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Abstract. We analyze the spectra of the cover matrix of a given poset. Some consequences
on the multiplicities are provided.
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1. INTRODUCTION

For any positive integers m and n, let Py(bm) be the set of all functions with domain
[n] ={1,2,...,n} and range Z,, = {0,1,...,m—1}, i.e.,, P = Z[TZ]. The set P{™
equipped with the partial order

f<g ifandonlyif f(x)<g(x) forall x € [n]

is a partially ordered set or, simply, a poset, denoted by (P,(lm), <). The so-called
cover graph of this poset, denoted by Q%m), is an undirected graph whose vertices
are labeled by the elements of P{™ and there is an edge connecting f and g if and
only if one vertex covers the other one, i.e., if f ~ g, then f and g are comparable
and there is no h € P™ \ {f,g} such that f < h < gorg<h< f. Analogously,
we may say that f is adjacent to g if and only if they differ at only one point and
the difference is one unit. The adjacency matrix of gﬁ[’”, also known as the cover
matrix, will be denoted by AS”), and the spectrum of Pr(lm), denoted by o( flm)), is
the set of eigenvalues of A%m).

The first author was supported by Centre for Research on Optimization and Control
(CEOC) from the “Fundacdo para a Ciéncia e a Tecnologia—FCT*, cofinanced by the
European Community Fund FEDER/POCI 2010. The second author was supported by
CMUC—Centro de Matematica da Universidade de Coimbra.
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Spectral technique for general cover graphs have not been well developed due
to the computational cost for calculating the spectrum, although this concept has
a vast variety of different applications, playing an important role in enumerative
combinatorics, computer and information sciences, quantum mechanics, theoretical
chemistry, statistical physics, among others (cf. [2], [10], [11], [12], [13] and references
therein).

There are some interesting recent extensions to double cover graphs, where the
study of the characteristic polynomial and the spectra is essential to obtain expanders
from magnifiers for studying networks (cf. [1], [9]).

There are other ways of portraying partially ordered sets, as the Hasse diagrams
and zeta matrices. Recently, in [2], Ballantine et al. discussed the properties of the

1 1
determinant of the matrix 3p = Zp—l—ZfD, where Zp = (0 1 ) is the zeta matrix of

the Boolean algebra P of rank n, providing a combinatorial interpretation of det(3p)
in terms of the adjacency matrices of comparability graphs, and showing that if n is
even, then det(3,) = 2%, where a,, = 4a,,_2 — 2 for n > 4, with the initial condition
g = 2. The main drawback of Hasse diagrams is the possibility of unduly largeness
of the poset. On the other hand, zeta matrices provide a better analytic approach,
since many operations in posets can be expressed by matrix multiplication. Cover
matrices can be computed from the zeta matrices and the converse is true as well.
So, as a variation of zeta matrices, we shall focus our attention on cover matrices,
since these are more tractable.

In this note we examine the spectra of the cover matrix of the poset (’PT(Lm), <) and
construct a modified Pascal triangle for the multiplicities of the eigenvalues in some
particular cases. Our purpose is to find the adjacency matrix of gr‘f”'), and using
Chebyshev polynomials of the second kind, calculate the characteristic polynomial.
We will be able to generalize some recent spectral results on Boolean algebras (cf.

(2], [4]).

2. COVER MATRICES

Let us fix a positive integer m and recall that

PO = (fIf: {1,...,n} — Z}.

The cardinality of Pr(lm) is m™.
To construct the cover matrix AS{’” of Qr(lm), we order the elements of ’P,(lm) in a
reverse lexicographic manner. For example, when m = 3, the 9 maps of 732(3) are
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ordered as follows:

iimho= (g ) f=to=(] 5) hi=to=(5 o).
1

fimtn= (g 1) f=tu=(] 1) hmm=(5 1),
f71=f02=<(1) ;>7f8::f12:<1 ;>7f91=f22=<; ;)

Two vertices, f and g, of the cover graph of Py(bm) are adjacent provided they are
comparable and there exists € {1,...,n} such that f(z) = g(z) + 1 or f(x) =
g(z) — 1. Defining f(i) = a; and g(i) = b; for a;,b; € Z,,, and i = 1,...,n, an
induction argument leads to the concise formula for the distance between f and g:

9) = lai—bi.
=1

Still, about the structure of the cover graph g,(J”), we can also say that the number
of shortest paths between f and g is given by

n

<Z |ai — bl|>'

i 1 )
H |la; — bs[!)
=1

If one considers the maximum of the distance between any two vertices, one gets
the following proposition:

Proposition 2.1. The diameter of gﬁ[”/) is (m — 1)n.

If m = 2, i.e., in the Boolean case, the diameter of gﬁ? is n.
Taking into account that the adjacency matrix of the cover graph of me) is the
tridiagonal Toeplitz matrix

A =

and since we have the decomposition

P =G e e ... a6

m—1>
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where
G = {f € PI™|f(n) = i},

we may conclude that the adjacency matrix of gﬁ[”/) is

AL

j—_—

(2.1) Alm) =

n
jA—

Ly AU

m"™xXmn

for any integer n > 2. Of course, we can use the convention that A(()m) = (0).

