let

s,V (A) = modg, (vo | zvo = 0, hvg = Avg, y™ vy = 0)
be a highest weight module generated by vy with the highest weight \. We can
rewrite it as

51,V (A) = mody(s1,)(vo | 2vo = 0, hvg = Avg, ¥ vy = 0)

= modyx)(vo | v = 0, hvg = v, Yy =0, S Xy = 0).

Let S1 = {zvo, hvg — Mg, y" g} US(-) X*ug. Tt is easy to see that all compositions
in Sp are trivial modulo S;. Thus, S is a Grobner-Shirshov basis for this module
with respect to the ordering (*) as in Section 3, and by Lemma 3.2, Trr(S1) = {y'vo |
0 < ¢ < m} is a k-linear basis for the module 4, V(\), and so dim(V(\)) = m + 1.
Let y® = 4171y’ v; = il 'y'vg and v_; = 0. Then v; (0 < ¢ <m) is a linear basis
of V(\). Now, by using ELW of the relations in S; on the left parts, we have the
following equalities (see also [13], p. 32):

Lemma 4.1. hv; = (A — 20)v;,
yvi = (i + viga,
xv; = (A —i+ 1)vi—1 (0 <0).
Since v+1 = 0 and chk = 0, we have 0 = zv,, 11 = (A — m)v, and therefore,
A=m.
Lemma 4.2. V()) is irreducible.
Proof. Let 0 # Vi3 < V(A) be a submodule. Since Vi # 0, there exists

0 # a;v; + aj+1Vi41 + ... + AUy, where i is the least number such that a; # 0.
Applying y to it m —i times, we get a;(i+1)(i+2) ... mv,, € V; and hence, v, € V.
Applying x to v.,, we get v; € V4 (0 < i < m) and hence V7 = V(). O

For any finite dimensional irreducible slo-module V', choose a maximal vector
vg € V and v; = i!"'y’vy. Then we have the formulas as in Lemma 4.1. We can
suppose that dim V' = m. Thus, v,, # 0, v;,+1 = 0 and hence, V' can be represented
as

(%) siy V' = modgy, (vo|zve = 0, hvy = vy, y" oy = 0).

This means that any finite dimensional irreducible sl;-module has the above form.
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5. VERMA MODULES OVER KAC-MOODY ALGEBRAS

Grobner-Shirshov bases for Kac-Moody algebras of types AS), Cr(ll), Dsll) and Br(ll)
are found by E.N. Poroshenko in [22], [23], [24].

In this section we give the definitions of Kac-Moody algebra G(A) and the Verma
module over G(A). We find a Grobner-Shirshov basis for this Verma module.

Let A = (ai;) be an (integral) symmetrizable n-by-n Cartan matrix over C, where
C is the complex field. It means that a; = 2, a;; < 0 (i # j), and there exists a
diagonal matrix D with nonzero integer diagonal entries d; such that the product
DA is symmetric. Let G(A) = Lie(X|S) be a Lie algebra, where X = {z;,y;,h | 1 <
i<m, he€ H} and S consists of the following relations (see [14], p. 159):

(5.1) [J?i,yj] 257;]'04,2/ (Z,j = 1,...,’[1),

(5.2) [h,h'] =0 (h,h' € H),

(5.3) [h, ;] = (i, hyxi,  [hyyi] = — (i, By, (i=1,...,n;h € H),
(5.4) (adz;)' "%y =0, (ady;)'~*y; =0 (i # j),

where ad is the derivation, H a complex vector space, Il = {ai,...,a,} C H*
(the dual space of H) and I1V = {«y,...,a,} C H indexed subsets in H* and H,
respectively, satisfying the following conditions (see [14], p.1):

(a) both the sets II and 1TV are linearly independent,

(b) (o), ) =ai; (i,5=1,...,n),

(¢) n—I1l=dimH —n rank(A) =1.

