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Abstract. On the ring R = F[z1,...,zn] of polynomials in n variables over a field F'
special isomorphisms A’s of R into R are defined which preserve the greatest common
divisor of two polynomials. The ring R is extended to the ring S: = F[[z1,...,zs]]T and
the ring T': = F[[x1,...,xn]] of generalized polynomials in such a way that the exponents
of the variables are non-negative rational numbers and rational numbers, respectively. The
isomorphisms A’s are extended to automorphisms B’s of the ring S. Using the property that
the isomorphisms A’s preserve GCD it is shown that any pair of generalized polynomials
from S has the greatest common divisor and the automorphisms B’s preserve GCD . On
the basis of this Theorem it is proved that any pair of generalized polynomials from the
ring T = F[[x1,...,2n]] has a greatest common divisor.

Keywords: polynomials in several variables over field, generalized polynomials in several
variables over field, isomorphism of the ring of polynomials, automorphism of the ring of
generalized polynomials, greatest common divisor of generalized polynomials
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0. INTRODUCTION

In this paper special isomorphisms A = A(mq,...,my) (m1,..., m,, are positive
integers) of the integral domain R = Fz1,...,%,] of polynomials over a field F' in
the indeterminates z1,. .., z, into R are defined and it is shown (Theorem 2.4) that
these isomorphisms preserve the greatest common divisor of two polynomials from R.

The integral domain R = F[z1,...,x,] is extended to the integral domain S =
Fllx1,...,2,]]7 and T = F[[z1,...,2y,]] of generalized polynomials in such a way

Published results were acquired using the subsidization of the Ministry of Education,
Youth and Sports of the Czech Republic, research plan MSM0021630518 “Simulation
modelling of mechatronic systems”.
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that the exponents of the indeterminates are non-negative rational numbers and
rational numbers, respectively.

Each isomorphism A = A(mi,...,m,) is extended in the natural way to the
automorphism B = B(my,...,m,) of the ring S and, using Theorem 2.4, we prove
(Theorem 3.4) that any pair of generalized polynomials from S has a greatest common
divisor (GCD) in S and the automorphism B preserves GCD.

In conclusion, the GCD-Existence Theorem (Theorem 4.6) is shown for the
ring T = F|[[z1,...,z,]] by applying the previous theorem to the ring S =
Fllx1,...,z0]]T

Investigation of this topic is motivated by the concept of derivative and integral
of real order (the order is a real number) appearing in engineering applications [1],
[3]. This will be described in greater detail in the paper [4], which is being prepared.

0.1. Notation.

Throughout this paper, F' denotes a field and R = Flz1,...,z,] the integral
domain of polynomials over the field F' in the indeterminates x1,...,x, (n is a
positive integer).

It is well known that R = F[z1,...,x,] is a unique factorization domain (UFD)
and, therefore, any pair of elements of R has a greatest common divisor (GCD). The
group of units U(R) of the ring R equals the group F* of non-zero elements of the
field F. If f € R, f # 0, then we can write f uniquely (after possible relabeling) in

the form
N
f= Z tia,
i=1
where N is a positive integer, t1,...,ty € F* and «q,...,ay are mutually different
monomials in Flzy,...,2,]. We call the monomial «; (1 < ¢ < N) a monomial of

the polynomial f.
A ring will designate an integral domain.
If R is a ring, then U(R) denotes the group of units of R and R* := R\ {0z }.
For a,b e R
alb
R

denotes element a dividing element b in the ring R.

If the pair (a,b) has a greatest common divisor (GCD) in the ring R, then it
is determined uniquely up to a multiple of a unit of the ring R. For the sake of
simplicity and without danger of misunderstanding we will denote it by (a,b)x.

In addition, we use the following common notation:

N,Np, @, Q% is the set of all positive integers and non negative integers,

rational numbers, non-negative rational numbers, respectively.
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In this paper, only the basic notions and theorems of commutative algebra are
used, which are presented for example in the books [2], [5].

1. SPECIAL ISOMORPHISMS OF THE RING F[z1,..., %]
Notation 1.1. Let mq,...,m, be positive integers. If « = 7" ... 2% (uq,...,
un € Np) is a monomial in the ring R = F[z1,...,zy,], put
Ala) = A(ma,...,mp)(a) = 2 ot

Clearly, if a, 8 are monomials in R, then

We extend the mapping a to an isomorphism from the ring R to itself as follows: If
N
f = Ztiai cR
i=1

(N eN,t; € F, oj is a monomial in R, 1 < j < N), we put

N

N
It is easy to see that the value of A(f) does not depend on the expression Y ¢;a;
j=1
and then A = A(mq,...,m,) is an isomorphism from the ring R to itself.
We put
A=AF)={A=A(my,...,mp): my,...,m, €N}
Remark. An isomorphism A = A(mq,...,m,) from A can be characterized as

the isomorphism A from the ring R to itself with the properties:
A(t)=t foreach teF

and

A(x;) =z for each 1 < i< n.

