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Abstract. In this paper we study the uniqueness for meromorphic functions sharing one
value, and obtain some results which improve and generalize the related results due to M.
L. Fang, X. Y. Zhang, W. C. Lin, T. D. Zhang, W. R. Lii and others.
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1. INTRODUCTION AND RESULTS

In this paper, the term “meromorphic” will always mean meromorphic in the
complex plane C. Let f and g be two nonconstant meromorphic functions, and let
a be a complex number. We say that f and g share a IM (ignoring multiplicity) when
f —a and g — a have the same zeros. If f —a and g — a have the same zeros with
the same multiplicity, we say that f and g share a CM (counting multiplicity). It is
assumed that the reader is familiar with the standard notations of value distribution
theory that can be found, for instance, in [3], [7], [8]. We denote by S(r, f) any
function satisfying

S(r, f) = o(T(r, f))

as r — 00, possibly outside a set of finite measure.

In addition, we shall also use the following notation.

For a positive integer k, we denote by Ny (r,1/(f — a)) the counting function for
zeros of f —a with multiplicities at least k, and by N (r,1/(f—a)) the corresponding
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one for which multiplicity is not counted. Set

N;(r,ﬁ) :N(r,ﬁ) +N2<r,ﬁ) +...+Nk<r,ﬁ).

Let f and g share a IM. We denote by Ni;(r,1/(f —a)) the counting function for
the common simple zeros of both f —a and g —a, by Nz(r,1/(f — a)) the counting
function for the zeros of both f—a and g—a about which f—a has larger multiplicity
than g — a, with multiplicity being not counted.

In 2002, Fang [1] proved the following uniqueness theorems.

Theorem A. Let f(z) and g(z) be two nonconstant entire functions, and let
n, k be two positive integers with n > 2k + 4. If (f*)*) and (g™)®) share 1 CM,
then either f(z) = tg(z) for a constant t such that t* = 1 or f(z) = c1e* and
g(z) = cae™*, where c, ¢; and cy are constants satisfying (—1)¥(cico)"(nc)?F = 1.

Theorem B. Let f(z) and g(z) be two nonconstant entire functions, and let
n, k be two positive integers with n > 2k + 8. If [f"(f — 1)]*® and [¢"(g — 1)]*®)
share 1 CM, then f(z) = g(z).

Recently, Zhang and Lin [10] proved the following results, which generalize and
improve Theorem A and B.

Theorem C. Let f(z) and g(z) be two nonconstant entire functions, and let n,
m, k be three positive integers with n > 2k +m™* + 4, and let A\, u be constants such
that |\ + |p| # 0. IF[f"(uf™ + N)]*) and [g"(ug™ + \)]*) share 1 CM, then

(i) when Ap # 0, then f(z) = g(z);
(ii) when Ay = 0, then either f(z) =t g(z) for a constant t such that t"*™ =1 or

f(z)=c1e” and g(z) = coe™
for three constants ¢, ¢ and co satisfying

(=D X% (cre2)™ ™ [(n+m")* = 1,

(_1)kﬂ2(6162)n+m’* [(n+ m*)c]% =1,

where m* =0 if p =0, and m* = m if p # 0.
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Theorem D. Let f(z) and g(z) be two nonconstant entire functions, and let
n, m, k be three positive integers with n > 2k +m + 4. If [f"(f — 1)"]® and
[9"(g — 1)™]*) share 1 CM, then either f(z) = g(z), or f(z) and g(z) satisfy the
algebraic equation R(f,g) =0, where R(w1,ws) = wi(w; — 1)™ —wl(wy — 1)™.

Remark 1. The conclusion (i) in Theorem C is incomplete. In fact, if Ay # 0

and both m, n are even integers then for f(z) = —g(z) the hypotheses of Theorem C
are still satisfied.

We rewrite Theorem C as follows.

Theorem C’. Let f(z) and g(z) be two nonconstant entire functions, and let n,
m, k be three positive integers with n > 2k +m™* + 4, and let A\, u be such constants
that [\ + |p| # 0. If [f™ (uf™ + N)]*®) and [g" (ug™ + \)]*) share 1 CM, then

(i) when A # 0, then f(z) = hg(z) for a constant h such that h™ = 1 and
htm = 1;
(ii) when Ay = 0, then either f(z) =t g(z) for a constant t such that t"*™ =1 or

f(z) =c1e” and g(z) = coe™ %,

for three constants ¢, ¢; and co satisfying
(=1)*X2(cre0)™ ™ [(n +m*)?* =1
or
(=1)F2(ere2) ™™ [(n+m*)e?* =1,
where m* =0 if p =0, and m* = m if p # 0.

