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Abstract. For a given sequence a boundedly expressible set is introduced. Three criteria
concerning the Hausdorff dimension of such sets are proved.
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1. INTRODUCTION

Following Erdés [2] we say that for a given sequence {a,}72; the set

oo
1
Xp{an}o, = {x €R: K eN3I{ea}ply, cnefl,... . K} 2= }
e @nCn
is its boundedly expressible set. In [2] it is shown that if lim ai/Qn =o0 and a, € N

n— oo

for all n € N then Xp{a,}52,; does not contain any rational number. It appears to
be the case that in general evaluating the Lebesgue measure or Hausdorff dimension
of the set Xp{a,}52, is not easy. In this paper we give conditions on {a,}5>; to
ensure that the Hausdorff dimension of the set Xp{a,}32 is zero. We prove the
following.

Theorem 1. Let {b,]}72, be a non-decreasing sequence of positive integers such
(o)

sllogy 7]
that b, = O(22"*). Then dimXB{bn 42 } _o

n=1
It is unknown to the authors if there exists a sequence of real numbers such that its
boundedly expressible set has Hausdorff dimension greater than zero and Lebesgue
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measure zero. For sequences which converge to infinity slower than {22" }:;1 Hancl
in [3] proved the following theorem.

Theorem 2. Let {a,}52, be a sequence of positive real numbers and let K be a
positive integer. Assume that F: N — R¥ is a function such that F(n) < n,

oo
an < K" and 2P0 <o
n=1

Put
1

B .= —
4 Z Q—F(n)
8Klay + 1] [2 = )

Then for every number x € (0, B] there is a sequence {cy}52,; C N such that z =
o0

> 1/ancy.

n=1

2. MAIN RESULTS

We start with the theorem which is the basis for the other results.

Theorem 3. Let ¢ be a positive real number. Assume that {a,}>2, is a non-
decreasing sequence of positive integers such that

2(1+¢)logT,

1 L := liminf € 10,1),

(1) i inf = [0,1)
where T,, =lem(ay, ..., an—1), and that for every sufficiently large n
(2) an = n'Te.

Then dim Xp{a,}>2, < L.

Theorem 1 follows immediately from the following more general result.
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Theorem 4. Let ¢ be a positive real number. Assume that {a,}>2, is a non-
decreasing sequence of positive integers such that

log a,—
(3) lim inf 2891

n—00 log a.,

=0
and that for every sufficiently large n
(4) an = ntte.

Then dim Xp{a,}>2; = 0.

logs n]

Example 1. Set A := 1.1 and a,, := [2‘42 + n] From n < 1.82 x 24" we
obtain for K = 3 and F(n) = nlog, 2/A that a, < K22~ Theorem 2 implies
that for every x € (0, =55 | there is a sequence {c,, }52; of positive integers such that

oo
x =Y, 1/anc,. Theorem 4 implies that for almost every x such sequence {c,}>2
n=1
must be unbounded.
In the case that the sequence {a, }52; is of the Cantor type we can use the following

criterion.

Theorem 5. Let A, B, S and € be a positive real numbers such that S > 1 and
(2/S)(A/B)((1+¢)/e) < 1. Let {an}5>, be a sequence of positive integers such
that a,, divides a,+1 for every n € N. Suppose that for every sufficiently large n

(5) an = n'Te
Assume that for infinitely many N
(6) an—1 < 9ASY ™ and an = 9BS™

Then dim Xp{a,}22, < (2/5)(A/B)((1 +¢)/e).

Let us note that Theorem 5 also holds in the case when A > B. The authors do
not know how to find non-trivial lower bounds for Xpg.

Corollary 1. Let A, B and S be positive real numbers such that S > 1 and
(2/S)(A/B) < 1. Let{a,}22, be a sequence of positive integers such that a,, divides
an41 for every n. Assume that a,, > 2" for every sufficiently large n. Suppose that
an—1 < 2A4SM ™ and an = 285" for infinitely many N. Then dim Xp{a,}52; <

(2/5)(A/B).