For the composition o of the isomorphisms from A, we have
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Proposition 1.2. Let a4,...,a,,b1,...,b, be positive integers. Then
A(ala AR an) 0 A(blv AR bn) = A(albla cee 7anbn)7

therefore (A, o) is a commutative monoid with a unity A(1,...,1) which satisfies the

cancellation law.

Notation 1.3. Let p be a prime. The symbol
P=P(p)=P(p,F)=Fla},xa,...,x,]

will denote the set of all f € R that can be expressed in the form
N
F=>_tjo;
j=1

n
where N €N, t; € F, aj = [[ 2", a;j €No, p|ar;, 1<j< N, 1<i<n.
i=1

Obviously, P is a subring of R and P is the image of the isomorphism A(p,
1,...,1)e 4 P=A(p,1...,1)(R).

Proposition 1.4. Let p be a prime and char F = p. Let A = A(p,1,...,1) € A.
Then, for each relatively prime f,g € R, we have

(A(f), A(9))r = 1r.

Proof. Assume that d € R, d| A(f) and d| A(g). Then there exists h,l € R
R R
such that dh = A(f) and dl = A(g). It follows that

@he = A(fP), P = A(gP).

Since char F' = p, we have dP, h?,IP € P(p) and, applying the isomorphism A1, we
get
[P = ATN@) - ATV P), g = AP ATN).

Since (f?,g?)r = 1g, the polynomial A=1(dP) is a unit of R, therefore A=!(dP)
t€ F*and d? = A(t) =t € U(R). The result follows.

ol
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Notation 1.5. Let f = f(z1,...,2,) € R and f = Zt aj, where N € N,

1<i<n,1<j<N. We define for 7 € F the polynomlal f(m:l,..., n) € R as
follows:

N
flray, ... zp) = thraljaj.
j=1

In addition we need the following lemma, which can be proved by the usual tech-
nique.

Lemma 1.6. Let f = f(z1,...,zn), g = g(x1,...,2,) € R and h = fg =
h(z1,...,z,) € R. Then, for T € F, we have

flray,..o,xn)g(Tee, . 2n) = R(T21, .., 20).

2. THE SPLITTING FIELD OF THE POLYNOMIAL 2P~ ' 4+ 2P~ 2 4+ . 4+ 2 +1

Assumptions and notation 2.1. In this section we assume that p is a prime,
char F # p and E is the splitting field of the polynomial () := 2P~ 1 +2P~2 4 ... +
x4+ 1 over F.

Clearly

(1) Flal,za,...,z,) = P(p, F) = Flx1,...,2,] N P(p, E)
=RNP(p,E)=Flz1,...,z,| N E[z], 22,...,3,].

Let € € E be a root of ¢(x) in the field E. Then e # 1, &' (1 <i < p—1) are
different roots of the polynomial ¢(x) and the extension F O F' is Galois.

The Galois group of the extension E O F will be denoted gal(E : F) =T. We
have, for each o € T,

(2) {o(e): 1<i<p-1}={e: 1<i<p—1}.
N
We put for h € Elzq,...,z,], h = > wy, u; € E, a; amonomial in Elx1,...,x,]
i=1
and o €I':

s
Il
-

|
.MZ
2
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N
(Note that the value 5(h) does not depend upon the expression »_ w;«;.) Thus 7 is

an automorphism of the ring Elz1,...,z,] and we have =

(3) Flz1,...,zy) ={h € E[z1,...,2,]: 7(h) = h for each o € T'}.
Furthermore

(4) if x € E1,...,z,], then x € P(p, E) = E[2},22,...,x,]

if and only if x(x1,...,2,) = x(ex1, ..., 24).

