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Abstract. Let Pj, denote a path with k edges and AKp,n denote the A-fold complete
bipartite graph with both parts of size n. In this paper, we obtain the necessary and
sufficient conditions for AKn,» to have a balanced Pj-decomposition. We also obtain the
directed version of this result.
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1. INTRODUCTION AND PRELIMINARIES

Let Z be a family of edge-disjoint subgraphs of a multigraph H. If every edge of
H appears in some member of 2, then & is a decomposition of H. A decomposition
2 of a multigraph H is balanced if each vertex of H belongs to the same number
of members in Z. For a multigraph G, a decomposition Z of a multigraph H is a
G-decomposition of H, if every member of & is isomorphic to G. For multidigraphs
G and H, the following terms are similarly defined: a decomposition of H, a balanced
decomposition of H and a G-decomposition of H.

Let G be a multigraph. We use the symbol G* to denote the multidigraph obtained
from G by replacing each edge e by two arcs with opposite directions. For a positive
integer A\, AG denotes the multigraph obtained from G by replacing each edge e by
A edges each of which has the same endvertices as e. For a multidigraph G, \G is
similarly defined. For a positive integer k, let Pj denote a path with k edges, and 17;;
a directed path with k arcs. Let K,, denote the complete graph on n vertices, and
K1, n, the complete bipartite graph with parts of sizes n1, ng, respectively.

The balanced Pj-decomposition problem of AK,, was solved by Huang [3] and Hung
and Mendelsohn [2], [4], independently. The balanced Ii—decomposition problem of
K} for even k was solved by Bermond [1], [2]. Furthermore, Yu [6] obtained a
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necessary and sufficient condition for Pj-factorization of AK,, ,, (the Py-factorization
is a special type of the balanced Py-decomposition). Recently, Shyu [5] settled the
Py-decomposition problem of MK, ,, with the sole exception of A = 3, n = 15 and
k = 27. In this paper the balanced Pj-decomposition of AK,, , and the balanced

F;;—decomposition of AK}, ,, are investigated. We obtain the following results:

Theorem 2.6. \K, ,, has a balanced Pj-decomposition if and only if k < 2n —1
and (k+ 1)An =0 (mod 2k).

Theorem 2.7. AK , has a balanced F;;—decomposjtion ifand only if k < 2n—1
and An =0 (mod k).

2. BALANCED FP,-DECOMPOSITIONS OF AK, ,,

In this section we investigate the balanced Pj-decomposition of AK,, ,,. A multi-
graph G is r-regular if each vertex of G is incident with r edges. Obviously AK, ,,
is An-regular. We begin with a necessary condition for the existence of a balanced
decomposition.

Proposition 2.1 [1; pp. 45-46]. Suppose that G is a multigraph of order ny, size
e1, and H is a multigraph of order no, size es. If H has a balanced G-decomposition
then nies = 0 (mod ngey).

The above proposition implies a necessary condition for a regular multigraph to
have a balanced decomposition.

Corollary 2.2. Suppose that G is a multigraph of order ny, size ey. If an r-regular
multigraph has a balanced G-decomposition, then nir = 0 (mod 2ey).

Now a necessary condition for a regular multigraph to have a balanced path de-
composition follows.

Corollary 2.3. If an r-regular multigraph has a balanced Py-decomposition, then
(k+ 1)r =0 (mod 2k).

For our discussions in this section, we introduce the following terms and notations.
For a positive integer n and an integer k, the notation k£ (mod n) denotes the integer
Iwith0<Il<n-—1and! =k (modn). For example, 22 (mod 5), 23 (mod 5),
24 (mod 5), 25 (mod 5), 26 (mod 5) denote 2, 3, 4, 0, 1, respectively. Let (A, B)
be the bipartition of the bipartite graph AK,, , where A = {ag,a1,...,an—1} and
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B = {bo,b1,...,bp_1}. The subscripts of a; and b; will always be taken modulo n.
For any edge a;b; (0 < 4,j < n—1)in AK, ,, the label of a;b; is (j — i) (mod n).
Thus the label of a;b;is j—7if0<i<j<n—-1,andis j—i+nif0<j<i<n—1.
Note that all the A edges joining a; and b; have the same label.

Let G be a multigraph. For z,y € V(G) with = # y, we use mg(z,y) to denote
the number of edges joining x and y in G. If zy is an edge of G, mg(x,y) is called
the multiplicity of the edge zy in G.

