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Abstract. In this paper, we introduce Pexiderized generalized operators on certain special
spaces introduced by Bielecki-Czerwik and investigate their norms.
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1. INTRODUCTION

Let X and Y be complex normed spaces. After Czerwik [1], for a fixed non-
negative real number A\, we denote by X the linear space of all functions f: X — Y
(with pointwise operations) for which there exists a constant My > 0 with

1 (@)l < Mype el
for all x € X. It is easy to show that the space X with the norm

111 == sup {e M| £ ()]}
zeX

is a normed space. Let us we denote by X7 the linear space of all functions ¢:
X x...xX — Y (with pointwise operations) for which there exists a constant
—_——

n times
M, > 0 with

n

A2 il
|‘90(x1a ceey xn)” < M@e i=1

for all z1,...,z, € X. It is not difficult to show that the space X} with the norm

XS [l
ol = sw_ {lptr,.ale 5

T1yeTn€

is a normed space.
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We denote by Z{* the normed space @ Xx = {(f1,.--,fm): fi,---, fm € Xiu}
i=1
(with pointwise operations) together with the norm

1Cf1s s f) || = max{[[ fal], - 1 fml [}

The norms of the Pexiderized Cauchy, quadratic and Jensen operators on function
spaces X have been investigated by Czerwik and Dlutek [1], [2]. In [4] Moslehian
et al. have extended the results of [2] to the Pexiderized generalized Jensen and
Pexiderized generalized quadratic operators on function spaces X, and provided
more general results regarding their norms. In the proofs of our results we apply the
ideas contained in the paper [2] (see also [1]).

In [3] S.-M. Jung investigated the norm of the cubic operator on the function spaces
X . In this paper, we introduce Pexiderized generalized operators and investigate
their norms. The results extend the results of [2], [3], [4].

2. MAIN RESULTS

Definition 2.1. The operator Eg: Z{ — X7 defined by

Eg(fla“'afm)(xla"'vxn) = Zaifi<26ijxj>
i=1 J=1

where a; € C\{0},8;; € B':={p e C: |u|<1}foralll <i<mandall<j<n,
is called Pexiderized generalized operator.

The next theorem gives us the norm of ES.

Theorem 2.2. The operator Eg is a bounded linear operator with

m
IEE] = lail.
i=1

m
Proof. First, we show that |ES| < 3 |as|. By the assumption we have
i=1

n n

I

o {30 aa b < 3l
j=1 =1
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for all 1, ...,z, € X. Therefore

A3 IIJCJ‘II}
j=1

A £ B |
j=1 }

VES(Fiye o ) = {
1 ,x,LEX

zfz(Z@m)
o [k

m

Z|ai|||fi|| < laslmax{|L Al L1}
i=1 =1

N

T1,-- an

3

Z az||| flvvfm)”

for any (f1,..., fm) € Z7. This implies that

m

IEE] <D lail.
i=1

Now, let v € Y be such that ||v|| =1 and let {{x}r be a sequence of positive real
numbers decreasing to 0. For each positive integer k, and each 1 < i < m, we define

aA . n
Sheey i Jof = €] 3 B
finlx) = { el i=1

0 otherwise,

for all x € X. Then we have

e (n=| 35 815 n
(=] 5 ) ifoH:fk‘Zlﬁij,
=

0 otherwise,

e M| ()| =

for all x € X, all positive integers k, and all 1 <4 < m. Thus f;; € X for all positive

integers k and all 1 < i < m with
A (| 35 54
(2.1) [ firll = e =
Let v € X be such that ||u|| =1 and take z1,...,2, € X as z1 = ... = z, = &u.
Then

-2 3 IIEJI}
j=1

(22)  IEE(f o fo = sup {

T4, T €X
Z |ai|e"/\5ku
i=1

w(Ene)
:;|ai|.

e_n)\fk
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m
If on the contrary |ES|| < Y |aul, then there exists a § > 0 such that
i=1

1=

(2.3) VES (Fun s Fo)l < (Zm —5)|<f1k,...,fmk>|
=1

for all positive integers k. So it follows from (2.1), (2.2) and (2.3) that

m

@ D led SIE G ) < (Yol =5) ma

i=1

for all positive integers k. Since klim [ fic]l = 1 for all 1 < 4 < m, the right hand
—00
m m m
side of (2.4) tends to > |a;| — d as k — oo, whence ) |a;| < > |ay| — d, which is a
i=1 i=1 i=1
m
contradiction. Hence, ||[ES| = 3 |al. O

i=1

Theorem 2.6 of [4] is an alternative result for the following corollary.

