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Keywords: Pexiderized generalized operator, Pexiderized generalized Jensen operator

MSC 2010 : 39B52, 46L05, 47B48

1. Introduction

Let X and Y be complex normed spaces. After Czerwik [1], for a fixed non-

negative real number λ, we denote by Xλ the linear space of all functions f : X → Y

(with pointwise operations) for which there exists a constant Mf > 0 with

‖f(x)‖ 6 Mfeλ‖x‖

for all x ∈ X. It is easy to show that the space Xλ with the norm

‖f‖ := sup
x∈X

{e−λ‖x‖‖f(x)‖}

is a normed space. Let us we denote by Xn
λ the linear space of all functions ϕ :

X × . . . × X
︸ ︷︷ ︸

n times

→ Y (with pointwise operations) for which there exists a constant

Mϕ > 0 with

‖ϕ(x1, . . . , xn)‖ 6 Mϕe
λ

n∑

i=1

‖xi‖

for all x1, . . . , xn ∈ X. It is not difficult to show that the space Xn
λ with the norm

‖ϕ‖ := sup
x1,...,xn∈X

{

‖ϕ(x1, . . . , xn)‖e
−λ

n∑

i=1

‖xi‖
}

is a normed space.
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We denote by Zm
λ the normed space

m⊕

i=1

Xλ = {(f1, . . . , fm) : f1, . . . , fm ∈ Xλ}

(with pointwise operations) together with the norm

‖(f1, . . . , fm)‖ := max{‖f1‖, . . . , ‖fm‖}.

The norms of the Pexiderized Cauchy, quadratic and Jensen operators on function

spaces Xλ have been investigated by Czerwik and Dlutek [1], [2]. In [4] Moslehian

et al. have extended the results of [2] to the Pexiderized generalized Jensen and

Pexiderized generalized quadratic operators on function spaces Xλ and provided

more general results regarding their norms. In the proofs of our results we apply the

ideas contained in the paper [2] (see also [1]).

In [3] S.-M. Jung investigated the norm of the cubic operator on the function spaces

Xλ. In this paper, we introduce Pexiderized generalized operators and investigate

their norms. The results extend the results of [2], [3], [4].

2. Main results

Definition 2.1. The operator EG
P : Zm

λ → Xn
λ defined by

EG
P (f1, . . . , fm)(x1, . . . , xn) =

m∑

i=1

αifi

( n∑

j=1

βijxj

)

where αi ∈ C\{0}, βij ∈ B
1 := {µ ∈ C : |µ| 6 1} for all 1 6 i 6 m and all 1 6 j 6 n,

is called Pexiderized generalized operator.

The next theorem gives us the norm of EG
P .

Theorem 2.2. The operator EG
P is a bounded linear operator with

‖EG
P ‖ =

m∑

i=1

|αi|.

P r o o f. First, we show that ‖EG
P ‖ 6

m∑

i=1

|αi|. By the assumption we have

max
16i6m

{∥
∥
∥
∥

n∑

j=1

βijxj

∥
∥
∥
∥

}

6

n∑

i=1

‖xi‖

1088



for all x1, . . . , xn ∈ X. Therefore

‖EG
P (f1, . . . , fm)‖ = sup

x1,...,xn∈X

{∥
∥
∥
∥

m∑

i=1

αifi

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ

n∑

j=1

‖xj‖
}

6 sup
x1,...,xn∈X

{ m∑

i=1

|αi|

∥
∥
∥
∥
fi

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ

∥
∥

n∑

j=1

βijxj

∥
∥}

6

m∑

i=1

|αi|‖fi‖ 6

m∑

i=1

|αi|max{‖f1‖, . . . , ‖fm‖}

=

m∑

i=1

|αi|‖(f1, . . . , fm)‖

for any (f1, . . . , fm) ∈ Zm
λ . This implies that

‖EG
P ‖ 6

m∑

i=1

|αi|.

Now, let ν ∈ Y be such that ‖ν‖ = 1 and let {ξk}k be a sequence of positive real

numbers decreasing to 0. For each positive integer k, and each 1 6 i 6 m, we define

fik(x) =







αi

|αi|
enλξkν if ‖x‖ = ξk

∣
∣
∣

n∑

j=1

βij

∣
∣
∣,

0 otherwise,

for all x ∈ X. Then we have

e−λ‖x‖‖fik(x)‖ =







e
λξk

(
n−

∣
∣

n∑

j=1

βij

∣
∣
)

if ‖x‖ = ξk

∣
∣
∣

n∑

j=1

βij

∣
∣
∣,

0 otherwise,

for all x ∈ X, all positive integers k, and all 1 6 i 6 m. Thus fik ∈ Xλ for all positive

integers k and all 1 6 i 6 m with

(2.1) ‖fik‖ = e
λξk

(
n−

∣
∣

n∑

j=1

βij

∣
∣
)

.