Lemma 2.2. Let h € Flzy,...,2,] and h®) = h(e'xy, ..., x,) for each 0 < i <
p— 1. Then

p—1
Hh(i) € P(p,F) = Flal,xa,...,xy).
i=0

p—1
Proof. Put x = x(21,...,2,) = [[ AY. Then x € E[zy,...,z,]. Using
i=0
Lemma 1.6 for the ring Flx1, ..., z,] yields

p—1 p—1
x(ex1, ..., xn) = H h(e™ ey, .. x,) = H h(e'xy,...,zn) = x(@1,. .., Tn),
i=0 i=0

therefore x € P(p, E) by (4).
Assume o € T'. Then, according to (2),

p—1 p—1
E(X) - H E(h(gixlv s 7‘73%)) - H h(Eixla < 7xn) =X
i=0 i=0
and, by (3), x € Flz1,...,2,]. Hence x € P(p, E)N R = P(p, F) by (1). O

Remark. The monoids (A(F),o) and (A(FE),o) are isomorphic, where the iso-
morphism from A(E) onto A(F) is the restriction of isomorphisms from A(E) to the
domain Flx1,...,x,].
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Proposition 2.3. Let A = A(p,1,...,1) € A(F), f,g € R with (f,g)r = 1g.
Then

(A(f), A(9))r = 1r.

Proof. Inview of the previous remark we can consider A as an element of A(E).
Suppose that d € R, d| A(f) and d| A(g). Then there exist [,h € R such that
R R

dl = A(f) and dh = A(g). Put d = d(e'zy,...,2,), 1D = 1(e'21,...,2,), BV =
h(gizy,...,r,) for each 0 <i < p—1 and

p—1 p—1 p—1
6:Hd(i)’ )‘:Hl(i)’ X:Hh(i)-
i=0 i=0 i=0
Using Lemma 1.6 then yields

dND = A(f)(e'm1, ... 20) = A(f),
dOnD = A(g)(e'x1, ..., 2zn) = A(g),

therefore
SX=A(f7), ox = A(g").

By Lemma 2.2 §, A\, x € P(p, F) = A(R), hence
ATHOATI ) =17, ATHOATH(X) = g7

Since f, g are coprime in R, we get A=1(§) € U(R) = t € F*, therefore § =
AAY(8) = A(t) =t € U(R). This concludes the proof. O

Remark. The proof of Proposition 2.3 affords also a proof of Proposition 1.4
(under the assumption char ' = p). In fact, Proposition 1.4 can be considered as
a special case of Proposition 2.3. Then the splitting field F of the polynomial ¢(z)
over F equals F and we can put € = 1 the only root of p(x) = (z — 1)P~!. However,
for the sake of greater clearness, the case char F' = p is presented separately.

Theorem 2.4. Let A = A(my,...,m,) € A (mq,...,m, € N) and f,g € R =
Flz1,...,2y,]. Then

A((f,9)r) = (A(f); Al9))r-

Proof. I. Suppose that (f,g)r = 1g. By Proposition 1.4 and 2.3, we get the
assertion for A = A(p,1,...,1) € A where p is a prime. Since a monomial in the
ring R does not depend on the order of indeterminates, the formula (A(f), A(g))r =
1g is also valid for A = A(1,...,1,p,1,...,1) € A.

765



Let my,...,m, € N, m =my...m, # 1 and m = pi*...p;* be the canonical
decomposition of m into primes. Using Proposition 1.2, we can prove Theorem 2.4
for coprime f, g by induction on a; + ...+ a.

II. General case. Assume that (f,g)r = d. Then there exist [,h € R such that
f=4dl, g =dh and (I,h)g = 1g. Then A(f) = A(d)A(l), A(g) = A(d)A(h) and,
since A(h), A(l) are coprime by part I, the result follows. O

3. THE RING F[[z1,...,z,]]"

Definition 3.1. The notion of a polynomial over the field F' in the indetermi-
nates z1,...,x, will be generalized to the notion of a generalized polynomial over
the field F' in the indeterminates z1,...,z, with non-negative rational exponents
in such a way that the powers of indeterminates are non-negative rational numbers
and, therefore, the monomials have the form

an
n o

a +
G SR where aq,...,a, € Q™.

The set of all such generalized polynomials will be denoted F[[z1,...,z,]]T and
considered with the operations + and - defined in the same way as for “ordinary”
polynomials from F[z1,...,x,]. It can easily be proved for the generalized polyno-
mials that

Fllz1, . x0)]t = (Fllog, .. m)] T+, 0)
is an integral domain, whose subring is the ring R = Fl[xy,...,2,]. For the sake of
simplicity, we put
S = (F[[x1,...,xa)]", +,).