Let G be a subgraph of AK, , with vertex set V(G) and edge set F(G), and
let » be a nonnegative integer. Then G + r denotes the subgraph of AK,, , with
vertex set {ait,r: a; € V(G)} U {bj1r: b; € V(G)} and edge set {a;4rb;qr with
multiplicity p;;: a;b; € E(G) with multiplicity p;;}. Further G4, denotes the sub-
graph of A\K,, , with vertex set {a;: a; € V(G)} U{bj1r: b; € V(G)} and edge set
{a;b;+r with multiplicity p;;: a;b; € E(G) with multiplicity p,;}.

Suppose that G1, G, ..., G; are subgraphs of a multigraph. We use G1+G2+. ..+
G; to denote the multigraph S with vertex set V(S) = LtJ V(G;), and for z,y €
V(S) with « # y, mg(z,y) = i ma, (z,y) (in case = or Zy 1is not in V(G;), we let
mg, (z,y) = 0). The graph Gl—liG}Q—l—. ..+Gy is called the edge sum of G1, G, ..., Gy,

t
and is also denoted by > G;.
i=1

Lemma 2.4. Suppose that () is a subgraph of AK,, ,, containing k edges which

have the respective labels a (mod n), (a+1) (mod n), (a+2) (mod n),...,(a+k—1)
t—1
(mod n). Let t be a positive integer with tk < An. Then Y Qi is a subgraph
i=0
of \K,, ,, containing tk edges which have the respective Iabels a (mod n), (a + 1)
(mod n), (a4 2) (mod n),...,(a+tk—1) (mod n).
t—1

Proof. Let G be the multigraph E Qi Since each Qi (1=0,1,...,t—1)
is a subgraph of AK,, ,, G is a subgraph of tAK,, . Further, since each Q1 (i =
0,1,...,t — 1) contains k edges, G contains tk edges. The fact that the edges of Q
have labels a (mod n), (a+1) (mod n),...,(a+k—1) (mod n) implies that the edges
of Q4 have labels (a+k) (mod n), (a+k+1) (mod n),...,(a+2k—1) (mod n), the
edges of Q4o have labels (a 4+ 2k) (mod n), (a + 2k + 1) (mod n),...,(a + 3k —1)
(mod n),..., and the edges of Q4 ;—1)x have labels (a + (t — 1)k) (mod n), (a +
(t—1)k+1) (mod n),...,(a+tk —1)(modn). Thus the edges of G have labels a
(mod n), (a+1) (mod n),...,(a+tk —1) (mod n). Now we show that G is in fact
a subgraph of AK,, ,. In G, there are either |tk/n| or [tk/n] edges (multiplicities
being considered) with labels ¢ for each i = 0,1,2,...,n — 1. Thus each edge in G
has multiplicity < [tk/n] < A, which implies that G is a subgraph of AK,, ;. O
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Lemma 2.5. Suppose that G is a subgraph of AK,, , containing exactly \; edges
n—1
(multiplicities are counted) with label i, i = 0,1,...,n —1. Then > (G +7r) is a
r=0
subgraph of \K,, , with the property that each edge with label i has multiplicity A;.
n—1
Proof. Let S = > (G+r). Suppose that e is an edge with label i. Let

r=0

e = apbp4i, for some 0 < k <n — 1. Then

n—1 n—1
mis(ar,bii) = Y marr(ar, beri) = > me(@k—r, beyir) = Ai.
r=0 r=0

Thus each edge in S with label ¢ has multiplicity A;. Since A\; < A, S is a subgraph
of AK,, p. O

Letting \g = A1 = A3 =...=A,_1 = A in Lemma 2.5, we have

Lemma 2.6. Suppose that G is a subgraph of AK, ,, containing exactly A\ edges
n—1
(multiplicities being counted) with labels i, i = 0,1,...,n— 1. Then > (G+7r) =
r=0
AK .

The following lemma is trivial.

Lemma 2.7. Let G be a subgraph of AK,, ,, and let G have v vertices in A =
{ap,a1,...,an—1}. Suppose that G, G+1,G+2,...,G+(n—1) are distinct subgraphs
of \Ky . Let F ={G+7r: r=0,1,2,...,n —1}. Then for each a € A, a belongs
to v members in F. O

Now we prove the main result of this section.

Theorem 2.8. AK, ,, has a balanced Pj-decomposition if and only if k < 2n —1
and (k+ 1)An =0 (mod 2k).

Proof. (Necessity) The required inequality is trivial. The required congruence
relation follows from Corollary 2.3 since AK,, ,, is a An-regular multigraph.
(Sufficiency) The assumption (k + 1)An = 0 (mod 2k) implies An = 0 (mod k). Let
An = pk where p is a positive integer. We distinguish two cases: Case 1. k is odd,
Case 2. k is even.