Then we call this Lie algebra G(A) the Kac-Moody algebra. Let 91 (91_) be the
subalgebra of G(A) generated by x; (y;) (0 < i< n). Then G(A) =N_ S H dN,
and U(G(A)) =UNy) ® k[H] @ U(N_) is the universal enveloping algebra of G(A),
where U (D) (U(M_)) is the universal enveloping algebra of 9t (M_). Let {h; | 1 <
j < 2n —1} be a basis of H. We order the set X = {x;, hj, ym |1 <i,m < n, 1 <
Jj<2n—1} by z; >z, hi > hyj, y; > y;, if i > 7, and x; > hj > y,, for all 4, j,m.
Then we define the deg-lex ordering on X*. By [8], we can get a Grébuner-Shirshov
basis T for U(G(A)), where T consists of the following relations:

(5.5) hihj - hjhi, :L'jhi - hixj + diaijxi, hiyj - yjhi + diaijyj,
(56) TiY; — YjTi — 57;jhi,
i 1—a ¢
v — W44 l—a;j—v v . .
C I S R Ea ) W)
v=0
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CONN Sy e} e

v
v=0
where S¢ is a Grobner-Shirshov basis containing S.

Definition 5.1 ([14]). A G(A)-module V is called a highest weight module with
highest weight A € H* if there exists a non-zero vector v € V such that

and U(G(A))(v) = V.

A Verma module M (A) with highest weight A has the following presentation:

g(a)yM(A) = mody(g(ay) (v|N4-(v) = 0, h(v) = A(h)v, h € H)
= modyx) (v|TX™*(v) =0, Ny(v) =0, h(v) = A(h)v, h € H).

The proof of the following theorem is straightforward.

Theorem 5.2. With the ordering < on X*v as (x), R = {TX*(v), M4+ (v), h(v)—
A(h)v} is a Grobner-Shirshov basis for the Verma module g 4y M (A).

Remark. In the book [13], the author considered only the semisimple Lie algebras
and called this highest weight module the standard cyclic module.

6. VERMA MODULES OVER THE COEFFICIENT ALGEBRA OF A
FREE LIE CONFORMAL ALGEBRA

In this section we give a Grobner-Shirshov basis for the Verma module over a Lie
algebra having coefficients of some free conformal algebras. By using this result and
Lemma 3.2, we find a linear basis for such a module.

Let B be a set of symbols. Let the locality function N: B x B — Z, be a
constant, i.e., N(a,b) = N for any a,b € B. Let X = {b(n) | b€ B, n € Z} and let
L = Lie(X|S) be a Lie algebra generated by X with the relation S, where

S = {%:(—1)3 <Z> [b(n — s)a(m+s)] =0|a, beB, mne z}.

For any b € B, let b = .b(n)z~""! € L[[z,2Y]]. Then it is well-known that they
n
generate a free Lie conformal algebra C' with data (B, N) (see [25]). Moreover, the
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coefficient algebra of C' is just L. Let B be a well ordered set. Define an ordering on
X in the following way:

a(m) <b(n) & m<n or (m=nanda<b).

We use the deg-lex ordering on X*. Then, it is clear that the leading term of each
polynomial in S is b(n)a(m) so that

n—m>Nor (n—m=N and (b>aor (b=aand N is odd))).
The following lemma is essentially taken from [25].

Lemma 6.1. With the deg-lex ordering on X*, S is a Grobner-Shirshov basis in
Lie(X).

Corollary 6.2. Let U = U(L) be a universal enveloping algebra of L. Then a
k-basis of U consists of monomials

ai(ni)az(ng)...ax(ng), a; € B, n; € Z
such that for any 1 <1i < k,

N -1 ifa; > a1 or (a; =a;41 and N is odd),

(***) n; — n‘+1 <
‘ B {N otherwise.

Proof. We first regard U as a k(X)-module. Then we have
ull = mody, x(e| S X*e).

Since S is a Grobner-Shirshov basis in Lie(X), S() is a Grobner-Shirshov basis in
kE(X) by Lemma 1.1. Therefore, by Theorem 3.4, S(-)X*¢ is a Grébner-Shirshov
basis in the free module mody, xy(e). Now, the result follows from Lemma 3.2. O

Definition 6.3 ([14], [15]).

(a) An L-module M is called restricted if for any a € C, v € M there is an integer
T such that for any n > T one has a(n)v = 0.

(b) An L-module M is called a highest weight module if it is generated over L by
a single element m € M such that Lim = 0, where L is the subspace of L
generated by {a(n) | a € B,n > 0}. In this case, m is called the highest weight
vector.
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Now we construct a universal highest weight module V over L which is usually
referred to as the Verma module. Let ke, be a 1-dimensional trivial L-module
generated by e,, i.e., a(n)e, =0 for all a € B, n > 0. Clearly,

V =Ind}, ke, = U(L) ®y(r,) key = U(L)U(L)L,.