Definition 3.2. An isomorphism A = A(mq,...,m,) € A (m1,...,m, € N)

from R into R will be extended in the natural way to an automorphism B =

B(mi,...,my,) of the ring S, more exactly, we put, for a monomial § = xfl ooz

(b1,...,b, €QF)in S,
B(B) = B(my,...,my)(B) = x?lml .. abnmn
and

N
B(f) = B(m,...,mn)(f) =Y _t;B(3;)
j=1

N
for f=5% t;8,€S(NeN,t; €F, §;isamonomialin §,1<j < N).
j=1

The symbol B will denote the set {B = B(mq,...,my): my,...,m, € N}. It is
easy to show the following assertion:
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Proposition 3.3.
(a) For asy,...,an,b1,...,bn €N, B(ay,...,an),B(b1,...,b,) € B we have

B(ay,...,an) 0 B(b1,...,by) = B(aiby,...,anby).

(b) (B, o) is a commutative monoid with the unity B(1,...,1) satisfying the can-
cellation law which is isomorphic to the monoid (A, o). This isomorphism is the
restriction of the automorphisms from B to the domain R = Fz1,. .., Z,].

(¢) If f1,..., fx € S (k € N), then there exists B € B such that

B(f1),...B(fx) € R.

Now we will use the automorphisms from 5 and Theorem 2.4 to prove the GCD-
Existence Theorem for the ring S.

Theorem 3.4. Each pair of generalized polynomials from the ring S = F[[x1, ...,
xy,]]T has a greatest common divisor in S.
If f,g € S and B € B are such that B(f),B(g) € R = F[z1,...,2y], then

B~H(B(f). B(9)r) = (f,9)s-

Proof. Assume that B € B with B(f),B(g) € R (such B € B exists by
Proposition 3.3 (c)). Let d = (B(f),B(g9))r and w = B~!(d). We will show that
w is a greatest common divisor of {f, g} in S.

Since d| B(f), d| B(g), we have w| f, w|g, therefore w is a common divisor of f

R R s s

and g in S. Suppose that h € S with k| f, h|g. Then there exist u,v € S such that
5 s

hu = f, hv = g. By Proposition 3.3 (c), there exists C € B with C'(h),C(u),C(v) €
R, thus
BC(h)|BC(f) and BC(h)|BC(g).
R R

We get from Theorem 2.4
(BC(f), BC(9))r = (CB(f),CB(g))r = C((B(f), B(g))r) = C(d)

and then BC(h)|C(d). Thus there exists » € R with r - BC(h) = C(d). Applying
R

the automorphism (BC)~! of the ring S, we get (BC)~!(r) - h = B~1(d) = w and

h|w, which is what we wanted to prove. (Il
s
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Corollary 3.5. If f,.ge S = F|[[x1,...,7,]|" and C € B, then

(C(f),C9)s = C((f,9)s)-

In other words, the automorphisms of the ring S from B preserve the greatest com-
mon divisor of pairs of elements from S.

Proof. By Proposition 3.3(c), there exists B € B with BC(f), BC(g) € R.
Using Theorem 3.4, we obtain

BC((f,9)s) = (BC(f), BC(9))r = B((C(f), C(9))s);

which proves that
C((f,9)s) = (C(f),C(g))s-

4. THE RING Fl[z1,..., 2]

Definition 4.1. Similarly to a generalized polynomial with non-negative rational
exponents in Definition 3.1, we will define a generalized polynomial over the field F’
in the indeterminates z1,...,z, with rational exponents. The monomials have the
form

it .. xdr where aq,...,a, € Q.

Fl[z1,...,2z,]] will denote the set of all such generalized polynomials with rational
exponents and the operations + and - are defined on this set in the same way as
in the case of “ordinary” polynomials. It can be proved that F[[z1,...,2,]] :=
(F[x1,...,x4]],+, ) is an integral domain, which, for the sake of simplicity, will be
denoted T'. Then

R=F[x1,...,0,) CS = Fllz1,...,2,)]" CT = F[[x1,...,24]],

where the inclusion C is considered to be a subring.

In addition, we define the lexicographic order < of monomials in F[[z1,...,z,]] in
the usual way (under the assumption that the indeterminates z1, ..., z, are linearly
ordered.)

N

Suppose that f = > t;a; € T*, where N e N, t, e F* (1< i< N)and aq,...,ay
i=1

are mutually different monomials in 7. Let 1 < u,v < N such that «; < «,, for each

1<i< N,i#wuand a, < ; foreach 1 <7 < N, i # v. We call the monomial
term ty,qy,, tyon, the highest term in f, the lowest term in f, respectively writing
= ht(f), o = 16(f).
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It is easy to see (as for “ordinary” polynomials):
Proposition 4.2. If f,g € Fl[x1,...,2,]], f #0, g # 0, then

ht(fg) = ht(f) -ht(g), 1t(fg) =1t(f) - 1t(g)-

Proposition 4.3.

