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Abstract. Over a large range of the pressure, one cannot ignore the fact that the viscosity
grows significantly (even exponentially) with increasing pressure. This paper concerns long-
time and large-data existence results for a generalization of the Navier-Stokes fluid whose
viscosity depends on the shear rate and the pressure. The novelty of this result stems from
the fact that we allow the viscosity to be an unbounded function of pressure as it becomes
infinite. In order to include a large class of viscosities and in order to explain the main
idea in as simple a manner as possible, we restrict ourselves to a discussion of the spatially
periodic problem.

Keywords: existence, weak solution, incompressible fluid, pressure-dependent viscosity,
shear-dependent viscosity, spatially periodic problem
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1. INTRODUCTION

It is well documented in the case of several liquids that, over a sufficiently large
range of the pressure, the viscosity grows significantly with varying values of the
pressure. Since the variation in the density, in comparison to the variations in the
viscosity, is neglegible, we can model these liquids as being incompressible, their
viscosity however depending on the pressure (which in this case becomes the mean
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normal stress for those fluids that are a generalization of the Navier-Stokes model).
Contrary to the mathematical theory for the incompressible Navier-Stokes equations
(NSEs), for which results for large data are well known since the work of Leray
[10], there is no mathematical result concerning large data or long-time existence of
solution to a model that generalizes the NSEs allowing the viscosity to depend only
on the pressure. We refer the interested reader to the survey article by Malek and
Rajagopal [13] for more details.

Recently, there have been several mathematical studies (see [11] and [9] for three-
and two-dimensional evolutionary spatially periodic problem respectively, [8] for
three-dimensional stationary Dirichlet problem, [6] for three-dimensional unsteady
flows fulfilling Navier’s slip on the boundary, and [7] for three-dimensional unsteady
flows that take into consideration thermal effects and that are subject to the Navier’s
slip boundary conditions) establishing long-time and large-data existence results for
a class of incompressible fluids with the viscosities depending specifically on the pres-
sure, (the temperature) and the shear rate. It is worth emphasizing that a suitable
dependence of the viscosity on the shear rate is crucial for all these investigations, and
in fact in all of them the viscosity decreases with increasing shear-rate (i.e., the fluid
shear thins). While such fluid models capture the pressure thickening phenomenon
observed for most liquids (the viscosity increasing with increasing pressure), the fact
that the viscosity remains bounded as the pressure tends to infinity can be consid-
ered as a drawback of the above mentioned studies as in several liquids the viscosity
grows with increasing pressure, even exponentially (see the formulae due to Barus
[4] or Andrade [1] and in the book by Bridgman [5] or in the survey paper by Mélek
and Rajagopal [13]). In fact, recent articles by Bair and Kottke [3] and by Bair [2]
report even drastically faster dependence of the viscosity on the pressure.

Of course, in reality we cannot apply infinite pressure. However, the experiments
suggest an exponential increase of the viscosity with pressure for the range of pressure
for which the experiments were carried out, which in its mathematical idealization
would lead to viscosities which become unbounded with pressure. Idealized mathe-
matical problems in unbounded domains wherein the pressure or velocity can become
unbounded serve a very useful purpose. For instance, the classical solution for the
Poiseuille flow problem is obtained under the assumption that the pressure at both
ends is infinite (this follows from the fact that the pipe is assumed to be infinitely
long and the pressure gradient along the axis of the pipe is a constant). However, the
result obtained under such an assumption agrees remarkably well with experimental
results for laminar flow in a sufficiently long pipe. Similarly, the solution obtained
using Karman’s assumption due to an infinite rotating plate implies infinite velocities
and the results stemming from Karman’s assumptions lead to excellent estimates for
the development of the boundary layer due to a rotating plate of sufficient diameter.
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Thus, studies such as the one carried here have to be viewed within the context of
whether the idealized mathematical problem serves some useful purpose. It is defi-
nitely worth knowing if flows of fluids with pressure dependent viscosity that grow
unboundedly with the pressure admit solutions, as they could, and possibly do, have
relevance to viscosities that do increase in such a manner, when extrapolated, within
the realm of experimentation.