Case 1. k is odd.

Let @ be the walk buagbﬁaubwau ...bg_sa1b_1ag. Since i < n,

we see that the vertices bk 1 bk+1 bk+3 bk 2, b1 are distinct, and so are the
2
vertices Ar_1, k3,055, .. al,ao Thus Q is a path of length k. We see that @
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consists of edges with labels 0,1,2,...,(k — 1) (mod n). Let G be the edge sum
Q+ Qur + Quor + ... + Qyp—1)k- By Lemma 2.4, G is a subgraph of AK,, ,
consisting of edges with labels 0,1,2,..., (pk — 1) (mod n), and hence with labels
0,1,2,...,(An —1) (mod n). Thus for each i € {0,1,...,n — 1}, G contains exactly
A edges (multiplicities being counted) with label i. Thus

n—1
AK o = Z(G +7) (by Lemma 2.6)

r=0
n—1

= Z((Q + Qi+ -+ Qip—1)r) +7)
r=0
n—1

=> Q471+ Qe +71) 4+ (Quipryk + 7).

r=0

Thus MK, , can be decomposed into the following paths of length k: Qi + 7
(t=0,1,...,p—1;r=0,1,....,.n—1). Let F={Qqi+7: i=0,1,...,p—1;r =
0,1,...,n —1}. Then F is a Py-decomposition of MK, ,. Now we check that the
decomposition F' is balanced. Since @ has % vertices in A, so does each Q)
(i =1,2,...,p—1). By Lemma 2.7, for each a € A,a belongs to p&t:

2
in F. Similarly, since ) has % vertices in B, for each b € B, b belongs to p

members
k+1
2
members in F. Thus F' is balanced.
Case 2. kis even.

Since (k+1)An =0 (mod 2k) and An = pk, we have (k+ 1)p =0 (mod 2), which
implies p = 0 (mod 2). Let @ be the walk agbga§71b§+1a§72bg+2 ...a1bg_1ag.
Since k < 2n — 1 and k is even, we have % + 1 < n, which implies that the vertices
Ak,Qk 1,0k _o,...,a1, ag are distinct, and so are the vertices bx,bx 1,0k, 5,...,

2 2 2 2 2 2
br—1. Hence @ is a path of length k. We see that () consists of edges with labels
0,1,2,...,(k = 1) (mod n). Since pk = An, we have £k < An. By Lemma 2.4,
Q+ Qik+ Qior + ..., Q+(§—1)k is a subgraph of AK,, , of which the edges have
labels 0,1,2,...,(5k —1) (mod n).

Let R be the Walk b(%+%)k71a%71b(%+%)kagi2. ..b(%+1)k,2a0b(g+1)k,1. Then
R is a path of length k consisting of edges with labels £k (mod n),(5k + 1)
(mod n), (§k + 2) (mod n),...,((5§ + 1)k — 1) (mod n). Again, by Lemma 2.4,
R+ Ryx + Ryor + ..., Ry(z 1), Is a subgraph of MK, ,, the edges of which have

labels £k (mod n), (5k + 1) (mod n), (5k +2) (mod n),...,(pk — 1) (mod n).

Lt G =Q+Q+r + Qi +.. . +Quz_1)p + R+ Ryp+ Riop + ...+ Ryz_1yr-
Then the edges in G are with labels 0,1,...,(pk — 1) (mod n). Since pk = An, G
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contains exactly A\ edges with label ¢ for each i = 0,1,2,...,n — 1. Thus

n—1

MK, = Z(G +7) (by Lemma 2.6)
r=0
n—1
Z((Q +Qikt+ o+ Quz_p+ RYRip+ ...+ Rz _qy) +7)
r=0
n—1
= Z((Q +7) + (Qur +7)+ (Q+( —1k+T)

r=0

+(R+7)+ (Ryp+7)+. .+ Ry + 7))

Hence AK, ,, is decomposed into the following paths of length k: Qrip +1 (1 =
0,1,....5-1;r=0,1,...,n—1),and Ry +r (i =0,1,...,5-1;r=0,1,...,n—1).