U(F[[z1,...,2s]]) = {ta: t € F*, a is a monomial in F[[z1,...,zy]]}.

Proof. Suppose f € T. If f = ta where t € F* and « is a monomial in
F[lx1,...,x,]] then, obviously, f € U(T) (f~! =t"ta™1).
N
Let f € U(T) and f = > t;a; where N € N, t; € F* and «; is a monomial in T’

i=1
for each 1 < i < N. Let ay < ay_1... < ap in the lexicographic order of the

monomials.

Assume that N > 2 and ¢ = ua, 1) = v/3 are the highest term in f~! and the lowest
term in f~1, respectively (u,v € F*, o, 3 are monomials in 7). By Proposition 4.2,
we have

L=ht(f-fH =ht(f)-ht(f!) = utiaa,
L=16(f - 1) = 16(f) - 16(f 1) = vtnPan,

therefore cay = Payy. However (since oy > an and o > ), we have aay > fBay,
which is a contradiction. Thus N = 1 and the result follows. O

Proposition 4.4. Let f,g € S = Fl[z1,...,2,]]", f #0,9g#0and § € T =
Fllx1,...,zp]]. If 6| f and &g, then there exists ¢ € U(T') such that
T T

edes, ei|f, edl|g.
s s

Proof. There exist o, € T* with ad = f and 86 = g. Let

J K L
=3t =Y uon 5w
j=1 k=1 =1
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where J,K,L € N, tj,up, vy € F* foreach 1 < j < J, 1 <Ek<K,1<I<L,and
01,...,0y are different monomials in T', . .., ax are dlfferent monomials in T, and
0B1,...,0r are also different monomials in 7T'. Let

n n
H ]1/) H lcz/)7 Hm (L)
v=1 v=1

where d(j,v), a(k,v), b(l,v) € Q, 1< j < J,1<k<K,1<I<L,1<v<n.
Suppose now that 1 < v < n is fixed and the monomials in T" are lexicographically

ordered under the assumption z,, > x, for each 1 < p < n, p # v. Let d(v) be the

exponent of z,, in the lowest term 1t(d) in the generalized polynomial §. Then

(5) d(v) <d(j,v) foreach 1<j<J.

By Proposition 4.2, 1t(f) = lt(a) - 1t(5), therefore the exponent of z, in 1t(f) is
less than or equal to d(v) + a(k,v) for each 1 < k < K. Consequently, (f € S)

(6) 0 <d(v)+a(k,v) foreach 1<k <K.
Analogously
(7) 0<d()+b(l,v) foreach 1 <I<L.

Put e = H a0 Summarizing (5), (6), (7), and 4.3 we have € € U(T') and

V=

ed; = H xg(jﬂ/)—d(l’) €S foreach 1<j<J,
v=1

n
e tay, = H xﬁ(”H“(k”’) €S foreach 1<k <K,
v=1

n
e B = H g+ e g for each 1 <1< L,

v=1

which implies e € S, e7la € S, e 13 € S. Since (¢0)(e ta) = f and (¢6)(e713) =
g, we get 0| f and £§|g, which is what we wanted to prove. O
s s

Before stating and proving the GCD-Existence Theorem for the integral domain
T = F[[z1,...,zy]], we prove a general theorem for rings satisfying the property
given in Proposition 4.4.

770



Theorem 4.5. Let S be a subring of an integral domain T and let, for any
f,g€8*, 6§ €T, the following implication be valid:

d|f, 0|g=3e€U(T) such that £J| f, €J]g.
T T s S

Then we have
ifl,heSandd=(l,h)s, thend = (I,h)r

Proof. Assume that,h € §* and d = (I, h)s. Since d|l, d|h, we see that d |,

d | h as well. ° e .
Let 0eT,o | land ¢ | h. By the assumption of the Theorem, there exists e € U(T)
such that €0 € S gd |Z and ed | h. This yields &6 | d, thus d = (I, h)7 and we are done.
]

Theorem 4.6. In the integral domain T = F[[x1,...,x,]], each pair of elements
has a greatest common divisor.

If f,g € T and n € U(T) with nf,ng € S = Fl[x1,...,2,]]T, then (f,g)r =
(nf,ng)s-

Proof. Let f,g €T andlet n € U(T) with nf,ng € S (obviously such 7 exists).
By Theorem 3.4, there exists a greatest common divisor d of nf, ng in S.

Setting S = S and 7 = T and applying Theorem 4.5 (the assumption of The-
orem 4.5 is valid by Proposition 4.4), we obtain d = (nf,ng)r. Thus d = (f, g)r.
This completes the proof. ([
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