Then V has a structure highest weight module over L with the action given by
the multiplication on U(L)/U(L)L+ and the highest weight vector e € U(L). Also,
V =U(L)/U(L)L is the universal enveloping vertex algebra of C' and the embedding
¢ :C — V is given by a — a(—1)e (see also [25]).

Theorem 6.4. Let the notions be defined as above. Then a k-basis of V' consists
of elements
ai(ni)az(ng)...ax(ng), a; € B, n; € Z

such that the condition (xxx) holds and nj < 0.

Proof. Clearly, as the k(X )-modules,
uV =u U(L)/U(L)Ly) = mody(x)(e| STX"e, alne, n > 0) =p(x) (el 5.

where S’ = {S(7) X *e, a(n)e, n > 0}. In order to prove that S" is a Grébner-Shirshov
basis, we only need to check that w = b(n)a(m)e, where m > 0. Let

f= Z(—l)s (n) (b(n —s)a(m+s) —a(m+s)b(n —s))e and g =a(m)e.

Then (f,g)w = f—b(n)a(m)e =0 mod(S’,w) sincen—m > N, m+s > 0,n—s >0,
0 < s < N. It follows that S’ is a Grébner-Shirshov basis. Now, the result follows
from Lemma 3.2. O

7. UNIVERSAL ENVELOPING MODULE FOR A SABININ ALGEBRA

In this section we give a Grobner-Shirshov basis for a universal enveloping module
for a Sabinin algebra. By using this result and Lemma 3.2, we find a linear basis for
such a module.

Definition 7.1 ([21]). A vector space V is called a Sabinin algebra if it is en-
dowed with a multilinear operation (;) such that for any x1,zo,...,2Zm,y,z € V and
any m = 0,

<£L’1,(E2,...,$m;y72>
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satisfies the identities

<x1,x2,...,xm;y,z>:—<x1,x2,...,xm;z,y>,
<x1,x2,...,m,«,a,b,m,«_;,_l,...,xm;y,z>—<x1,x2,...,xr,b,a,x,«.;_l,...,xm;y,z>
r
+§ E <xa17"'7xak;<xak+17"'7xar;avb>a'"7xm;yaz>:07
k=0 «

T

Uz,y,z(<x1;x2a ce '7xrax;yv'z> + Zz<xa1a oy Lag s <xak+1v cee 7xa,,~;yv'z>7x>) = 07

k=0 «
where « runs over the set of all bijections of type a: {1,2,...,r} — {1,2,...,r},
T= oy, 0 <oy <...<oy, g1 <...<ap,r>0and o,, . denotes the cyclic

sum by z,y, z.

Let X = {a; | i € A} be a well ordered basis of V. We define the deg-lex ordering
on X*. Let A: V — V®V be a linear map which satisfies A(a;) =1®a; +a; ® 1,
(Id®A)A = (A ® Id)A (coassociativity) and if 7TA = A then 71(z ®y) = yQ
(cocommutativity). It is customary to write A(z) = Y x(1) ® 2(2)-

Let T(V) be the tensor algebra over V endowed with its natural structure of
cocommutative Hopf algebra, that is, V' C Prim (T'(V)) (the primitive element of
T(V)). Let (;): T(V)@V ®V — V be a map. Then we may shortly write the
definition of a Sabinin algebra as

<$; a, b> = —<J); b7 a)a (a:[a, b]y7 ¢, 6> + Z<J)(1) <$(2), a, b>y7 ¢, 6> =0,
U(L,b,c«xc; a, b> + Z<x(1)7 <J)(2) ; @y b>a C>) =0,

where [a,b] = ab — ba.

Definition 7.2 ([21]). Let (V,(;)) be a Sabinin algebra. Then

g(V) = T(V)/span<a:aby — xbay + Z r1y{ze2);a,b)ylr,y € T(V),a,b € V>

is called the universal enveloping module for V.
Since T'(V)) ~ k(X) as k-algebras, we can view S(V) as a right k(X )-module:
S(V) = mod(X|[I)x(x),
where I = {zab — xba + > x1y(2(2);0,b) | v € X*,a > b, a,bec X}.