Let u ∈ X be such that ‖u‖ = 1 and take x1, . . . , xn ∈ X as x1 = . . . = xn = ξku.

Then

‖EG
P (f1k, . . . , fmk)‖ = sup

x1,...,xn∈X

{∥
∥
∥
∥

m∑

i=1

αifik

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ

n∑

j=1

‖xj‖
}

(2.2)

> e−nλξk

∥
∥
∥
∥

m∑

i=1

|αi|e
nλξkν

∥
∥
∥
∥

=

m∑

i=1

|αi|.
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If on the contrary ‖EG
P ‖ <

m∑

i=1

|αi|, then there exists a δ > 0 such that

(2.3) ‖EG
P (f1k, . . . , fmk)‖ 6

( m∑

i=1

|αi| − δ

)

‖(f1k, . . . , fmk)‖

for all positive integers k. So it follows from (2.1), (2.2) and (2.3) that

(2.4)
m∑

i=1

|αi| 6 ‖EG
P (f1k, . . . , fmk)‖ 6

( m∑

i=1

|αi| − δ

)

max
16i6m

‖fik‖

for all positive integers k. Since lim
k→∞

‖fik‖ = 1 for all 1 6 i 6 m, the right hand

side of (2.4) tends to
m∑

i=1

|αi| − δ as k → ∞, whence
m∑

i=1

|αi| 6
m∑

i=1

|αi| − δ, which is a

contradiction. Hence, ‖EG
P ‖ =

m∑

i=1

|αi|. �

Theorem 2.6 of [4] is an alternative result for the following corollary.

Corollary 2.3. The Pexiderized generalized Jensen operator J
r,s,t
P : Z3

λ → X2
λ

given by

J
r,s,t
P (f, g, h)(x, y) := f

(sx + ty

r

)

−
s

r
g(x) −

t

r
h(y)

where r, s, t ∈ C with r 6= 0 and max{|s|, |t|} 6 |r|, is a bounded linear operator such

that

‖Jr,s,t
P ‖ =

|r| + |s| + |t|

|r|
.

Corollary 2.4 [4]. The Pexiderized quadratic operator QG
P : Z4

λ → X2
λ given by

QG
P (f, g, h, k)(x, y) := f(x + y) + g(x) − 2h(x) − 2k(y)

is a bounded linear operator with ‖QG
P ‖ = 6.

Corollary 2.5 [3]. The Pexiderized cubic operator CG
P : Z5

λ → X2
λ given by

CG
P (f, g, h, k, l)(x, y) := f(x + y) + g(x− y)− 2h

(1

2
x + y

)

− 2k
(1

2
x− y

)

− 12l
(1

2
x
)

is a bounded linear operator with ‖CG
P ‖ = 18.
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Theorem 2.6. The generalized operator EG : Xλ → Xn
λ given by

EG(f)(x1, . . . , xn) =

m∑

i=1

αif

( n∑

j=1

βijxj

)

where αi ∈ C\{0}, βij ∈ B
1 := {µ ∈ C : |µ| 6 1} for all 1 6 i 6 m and all 1 6 j 6 n,

is a bounded linear operator. Moreover, if (βi1, . . . , βin) 6= (βk1, . . . , βkn) and there

exist x∗
1, . . . , x

∗
n ∈ X such that

n∑

j=1

βijx
∗
j 6=

n∑

j=1

βkjx
∗
j for all 1 6 i, k 6 m with i 6= k,

then

‖EG‖ =

m∑

i=1

|αi|.

P r o o f. Similarly to the proof of Theorem 2.2, we have

‖EG(f)‖ = sup
x1,...,xn∈X

{∥
∥
∥
∥

m∑

i=1

αif

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ

n∑

j=1

‖xj‖
}

6 sup
x1,...,xn∈X

{ m∑

i=1

|αi|

∥
∥
∥
∥
f

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ‖

n∑

j=1

βijxj‖
}

6

m∑

i=1

|αi|‖f‖

for any f ∈ Xλ. So we have

‖EG‖ 6

m∑

i=1

|αi|.

Now, suppose that
n∑

j=1

βijx
∗
j 6=

n∑

j=1

βkjx
∗
j for all 1 6 i, k 6 m with i 6= k. Let ν ∈ Y

be such that ‖ν‖ = 1 and let {ξk}k be a sequence of positive real numbers decreasing

to 0. For each positive integer k, we define

fk(x) =







αi

|αi|
eλθξkν if x = ξk

n∑

j=1

βijx
∗
j for 1 6 i 6 m,

0 otherwise,

for all x ∈ X, where θ :=
n∑

j=1

‖x∗
j‖. Hence we have

e−λ‖x‖‖fk(x)‖ =







e
λξk

(
θ−

∥
∥

n∑

j=1

βijx∗

j

∥
∥
)

if x = ξk

n∑

j=1

βijx
∗
j for 1 6 i 6 m,

0 otherwise,
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for all x ∈ X and all positive integers k. So that fk ∈ Xλ for all positive integers k

with

(2.5) ‖fk‖ = max
16i6m

e
λξk

(
θ−

∥
∥

n∑

j=1

βijx∗

j

∥
∥
)

.