Example 2. Let S > 2. As an immediate consequence of Corollary 1 we obtain
i X (2004005} < 8.
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Corollary 2. Let A > 0 and S > 2. Let {a,}52, be a sequence of positive integers
such that a,, divides a,, for everyn € N. Assume that aj, > 2F for every sufficiently
large k. Suppose that any < 24S™ for infinitely many N and ay; > 245 for infinitely
many M. Then dim Xp{a,}22, < 2/S.

Corollary 3. Let 0 < B < A and S > 2B/A. Let {a,}>2, be a sequence of
positive integers such that a,, divides a,4+1 for every n and 285" < a, < 245" for
every sufficiently large n. Then dim Xp{a,}5>, < (2/S5)(A/B).

Example 3. Let S > 2. Corollary 3 implies that dim XB{2[S”]}ZO=1 <2/8.

3. PROOFS

We need the following classical Jarnik-Besicovitch Theorem which can be found
for example in [1]. See also [4].

Theorem 6. Let o > 2. Then the Hausdorff dimension of the set of all positive
real numbers x such that for infinitely many pairs (p,q) € N

=-2l<;
I il

ql q*
is equal to 2/a. In other words,

[e ) e} [e )
1

am N UUQG-or ) =o

N=1g=N p=1

Proof of Theorem 3. Let § > 0 be a sufficiently small real number. Let K € N
and let {¢,}22; be a sequence of integers such that ¢, € {1,..., K} for each n € N.
Let N be a sufficiently large integer. Then from (2) and from the fact that the
sequence {a,}>2; is non-decreasing we obtain that

=1 =1 1
M D<) o< Y =+ ) =
— AnCn —, an QA QA
n=N n=N ngal/ 1+ n2al/(1+2)
_ ap/ (o) 1 1
= ay + plte = (1=8)e/(1+e)”
n2al/(1+2) N
Set Sk :=lem(l,...,K),
N—
gy =lem(aicr,...,any—1cy—1) and py =gy Z

QnC
=1nn

3
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We have
< SkTy < Ty,

This, (1) and (7) imply that for infinitely many N

2(1-98)/(L+6 2(14+¢€)/(L+8)e\(1-08)e/(1+¢€
20/ (140) Z Ty (TN( e )( I )<1.

< =
ancn ag\}ié)e/(1+€) an

Hence
o0

O<Z

for infinitely many N.
Set

1 1
anCn _N T;V QnCr, < q]2V<1*6>/<1+6>(L+6>

Yi = eR: F{ex}o2, CH{1,...,K} s.t.
K {x {entnzr €4 pstoz= gancn}

Then

oo

o0 o0
Xp{an}nZ, = U Yk € ﬂ U
K=1 N=1¢=N

uCg

1
( LD/ TFE) )
dn

The Jarnik-Besicovitch Theorem implies that

dim Xp{an)e, < LFIEFI)

1-90
This holds for every small § > 0. So the result follows. O
Proof of Theorem 4. Use Theorem 3 with L = 0 and the fact that T, < a"1.
O

Proof of Theorem 5. For sequences of the Cantor type we have T),, = a,_1.
Again use Theorem 3. O

Proof of Theorem 1. Set n = 2" where m € N and m is sufficiently large.
Then a,—1 = 0(22"/2) and a, = 2%". So (3) follows. Condition (4) is clear. Now we
can apply Theorem 4. O

Proof of Corollary 1.  For every sufficiently large ¢ > 0 we have (2/S)(A4/B)
((14+¢€)/e) < 1. The inequality (5) is obviously fulfilled. Theorem 5 implies that

dim Xp{an}prq < lim == =
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Proof of Corollary 2. Set B := A and use Corollary 1.

Proof of Corollary 3. This is an immediate consequence of Corollary 1. O
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