Proof. We only need to prove the conclusion (i). As the proof of Theorem C
in [10], we have f"(uf™ +A) = g™ (ug™ + A) (see (3.29), p. 947, [10]). For the case
A # 0, set h = f/g. It follows that

A
() (" = 1)g" 4 2" = 1) =0,
Suppose that A is nonconstant. Then
A R —1
() 9" = o

Since g is entire, we see from (*x) that each zero of h"*™ — 1 must be a zero of
h™ — 1, and hence of h™ — 1. Let ay,ao,. .., Qnm be distinct roots of 2™ = 1,
and (1, B, ..., Om be distinct roots of 2™ = 1. Thus

n+m

S ) < Sty

i=1
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By Nevanlinna first and second fundamental theorems, we have

n+m
ety < £ o) s
i=1 )
< iz;n;]\f(r, h—;ﬂ) + S(r,h) <mT(r,h) + S(r, h),

that is,
(n—2)T'(r,h) < S(r,h),

which is impossible since n > 2k +m + 4. Hence h is a constant. The conclusion (i)
follows from (x) and the fact that g is a nonconstant entire function. O

Next we explain the notion of weighted sharing of a value.

Definition 1. Let k£ be a nonnegative integer or infinity. For a complex num-
ber a, we denote by Ej(a, f) the set of all a-points of f, where an a-point of multiplic-
ity m is counted m-times if m < k and (k+1)-times if m > k. If Ex(a, f) = Ex(a, g),
we say that f and g share the value a with weight k.

We write f and g share (a, k) meaning that f and g share the value a with weight k.
Obviously, f and g share (a, k) means that zq is a zero of f — a with multiplicity m
(< k) if and only if it is a zero of g — a with multiplicity m (< k) and 2 is a zero of
f — a with multiplicity m (> k) if and only if it is a zero of g — a with multiplicity n
(> k) where n is not necessarily equal to m.

Clearly, if f and g share (a, k), then f and g share (a, p) for any integer 0 < p < k.
We also note that f and g share (a,0) or (a,0) if and only if f and g share a IM or
CM, respectively. So, the weighted sharing is indeed a scaling between IM and CM.

Remark 2. Fujimoto [2] used an idea similar to the above under the name of
“truncated multiplicity” in connection with meromorphic maps of C" into PV (C).
Lahiri [4], [5] was the first to give the above simplified definition and successfully
apply the idea to the uniqueness problems of meromorphic functions under the name
“weighted sharing”.

In this paper, we shall use the idea of weighted sharing of values and prove the
following results, which improve and extend Theorems A-D.

Theorem 1. Let f(z) and g(z) be two nonconstant entire functions, and let n,
m, k, | be four positive integers and A\, p constants such that |\| + |u| # 0. Suppose
that [f™(uf™ +\)]*) and [g" (ug™ + \)]*) share (1,1). Ifl = 2 and n > 2k +m* +4
orifl=1andn >3k+2m*+6 orif | =0 and n > 5k + 4m™ 4+ 7, where m* = 0 if
uw=0and m* =m if u # 0, then the conclusion of Theorem C’ holds.
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Theorem 2. Let f(z) and g(z) be two nonconstant entire functions, and let n,
m, k be three positive integers. Suppose that [f"(f — 1)™]*) and [¢"(g — 1)™]*
share (1,1). If /=2 andn >2k+m+4 orifl=1andn>3k+2m+6 orifl =0
and n > 5k + 4m + 7, then the conclusion of Theorem D holds.

From Theorem 1, we obtain the following corollary, which is a result of Zhang and
Lii [9].

Corollary 1. Let f(z) and g(z) be two nonconstant transcendental entire func-
tions, and let n, k, | be three positive integers. Suppose that [f"]*) and [¢"]**) share
(L]). Ifl=2andn>2k+4orifil=1andn>3k+6orifl=0andn > 5k+7,
then the conclusion of Theorem A holds.