Let 1 ={Qyix +7r: i=0,1,.... 5 -1;r=0,1,....,n—1}, b ={Rygy +7r: i =
0,1,...,5=1;7=0,1,...,n—1}, and let F = F1UF,. Then F is a Py-decomposition
of AK,, . Now we check that the decomposition F' is balanced. Since ) has % +1
vertices in A and ’5 vertices in B, by an argument similar to Case 1, for each a € A,
a belongs to £ ( + 1) members in F, and for each b € B, b belongs to 55 members
in Fj. Similarly, since R has & 5 vertices in A and & 5 + 1 vertices in B, for each a € A,
a belongs to 55 members in Fy, and for each b € B, b belongs to B(E + 1) members
in F,. Consequently, for each z € AU B, x belongs to £(k+1) members in F'. Hence
F' is balanced. O

3. BALANCED Pj-DECOMPOSITIONS OF AK}

In this section we investigate the balanced ng—decompositions of AK}, ,. We intro-
duce some terms and notations which are similar to those in Section 2. Let (A, B)
be the bipartition of AK}; | where A = {ag, a1, ..., an-1} and B = {bg, b1,...,bn-1},
and the subscripts of a; and b; will always be taken modulo n. Now label the

—
arcs in AK,, ,. First, assign labels 0,1,2,...,n — 1 to arcs of the form a;b;. For

0 < 4,7 < n—1, the label of c?b; is (j —¢) (mod n). Next we assign labels

0,1,2,...,n—1 to arcs of the form Z;a_; by the following rule: when the label of
— — _ — —
a;b; is t, assign b;a; the label t. For example in 3K§,67 the labels of asbs and aszb;
are 2 and 4, respectively, and the labels of bsas and bias are 2 and 4, respectively.

Suppose that G is a multidigraph. For z,y € V(G) with = # y, we use mg(z,y)
to denote the number of arcs from z to y in G. If Ty is an arc of G, mg(z,y) is
called the multiplicity of z7 in G.
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Let G be a subdigraph of MK} = with vertex set V(G) and arc set E(G), and
let  be a nonnegative integer. Then G + r denotes the subdigraph of AK , with

,n

vertex set {a;1r: a; € V(G)} U {bjyr: b; € V(G)} and arc set {ajt,bj4,r with

n

multiplicity fu;;: ch; € E(G) with multiplicity p;;} U {Im with multiplicity
0ji: l;a_; € E(G) with multiplicity ¢;;}. Further, G, denotes the subdigraph of
AK , with vertex set {a;: a; € V(G)} U{bjy,: b; € V(G)} and arc set {m
with multiplicity f;;: c;b; € E(G) with multiplicity p;;}U {lm with multiplicity
0ji Z;GZ € E(G) with multiplicity 0j;}.

Suppose that G1,Ga,...,G; are subdigraphs of a multidigraph. We use G; +
G2 + ...+ G; to denote the multidigraph S with vertex set V(.S) = Ltj V(G;), and
for x,y € V(S) with = # y, mg(x,y) = Zt: me, (z,y) (in case x or y isZ:nlot in V(G;),
we let mg,(z,y) = 0). The graph Gll:—ll— Gy + ...+ G, is called the arc sum of
G1,Ga,..., Gy, and is also denoted by ‘Zt:IGi.

i=
Now consider the balanced ]?k)—decomposition of AK}, . The following three lem-
mas being similar to Lemmas 2.5-2.7, we omit the proofs.

Lemma 3.1. Let G be a subdigraph of \K}, ,,. Suppose that fora =0,1,...,n—1,

0,1,...,n—1, G contains exactly \, arcs (multiplicities being counted) with label
n—1
o where A, < A\. Then }_ (G +r) is a subdigraph of AK}; , with the property that

r=
each arc with label a has multiplicity A\, .

Letting Ay = A for a =0,1,...,n —1,0,1,...,n — 1 in Lemma 3.1, we have

Lemma 3.2. Suppose that G is a subdigraph of AK, ,,. For a =0,1,...,n —1,

0,1,...,n — 1, G contains exactly \ arcs (multiplicities being counted) with label .
n—1

Then (G +r) =AK, .
r=0

Lemma 3.3. Let G be a subdigraph of AK}, ,, and let G have v vertices in
A = {ao,a1,...,an_1}. Suppose that G,G+1,G+2,...,G+ (n — 1) are distinct
subdigraphs of \K}; ,,. Let F'={G+r: r=0,1,2,...,n—1}. Then for each a € A,

a belongs to v members in F.

Now we prove the main result of this section.
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Theorem 3.4. AK, , has a balanced F;;—decomposition ifand only if k < 2n—1
and An =0 (mod k).

Proof. (Necessity) The required inequality is trivial. Now we prove the required
congruence relation. Removing the directions from the arcs of directed paths in the
balanced E)—decomposition of AK}, ,, we obtain a balanced Pj-decomposition of
2MK,, 5. By the necessity condition of Theorem 2.8, (k 4+ 1)2An = 0 (mod 2k), and
hence An =0 (mod k).