3. CHEBYSHEV POLYNOMIALS OF SECOND KIND

We proceed with one of the most important families of orthogonal polynomials:
the Chebyshev polynomials of the second kind, denoted by {U,,(z)}m>0. These
polynomials satisfy the three-term recurrence relation

(3.1) Un+1(x) = 22Up(z) = Up—1(z) forallm=1,2,...,

with the initial conditions Up(z) = 1 and U;(x) = 2. Since each Uy, (z) verifies

i 16
Un(x) = snl(n-zi—i—)’ with z = cosf (0< 6 < n)
sin 6
for all m =0,1,2..., we can deduce the orthogonality relations

1
/ Ui(2)Uj(z)V'1 — 22 dz = 376, ;

-1

(cf. [3], e.g.). It is also well known that the explicit formula for Chebyshev polyno-
mials of the second kind is

m /2] -
Un(a) = 3 () p—gy; (o™
k=0

)

If we consider the m x m tridiagonal Toeplitz matrix Agm , the recurrence relation

(3.1) can be rewritten in the matrix form:

Uo(:L‘) Uo(:L‘) 0
Ul(il,') Ul(il,') 0
2ol =AY [+ Un@)
Um_2($) Um_g(l‘)
Um_1($) Um_l(l‘) 1
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Hence, the characteristic polynomial of Agm) is pm(z) = Up(32) and it follows
immediately (see [5]) that the eigenvalues are

l
(3.2) )\1:2cos<m—j_1) forl=1,2...,m

Therefore, if X is any square matrix, then

(3.3) ﬁ X-X\I).

=1

4. THE SPECTRA

Finding the characteristic polynomials of the adjacency matrices of comparability
graphs is a hard task. The same difficulties can be met with the determinant of
special structured integral matrices (cf. e.g. [7], [8]). In this section, we focus our
attention on the characteristic polynomial of A"

Let us define

(4.1) AT () = tLpm — A,
Thus, the characteristic polynomial of Al s det AT (t).
Theorem 4.1.

(4.2) det AT () = det py, (AT (2)).

Proof. From (2.1) and (4.1) we have

AU (#) Ion
(m) Ty
det A, (1) = det ,
o

Lon Aslm) (t) mntlxmntl

To simplify the notation, from now on we write A, (t) = A&m) —tlyn and I = Ipyn.
To establish the relation (4.2), we perform block-wise row and column operations.
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First we switch the positions of the first and the second rows to obtain

det

mn+1lxmn+1

Applying the Schur complement to the determinant (cf., e.g., [6]), the previous de-
terminant is equal to

AN =1 An(t)
I A, (t) I
det I

I Au()

(m—1)m"x(m—1)m"»
We can apply the same procedure (m — 2) times more. In the k-th step we get

Pr+1(An(t))  pr(An(t))
I At I

det I

r An(t)

(m—k)m™x(m—k)m™

where pr(x) = Ur(5), Ur(x) being the Chebyshev polynomial of the second kind
defined e.g. by the three-term recurrence relation (3.1). Therefore, in the final (m—1)-
st step we obtain (4.2) as desired. O

Theorem 4.2. The eigenvalues of Agﬁ)l are of the form
A+ A,

where \ is an eigenvalue of AU™ and A Is an eigenvalue of Agm) defined as in (3.2).

Proof. From (3.3) we have

(A’ELM) (t) - )\lIm”)'

s

P (AT (1)) =

=1
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Applying now (4.2), we obtain

det AV (8) = [ det(AS™ () = NiLonn).
=1

This means that all eigenvalues of Ag:i)l have the form A + ); for an eigenvalue X of
AT, O

Corollary 4.3. If \1,...,\, are the eigenvalues of Ai"”, as in (3.2), then the
spectrum of AS[’” consists of the real numbers

Xiy £...+ N, foripe{l,...,m}.

Corollary 4.4. The largest eigenvalue of Aslm) is

T
2n cos (—)
m—+1

Obviously, the multiplicity of the largest (and the lowest) eigenvalue of AS[’” is
1. In fact, the value symmetric to any eigenvalue of Aslm) is also an eigenvalue with
the same multiplicity. In the next section, we will give a more detail account on the
spectra and on the eigenvalue multiplicity of AS[’” for m = 2, 3.

5. EXAMPLES

We start this final section considering m = 2. In this case the poset 737(12) is
commonly known as the Boolean algebra of rank n.
By Corollary 4.3, Af) has n + 1 distinct eigenvalues, and they are of the form

+14... 41,
—_———

n

ie.,

n—2k, fork=0,1,...,n.

We can display them in the triangle, for each n,

n=>0 0

n=1 -1 1

n=2 —2 0 2
n=3 -3 -1 1 3
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The multiplicities are, respectively,

n=>0 1
n=1 1 1
n=2 1 2 1

n=3 1 3 3 1

which corresponds to the Pascal triangle, i.e., the multiplicity of the eigenvalue n—2k
is (Z) for k = 0,1,...,n. These results were also obtained in [4] by a different
approach.

Let us now consider 777(13). From Theorem 4.2 we get

n=>0

n=1 —\/5
n=2 —-2V2 -2
n=23 —-3v2 —2v2 —V2

In fact, the eigenvalues of AS’) are of the form +kv/2, for k = 0,...,n, and, in this
case, the multiplicities are, respectively,

n=>0 1

n=1 1 11

n= 1 2 3 2 1
n=3 1 3 6 76 3 1

In general, we may state the following proposition:

Proposition 5.1. For k = 0,...,n, the multiplicity of the eigenvalue +kv/2 of
AS’) is

L2z

> L))

Proof. The multiplicity of kv/2 coincides with the number of all possible ways
in which the nonnegative integer k can be decomposed as a sum of n summands 1,
0 or —1, bearing in mind that here we do not apply commutative rule. In general,
we consider all sums of the form

1+...+14+04+...4+0+(-1)+...+(-1),
k+1 n—k—21 1
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and the number of them is

()

The greatest integer [ is determined by the condition: k + 21 < n, i.e., when [ =

|2(n — k)]. Summing up all possibilities we reach the desired conclusion. O
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