For the right module, we have a right compatible well ordering < on X X* by a
similar definition as in (x). Then we have the following theorem.
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Theorem 7.3. Let I be as above. Then, with the ordering < on X X* as above,
I is a Grobner-Shirshov basis in mod(X)xy).

Proof. There are two kinds of compositions: wy = zabc (a > b > ¢) and

wy = ucdvab (¢ > d, a > b). Denote

f1 = xabc — zach + Z(ma)(l) ((za)2);b,c),

fo = zab — zba + Z r(1){T(2); a,b),

f3 = ucdvab — ucdvba + Z(ucdv)(l) ((ucdv)(2);a,b),
f1 = ucd — udc + Zu(1)<u(2); ¢, d).

Then, since o4p.c((xc;a,b) + > (w(1); (2(2);a,b),¢)) = 0, we have

(f1, f2)w, = xabc — xacb + Z rya(z);b,c) + Zx(1)<x(2)a; b,c)

— zabc + xbac — Zx ) {T(2); a,b)c

_—a:cab—l—le) T(2); acb—l—Zm(l a(z(2y; —l—Za:(l a:(gabc>
—l—a:bca—Zx(l)b T(2);a,c) —Zx ) {T(2)b; a,c) Zx (T(2);

= Zm(l)c<x(2);a,b> +Zx(1)<x 2)C; a, b) +Zx W) {T(2);a,c)b
+Zm(1)a<x(g);b,c> —l—Zm(l) r(2)a;b, c) Zx 1) {T(2); b, c)a
—Zm(lbxg);ac —Zx(l (x@2)b;a,c) — le) T(2);a,b)c

EZm(l r(2)a;b, c) —l—le) T(g); (@ 3),bc —l—Za:(l (z(2)b; ¢, a)
+ Zm(l) T(2)¢; a,b) + Zm(l r(3); ¢, a),b)

+ )z (ee); (2s);a,b),c)
=0

and since (x[a, b]y7 Cy €> + Z<£C(1) <(E(2) 3@, b>ya c, 6> =0,
(f3a f4)w2
= ucdvab — ucdvba + Z u(1yv(1)(u(2)cdvay; a, b) + Z u(1ycv(r)(u(2)dvay; a, b)

—+ Z u(l)dv(l) <U(2)C’U(2); a, b> + Z u(l)cdv(l) <U(2)’U(2); a, b>
— ucdvab + udcvab — Z w1y (u(2); ¢, dyvab
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= —udcvba + Z u(1)(u(2); ¢, dyvba + Z u(1)v) (w(2ycdvoy; a, b)

+ Z u(rycv(r)(u()dvay; a, b) + Z u(1ydvery (u(2)cve); a, b)

+ Z uycdv(r)(u(2)ve); a, b) + udcvba — Z uyv(1)(U(2)dcvay; a, b)

— Z uycv(r)(u2)ydve); a, b) — Z u(1ydveyy (u(2)cve); a, b)

= > uydevay (we)ve)i a,0) + Y uayv) (ue) () ¢ dyvg); a, b)

+ ) uay(ug); ¢ dyva) (uE)ve); a,b) = Y ua) (ue); ¢ dyvba
= Z u)yv(1){u(e)le, dlve); a, b) + Z uye, dlvay (ue@yviz); a, b)

+ Z u1yv(1) (u(2)(us); ¢ d)vey; a, b) + Zu(1)<u(2); ¢, d)v(1)(usyv(2); a, b)
—Z uqle, d] +u) (ue); e, d)va) (ue)ve); a, b)

+ ZU nU) (U le, dlvgy; a,b) + Zu(l v(1) (U2 (u(s); ¢, d)v(a); a, b)

Hence, I is a Grobner-Shirshov basis in mod(X)x)-

Remark. From the above proof we can easily see that for S(V) = mod (X |I)x)

the minimal Grobner-Shirshov basis is

G = {xab— rba + Zx(1)<m(2);a,b) ‘ T =aj ...a;,

(i1 <...<ip, n20), a>b, a,beX}.
Now, by Lemma 3.2 and Theorem 7.3, we can easily get the following theorem.

Theorem 7.4 ([21], Poincaré-Birkhoff-Witt basis). Let {a; | i € A} be a well
ordered basis of V. Then {a;, ...a;, | i1 <i2 < ...<i,, n >0} is a basis of S’(V)
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