Corollary 2.3. The Pexiderized generalized Jensen operator Jp*': Z3 — X3
given by

WY () - Laty)

T3 (F.9 0 (w,y) = f

where r, s,t € C with r # 0 and max{|s|, |t|} < |r|, is a bounded linear operator such

that
_rl+ s+ 1

Jr,s,t
H P || |7"|

Corollary 2.4 [4]. The Pexiderized quadratic operator Qg: Z;\l — Xf given by

QS (f,9,h k) (x,y) = flz+y) + g(z) — 2h(x) — 2k(y)
is a bounded linear operator with ||Q%|| = 6.

Corollary 2.5 [3]. The Pexiderized cubic operator CS: Z3 — X? given by

CS(f.g,h k,D)(w,y) == flz+y)+g(z—y) — Zh(%x—i—y) - Zk(%x — y) _ 121(%:5)

is a bounded linear operator with |C$|| = 18.
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Theorem 2.6. The generalized operator E¢: X, — X7 given by

EC(f)(@1,.. . an) = g;aif<iﬂijxj)

where o; € C\{0}, B;; € B':={pn € C: |u| <1} foralll <i<mandalll<j<n,
is a bounded linear operator. Moreover if ([311, ooy Bin) # (ﬂkl, .+, Bkn) and there

exist x3,...,xf € X such that E Bijx; # Z Brjx; for all 1 < i,k < m withi # k,

then

m
IES] = Jal.
i=1

Proof. Similarly to the proof of Theorem 2.2, we have
“A Y
159 = {x (Zw]) =i
Ty,. ,:cﬂEX

" Al 'S By
{zw (S m) | =)

T1,e. ,zn i=1
<Z|ai|||f||
i=1

for any f € X,. So we have

N

m

IEC) <D lail.
i=1

Now, suppose that > Bz} # > Byjx; forall 1 < i,k <m withi # k. Let v €Y
=1 j=1

be such that ||v|| = 1 and let {& }x be a sequence of positive real numbers decreasing

to 0. For each positive integer k, we define

—. n
Y NEky,  if g — §k D Bigry  for 1<i<m,
fe(z) = Joxi] =1

0 otherwise,

for all # € X, where 0 := } ||lz7||. Hence we have
j=1

eAfk (9_||7§16’J:€ju) if o= g i 61-* for 1<i<m
e Ml (@) = A o

0 otherwise,
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for all z € X and all positive integers k. So that fr € X, for all positive integers k
with

g o= £ 5051 ])
= i= .
(2.5) IFxll = max e
Similarly to the proof of Theorem 2.2, take z1,...,z, € X as z; = ez} for all

1 < j < n. Then we have

- n A sl
Eoal= s (| S X par )|
T1,..,2n€X i=1 J=1

m m
S o] = 37 o)
i=1

i=1

> e—>\9§k

m
If on the contrary |[EY|| < 3 |ail, then there exists a § > 0 such that
i=1

IS ()] < <Z|ai| - 6>||fk|

i=1

for all positive integers k. Similarly to the proof of Theorem 2.2, we have
(2.6) >l < 1B < (Sl = 8) 1]
i=1 i=1
for all positive integers k. Since klim & = 0, it follows from (2.5) that klim I fxll = 1.