The next result follows from Theorem 2 and the fact that for two polynomials f,
g, f"(f—1)=g"(g — 1) implies f = g (for details, see [1] or [10]), or it follows from
Theorem 1 immediately.

Corollary 2. Let f(z) and g(z) be two nonconstant entire functions, and let n,
k be two positive integers. Suppose [f"(f — 1)]*) and [¢"(g — 1)]®) share (1,1). If
l=2andn >2k+5o0rifl=1andn > 3k+8 orifl =0 and n > 5k + 11, then
f(z)=9(2).

2. SOME LEMMAS

For proofs of our results, we need the following lemmas.

Lemma 1 (see [6]). Let f be a nonconstant meromorphic function, and let
ag, a1, . .., a, be finite complex numbers such that a,, # 0. Then

T(ryanf"+...+a1f +ao) =nT(r, f)+ S(r, f).

Lemma 2 (see [3], [7], [8]). Let f be a nonconstant meromorphic function, and
let k be a positive integer. Then

N (r, ﬁ) <N (r, %) +EN(r, f) +S(r, f).
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Lemma 3. Let ', G be two nonconstant entire functions and let k be a positive
integer. If F**) and G*) share 1 IM, then

N (r, ﬁ) < Ny (r, %) +S(r, F).

Proof. Since F®*) and G*) share 1 IM, we have

_ 1 — 1 1 — 1
O Ne(rmm—) <M mm) <N Fe—1) N Fer)

By Lemma 2, we get

N (r =) ¥ () + N 51w) ~ V()
\N@ﬁ%ﬂ<N(Fwwﬁvm
that is,
) (g —) ~ N (r ) <V (r ) + 6P

It is easy to see that

(i) <0 i) - Ve 1) -0 D)
It follows from Lemma 2 that

N(T,%) < [N<7’,%) —Nk+1<7"7%) + (k+ 1)N}c+1<r,%)} +S(r, F).

From the definition of Ni41(r, &) we see that

N(h %) — Niia1 (7', %) + (k+1)Njp1 (7“, %) < Niy1 (7', %)

The above two inequalities give

(3) N(r,ﬁ) <Nk+1<r,%) + S(r, F).

Combining (1)—(3), we obtain

Nu(r gy =1) < ¥ () + 500 F) < N (r. ) + 0.

Lemma 3 is proved. O
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Lemma 4. Let f(z) and g(z) be two nonconstant entire functions, and let n, m,
k be three positive integers with n > k+2 and A, yu constants such that |A\|+ |u| # 0.
Set

(4) F=f"ufm+X), G=g"(ug™+A),
Fk+2) Flk+1) Gk+2) GlE+1)
(5) = (5o 27w —7) ~ (Gon —2@m0—1):

Suppose that F*) and G**) share (1,1). If H # 0, then
(i) whenl =2, then

(6) m(r,ﬁ) < N(r, %) - (n—k—Q)N(r,%) — (n—k—2)N(r,§)
+S(r, f)+ S(r, 9);

(ii) when ! =1, then

(7) m(r,ﬁ) éN(r, ﬁ) —(n—k‘—?)N(r,%) —(n—k—2)N(r,§)

+ Mo (1,5 ) +8(0,) + 5(r,9)

(i) when ! =0, then

(8) m(r,ﬁ) éN(r, %) —(n—k‘—?)N(r,%) —(n—k—2)N(r,§)

+ 2N (r ) + Newa (1 5 ) + 50 1) + S0, 9).

Proof. Since F**) and G*) share (1, 1), using local expansion we see from (5)
that, if 2o is a common simple 1-point of F*) and G(*), then H(zy) = 0. Thus

®  Nu(n ﬁ) = Nu(r, ﬁ) <N (r %) < T(r.H)+0(1)

< N(r,H) + S(r, f) + S(r, g).