Similarly to the proof of Theorem 2.2, take x1, . . . , xn ∈ X as xj = ξkx∗
j for all

1 6 j 6 n. Then we have

‖EG(fk)‖ = sup
x1,...,xn∈X

{∥
∥
∥
∥

m∑

i=1

αifk

( n∑

j=1

βijxj

)∥
∥
∥
∥
e
−λ

n∑

j=1

‖xj‖
}

> e−λθξk

∥
∥
∥
∥

m∑

i=1

|αi|e
λθξkν

∥
∥
∥
∥

=

m∑

i=1

|αi|.

If on the contrary ‖EG‖ <
m∑

i=1

|αi|, then there exists a δ > 0 such that

‖EG(fk)‖ 6

( m∑

i=1

|αi| − δ

)

‖fk‖

for all positive integers k. Similarly to the proof of Theorem 2.2, we have

(2.6)

m∑

i=1

|αi| 6 ‖EG(fk)‖ 6

( m∑

i=1

|αi| − δ

)

‖fk‖

for all positive integers k. Since lim
k→∞

ξk = 0, it follows from (2.5) that lim
k→∞

‖fk‖ = 1.

Then the right hand side of (2.6) tends to
m∑

i=1

|αi| − δ as k → ∞, whence
m∑

i=1

|αi| 6

m∑

i=1

|αi| − δ, which is a contradiction. Hence, ‖EG‖ =
m∑

i=1

|αi|. �

Corollary 2.7. Let EG : Xλ → Xn
λ be an operator given by

EG(f)(x1, . . . , xn) =

m∑

i=1

αif

( n∑

j=1

βijxj

)

where αi ∈ C\{0}, βij ∈ B
1 := {µ ∈ C : |µ| 6 1} for all 1 6 i 6 m and all 1 6 j 6 n.

If (βi1, . . . , βin) 6= (βk1, . . . , βkn) and
n∑

j=1

βij 6=
n∑

j=1

βkj for all 1 6 i, k 6 m with

i 6= k, then

‖EG‖ =

m∑

i=1

|αi|.
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Corollary 2.8. The cubic operator CG : Xλ → X2
λ given by

CG(f)(x, y) := f(x + y) + f(x − y) − 2f
(1

2
x + y

)

− 2f
(1

2
x − y

)

− 12f
(1

2
x
)

is a bounded linear operator with ‖CG
P ‖ = 18.

Theorem 2.9. Let αi, βi ∈ B
1 := {µ ∈ C : |µ| 6 1} for all 1 6 i 6 4 such that

α4 = β3 = 0 and (αi, βi) 6= (αj , βj) for all 1 6 i < j 6 4. Let Λ: Xλ → X2
λ be an

operator given by

Λ(f)(x, y) =

4∑

i=1

γif
(
αix + βiy)

where γi ∈ C \ {0} for all 1 6 i 6 4. Then

‖Λ‖ =

4∑

i=1

|γi|.

P r o o f. Similarly to the proof of Theorem 2.6, we have

‖Λ‖ 6

4∑

i=1

|γi|.

Let η ∈ C be such that η(βi − βj) 6= αj − αi for all 1 6 i, j 6 4 with i 6= j. Let

u ∈ X, ν ∈ Y be such that ‖u‖ = ‖ν‖ = 1 and let {ξk}k be a sequence of positive

real numbers decreasing to 0. For each positive integer k, we define

fk(x) =







γi

|γi|
eλ(1+|η|)ξkν if x = ξk(αi + ηβi)u for 1 6 i 6 4,

0 otherwise,

for all x ∈ X. Therefore we have

e−λ‖x‖‖fk(x)‖ =

{

eλξk(1+|η|−|αi+ηβi|) if x = ξk(αi + ηβi)u for 1 6 i 6 4,

0 otherwise,

for all x ∈ X and all positive integers k. Thus fk ∈ Xλ for all positive integers k

with

(2.7) ‖fk‖ = max
16i64

eλξk(1+|η|−|αi+ηβi|).

Similarly to the proof of Theorem 2.6, take x, y ∈ X as x = ξku and y = ξkηu. Then

it is clear that

‖Λ(fk)‖ >

4∑

i=1

|γi|

for all positive integers k. The rest of the proof is similar to the proof of Theorem 2.6.

�
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Corollary 2.10. The generalized Jensen operator Jr,s,t : Xλ → X2
λ given by

Jr,s,t(f)(x, y) := f
(sx + ty

r

)

−
s

r
f(x) −

t

r
f(y)

where r, s, t ∈ C with r 6= 0 and max{|s|, |t|} 6 |r|, is a bounded linear operator such

that

‖Jr,s,t‖ =
|r| + |s| + |t|

|r|
.
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