(Sufficiency) Let An = pk where p is a positive integer. We distinguish two cases:
Case 1. 2k | (k+ 1)An, Case 2. 2k 1 (k + 1)An.

Case 1. 2k | (k+ 1) n.

Since k < 2n — 1, by Theorem 2.8 there exists a balanced Pj-decomposition of
MK, n. Replacing each edge in MK, ,, by two arcs with opposite directions, we obtain

AK

nn» and any Py in AK,, , becomes two F;;’s with opposite directions in AK
Thus we obtain a balanced H;—decomposition of AK7, .

Case 2. 2kt (k+ 1) n.

Since An = pk and 2k t (k + 1)An, we have 2 { (k + 1)p, which implies that p is
odd and k is even.

Let @ be the directed walk axbrar bk 0k _obsy...a1bg_1a0. Since Er1<
n, we see that the vertices Ak 0k 1,0k _9,...,01,00 are distinct, and so are the
vertices bg,bgﬂ,bgﬁ,...,bk_l. Hence @ is a directed path of length k. We
see that the arcs of @ have labels 0,1,2,3,...,(k — 2) (mod n), (k—1) (mod n),
the arcs of Q4+, have labels k& (mod n), (k+1) (mod n), ..., (2k — 2) (mod n),
(2k — 1) (mod n), the arcs of Q1ox have labels 2k (mod n), (2k 4+ 1) (mod n), ...,
(3k—2) (mod n), (3k — 1) (mod n), ..., and the arcs of Q1 (,_1)x have labels (p—1)k
(mod n), ((p— 1)k +1) (mod n), ..., (pk—2) (mod n), (pk — 1) (mod n). Thus the
arcs of Q + Q4 +Q2r + ... + Q4 (p—1)x have labels 0,1,2,3,...,(pk —2) (mod n),
(pk — 1) (mod n).

Let R be the directed walk bg_lag_lbgag_z ...bg_9agbg_1. Then R is a directed
path of length k. We see that the arcs of R have labels 0,1,2,3, ..., (k — 2) (mod n),
(k — 1) (mod n), the arcs of Ry have labels k& (mod n), (k + 1) (mod n), ...,
(2k —2) (mod n), (2k — 1) (mod n), the arcs of R,y have labels 2k (mod n),
(2k + 1) (mod n),...,(3k —2) (mod n),(3k — 1) (mod n),..., and the arcs of
R (p—1)x havelabels (p — 1)k (mod n), ((p—1)k+1) (mod n), ..., (pk —2) (mod n),
(pk — 1) (mod n). Thus the arcs of R+ Ryj + Rior + ... + Ry (,—1)x have labels
0,1,2,3,...,(pk —2) (mod n), (pk — 1) (mod n).

Lt G=Q+Qur+Qion+ ...+ Qrp-1p + R+ Rik + Riop + ...+ Ryp1yi-
From above we see that the arcs in G have labels 0,1,...,(pk — 1) (mod n) and
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0,1,...,(pk — 1) (mod n). Since pk = An, G contains exactly A edges with label «
for each o = 0,1,...n—1,0,1,...,n — 1. Thus

n—1
K, = Z(G +7) (by Lemma 3.2)

r=0
n—1

= Z((Q +Qur+ ...+ Q+(p71)k +R+Ryp+...+ RJr(p,l)k) +7)
r=0
n—1

= Z((Q +7)+ (Qix+7)+ o+ (Qup—1yp +7)
r=0
FRA) + (R +1) oo+ (R + 1)

Hence AK}, ,, is decomposed into the following directed paths of length k: Q4ix+7
i=0,1,....,p—1;r=0,1,...,n—1), Ry +r (i =0,1,...,p—1;7=0,1,... ,n—1).

Let F1 ={Q+i+7:i=0,1,...,p—1;r=0,1,....n—1}, Fo ={Ryyp +7r: i =
0,1,...,p—1;r=0,1,...,n—1},and F = F; U Fy. Then F is a F;;—decomposition
of AK}, ,. Now we check that the decomposition F' is balanced. Since @) has k1
vertices in A and g vertices in B, by Lemma 3.3, for each a € A, a belongs to p(% +1)
members in F}, and for each b € B, b belongs to pg members in F}. Similarly, since
R has % vertices in A and % + 1 vertices in B, for each a € A, a belongs to pg
members in Fy, and for each b € B, b belongs to p(% + 1) members in Fy. Thus for
each x € AU B, z belongs to p(k + 1) members in F. Hence F is balanced. O
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