By the Second Fundamental Theorem we have

F (k) VP (k+1)
1 1

70 FO) < N (1, 255 ) + N (== ) — No (. gy ) + 0. ),
(rgw) * N+ gw=y) ~ No(r gawm) +50:9)

=

T(r,G®™) <
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where Ny(r,1/F(*+1)) denotes the counting function which only counts points such
that F*+1) =0 but F®)(F®) — 1) £ 0 and Ny(r, 1/G*+Y) is defined similarly.
By adding the above two inequalities and using (9), we get

(10) T(r, F®) + T(r,G*)
— Ny (7«, F(k+1)) — Ny (r, m) + S(r, f)+ S(r,9)

=N (r ﬁ) +N (. ﬁ) +N(r, F(k_)l— 7)

1

—|—N(r, )—f—N(r,H)—Nu(r,

1
Gk —1
1 1
—No(r,m) —No(r, W) +8(r, f)+ S(r,9).

For | = 2, F®) and G share 1 with weight 2. It follows from (5) that the poles
of H(z) possibly occur only at zeros of F&+1D and G*+Y | and 1-points of F*) (or
G®) with order at least 3. Then

(11) N(r, H) < NQ( +N2( —|—N3(

1
F(k)) G(k)) TRk — 1)

and

(12) N3 (r, #) + N(Tv T ﬁ)

<M (r ) + ¥ g =)
(

", %1) T, GM) + 0(1).

—l—N(r

Combining (10)—(12), we obtain

(13) T(r,F®) <N (r, %) +N(r, %) + s (r, %) + s (r, %)
+S(r, )+ S(r,9).
It is not difficult to see that
(14) N( F%k)) +N2< F%@)
=N ()~ [ ) - T )+ W )
=N () = [ (r ) = 28 () )
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If 2 is a zero of f with multiplicity I (> 1), then zg is a zero of F*) = [f*(uf™ +
A)]*) with multiplicity at least 3 since nl —k > (k+2)l — k= (1 — 1)k +20 > 2, so
we have

(15) N?’(r’%)_QN( F%k)) (n—k- 2)N< Jlf)

Inequalities (14) and (15) yield that

10 (o i) Tl i) < ¥ ) -2 2)

Similarly, we have

(17) N( G(k))+N2( G%k))<N(T’ﬁ)_("_k_2w(r’é)'

Substituting (16) and (17) in (13) and noting that

(18) m@ﬁ%)zﬂnﬂm—N(P%J+om

we get (6).
For I = 1, F*®) and G share (1,1). From (5), we see that the poles of H possibly
occur only at zeros of F(**1) and G*+1 and 1-points of F*) and G*) are of order

at least 2. Then we have

(19) N(ﬁHKN( F(k))+N2( G<k>)+N2( F(k)l—l)

1 1
+No (T’ F(k+1>) +No (T’ G(kT1) )

@) N =) + ¥ (g ) <M () + V(g )

1
< N11 (’I", m) + T(?", G(k)) + O(l)
Combining (10), (19) and (20), we get

— 1 — 1 — 1 — 1
(k) _ _ — -
(21) T(r,F ) < N(r, F(’“)) —l—N(r, G(’“)) + Ny (r, F(k)) —I—Ng(r, G(k))

+a(r =) + 50 1)+ S(r.9).
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It follows from (3) that

— 1 1 1
@2) No(r g =1) < V() < N (2 )
Then, from (16)—(18) and (21)—(22) we obtain (7).
For | = 0, F*) and G® share 1 IM. We see from (5) that H has poles possibly

only at zeros of F(*+1) and G*+1) and 1-points of F(*) and G*) with different
order. Then

@) V) <N ) + e ) + Ve )

_ 1 1 1
+ NL(T, 7G(k) — 1) +N0(7’, —F(k"'l)) +N0(7’, —G(k—i-l))

@) N(ngm—) + ¥ (rgm )
i F<k> _1) +m(“ﬁ) +N(“ﬁ)
1( F(k) _ 1) + NL(T’ ﬁ) +T(r,.GY) +0(1).

Combining (10), (23) and (24), we have

29 70,5 < X 85) 13 ) + (e ) + (e )

<N
Ny

— 1 — 1
+ 2N (r ) + Ne(r gm—g) + St D+ S(rg).
Lemma 3 implies that
— 1 — 1
(26) 2N (r, T _1) + N (r, T _1)

<2 (. %) + N (. é) +S(r )+ S(r,g).