Then the right hand side of (2.6) tends to Y |a;| — ¢ as k — oo, whence Y |a;| <
i=1 i=1

3" |ai| — 6, which is a contradiction. Hence, |E%|| = 3 |ay|. O
i=1 i=1
Corollary 2.7. Let EY: X, — X} be an operator given by
E9(f)(x1, ... an) = Zaif<2ﬂij$j)
i=1 j=1

where o; € C\ {0}, 3;; € B! :=={pu e C: |u| <1} foralll <i<mandalll<j<n.
n n

If (Bit, .-, Bin) # (Bris---,0mn) and 3 Bij # > Brj for all 1 < i,k < m with
j=1 j=1

i # k, then

m
G
IES) = lail.
=1
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Corollary 2.8. The cubic operator C¢: X — Xf given by

1 1 1
COf)ay) = fla+y) + fla—y) —2f (5o +y) —2f (5o —y) — 12/ (50)
is a bounded linear operator with |C$|| = 18.

Theorem 2.9. Let a;,3; € B! := {pu € C: |u| < 1} for all 1 < i < 4 such that
as = f3 =0 and (o, 5;) # (o, B;) for all 1 < i < j < 4. Let A: X — Xf be an
operator given by

A(f)(@,y) = Z%f(aiw + Biy)

i=1

where v; € C\ {0} for all 1 <i < 4. Then

4
1A= l-
i=1
Proof. Similarly to the proof of Theorem 2.6, we have

A<D bl

i=1
Let n € C be such that n(8; — 3;) # o — «; for all 1 < 4,5 < 4 with 7 # j. Let
u € X,v €Y be such that ||u]]| = ||v|]| = 1 and let {&x}x be a sequence of positive
real numbers decreasing to 0. For each positive integer k, we define

1e)‘(lJrl"l)g’“V if x = & +nPi)u for 1 < i < 4,
fk(l‘) = |'Yz|

0 otherwise,
for all z € X. Therefore we have

Ak (I+nl=laitnBil)  if 4 = c+pBluforl <i<4
e I T « u 10r N2 )
e—/\l\xI\H fr(z)| = { Sk(ai +nb)

for all z € X and all positive integers k. Thus f; € X, for all positive integers k
with

0 otherwise,

9. — A&k (1+|n|—lai+nBil)
(2.7) 17l = max e

Similarly to the proof of Theorem 2.6, take z,y € X as z = {xu and y = £xnu. Then
it is clear that

4
AN =D il
i=1

for all positive integers k. The rest of the proof is similar to the proof of Theorem 2.6.
O
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Corollary 2.10. The generalized Jensen operator J™%t: X, — Xf given by

) - 25w -2 1)

r

sz +ty
T

TP ay) =

where 1, s,t € C with r # 0 and max{|s|, |t|} < |r|, is a bounded linear operator such
that
|+ |s|+ |t
HJr,s,t” — | | | | | |
|7

Acknowledgment. The authors would like to thank the referee for a number of
valuable suggestions regarding a previous version of this paper.

References

[1] S. Czerwik: Functional Equations and Inequalities in Several Variables. World Scientific
Publishing Co., Inc., River Edge, NJ, 2002.

[2] S. Czerwik and K. Dlutek: Cauchy and Pexider operators in some function spaces. Func-
tional equations, inequalities and applications, 11-19, Kluwer Acad. Publ., Dordrecht,
2003.

[3] S.-M. Jung: Cubic operator norm on X, space. Bull. Korean Math. Soc. 44 (2007),
309-313.

[4] M.S. Moslehian, T. Riedel and A. Saadatpour: Norms of operators in X spaces. Appl.
Math. Lett. 20 (2007), 1082-1087.

Authors’ addresses: Abbas Najati, Department of Mathematics, Faculty of Sci-
ences, University of Mohaghegh Ardabili, Ardabil, Iran, e-mail: a.nejati@yahoo.com;
Themistocles M. Rassias, Department of Mathematics, National Technical Univer-
sity of Athens, Zografou Campus, 15780 Athens, Greece, e-mail: trassias@math.ntua.gr.

1094



		webmaster@dml.cz
	2020-07-03T18:23:50+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