Combining (16)—(18) and (25)—(26), we have (8). Lemma 4 is proved. O

Remark 3. Clearly, Lemma 4 is still valid if F' = f™(uf™+ ) and G = g™ (ug™+
A) are replaced by F = f*(f —1)™ and G = g"(g — 1)™
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3. PROOF OF THEOREM 1

Proof of Theorem 1. Let F, G be defined by (4). Then F®*) and G
share (1,1). By Lemma 1 and Nevanlinna first fundamental theorem, we have

(27) (n+m"T(r,f)=T(r,F)+S(r, )

<m(r ) (s T) N )+ S00 )
m(r, F%’“)) —|—N(7“, %) +8(r, f)

Suppose that H # 0, where H is defined by (5).
If [ = 2, we have (6). Substituting (6) in (27) and using Lemma 2, we have

(28) (n+m")T(r, f)

<N E) + N (r i)~ =DV (r 1) ¥ ()
+ S(r, f)+ S(r,9)
1

gN(r,%> —l—N(r,E) —(n—k—Z)[N(r %) —l—N(r,é)}
+S(r, f)+ S(r,9)
1 1 1 1
=N(r ) T () H D[N () N ()]
+S(r, f)+ S(r,9).

Similarly, we have

(29) (n+m")T(r,g) < N(Ta WZA) +N(T’ %ﬂ)

1
+(k+2) [N (r, f) +N(r, g)} +5(r, f) + 5(r,g).
By adding the above two inequalities, we obtain

(n+m*)[T(r, f)+T(r,g)]

<2[n(r, ﬁ) +N(r, ﬁ)} (2% +4)[N(r, %) +N(r, é)}
+S(r, f)+ S(r,9)
< @k+2m™ +4)[T(r, f)+T(r,g)l + S(r, f) + 5(r, 9),
that is,
(n—=2k—m" = 4)[T(r, ) +T(r,g)] < S(r, f) + 5(r,9),

which is impossible since n > 2k + m* + 4.
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If { = 1, then substituting (7) in (27), and using Lemma 2, we get

(30) (n +m*)T'(r, f) < N(r, %) +N(T é) + Nit2 (7“ %)
_(n—k—2)[N( })+N( g)}q_S(r )+ S(rg).

Noting that n > 3k 4+ 2m* + 6, we have

Nes2(r, %) = (k+2)N(r, %) + Neya(r, ﬁ)
Then we can deduce from (30) that
(31) (n+m")T(r, f) < 2N(r, Wlﬁ) +N(r, ﬁ) + 2k + 4N (r, %)
+ (e +2)N(r =) +S(.) +509)

Similarly, we have
1 1 1
* < —_— - -
(32) (n+m")T(r,g) < 2N(r, o A) + N(r, Py A) + (2k + 4)N(r, g)
1
+ (k+2)N (r, ?) +S(r, f) + 5(r,g).
By adding (31)—(32) we obtain

(n+m*)[T(r, f)+T(r,g)]
1 1 1 1
<3N (r, T +A) +N(r, T +A)} (3K +6)[N (7. ?) +N(r, 5)}
+S(r, f) + S(r, 9)
< Bk +3m™ +6)[T(r, f) +T(r,g)l + S(r, f) + S(r, 9),
that is,
(n =3k —2m" — 6)[T(ra f) +T(T7g)] < S(Tv f) + S(Tvg)v

which contradicts the assumption n > 3k + 2m* + 6.
If { = 0, we have (8). Using the same argument as above, we have

(n+m [T, f) +T(r,9)]

<@k N[N () 8 ()] 5[V () N ()
+S(r, f)+ S(r,9)
< Bk +5m*+ DT (r, /)+T(r,g9)] + S(r, f) +S(r,9),

wH
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that is,
(n =5k —4m” = 7)[T(r, f) + T(r,g)] < S(r, f) + S(r,9),

a contradiction, since n > 5k + 4m™ + 7.
Therefore H = 0. Integrating H = 0 yields

Fk+1) G(k+1)
(FO =12~ (G0 — 1)

where A is a nonzero constant. It follows that F*) and G*) share 1 CM. So by
Theorem C’ we obtain the conclusion of Theorem 1. The proof of Theorem 1 is
complete. O

Proof of Theorem 2. Using almost the same argument as in the proof of The-
orem 1, we can get the conclusion of Theorem 2. Here we omit the details. O
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