The aim of this paper is to relax the assumption on the boundedness of the viscos-
ity, and to identify the class of fluid models (as large as possible) with the viscosity
converging to infinity as pressure tends to infinity. Of course, the question of the
rate of such convergence is important. In this paper, we are able to incorporate
almost linear growth in the pressure. The task of how to include higher order, i.e.,
polynomial or exponential growths, is left completely open. In addition, we are able
to treat fluids that can shear thicken (the viscosity increases with increasing shear
rate). In order to look for a sufficiently robust class of models we start with very
general, nevertheless natural conditions on the structure of the admissible viscosities,
and look for restrictions required within the course of the existence proof. In order
to avoid the additional restrictions caused by the choice of boundary conditions and
in order to keep the presentation as simple as possible we deal with the spatially pe-
riodic problem. This permits us to have a relatively simple equation for the pressure,
and to incorporate with ease the regularity method to obtain the compactness of the
velocity gradient and consequently of the pressure. Of course, one could be interested
in knowing whether the same (or slightly modified) assumptions on the viscosity are
applicable to other boundary value problems as well. We feel that the answer will
be affirmative. From this perspective, we wish to mention that we do not intend to
flood the mathematical community with, according to us, minor modifications based
on a combination of the results in this paper with already established results. We
feel that it is sufficient to address the main point just once; the establishment of
long-time and large data mathematical theory for a class of fluids with the viscosity
being a suitable function of the pressure and the shear rate, wherein the viscosity can
grow almost linearly with the pressure and can be either an increasing or decreasing
function of the shear rate. A more precise formulation of this statement and its proof
form the content of the remaining sections of the paper.

We complete this introductory section by formulating the problem.

Let Q := (0,L1) x (0,Ls) x (0, L3) denote a cube in R?, and let T' € (0,00) be
the length of the time interval of interest. We say that a function u: R® — R is
Q-periodic if u is L;-periodic in the variable x;. A vectorial or tensorial function is
Q-periodic if each of its components is Q-periodic.

For a given vg = (vg1, Vo2, vo3) being Q-periodic and satisfying divvg = 0, we look
for a couple of functions (v,p) = (vi,ve,v3,p): [0,7] x R?® — R* being Q-periodic,

505



with zero mean value, and solving the system

dive =0,

) . . 2
vy + div(v ® v) — div (v(p, D(v)|*)D(v)) = —Vp.

The first equation expresses the fact that the fluid is incompressible and homogeneous
(leading to the conclusion that the density is everywhere the same, equal to a positive
constant p*), the other set of equations is a consequence of the balance of linear
momentum

(1) 0" ('v,t +diviv ® v)) =divT + 0" f,

by neglecting the specific body force f, dividing by ¢* and incorporating the consti-
tutive equation for the Cauchy stress T of the form (v is the generalized (kinematic)

viscosity):
(2) T = o"(—pl +v(p,|D(v)|*)D(v)),

D(v) being the symmetric part of the velocity gradient.

We also formulate the problem governing steady flows. For a given f = (f1, f2, f3)
being Q-periodic we look for a couple of functions (v,p) = (vi,v2,v3,p): R® — R?
being )-periodic with zero mean value solving the system

dive =0,

S
() div(v ® v) — div (v(p, |D(v)|2)D('v)) =—-Vp+ f.

Most, if not all, textbooks on continuum fluid mechanics do not consider the pos-
sibility that the viscosity can depend on the pressure. This stems from the fact that
in these textbooks an apriori assumption is made concerning internal constraints,
namely that the internal constraints do no work. This naturally leads one to ask the
question whether the constitutive equation (2) is consistent with basic principles of
continuum physics. The answer is an unequivocal yes. Currently, there are three
ways in which we can go about developing such models within a thermomechanically
consistent framework: (i) to reject the assertion (principle) that internal constraints
do no work (this is addressed in the work by Rajagopal and Srinivasa [16]), (ii) the
model can be easily incorporated into the thermomechanical framework developed
by Rajagopal and his co-workers (here in particular) based on the maximization of
the rate of dissipation with respect to the symmetric part of the velocity gradient
taking into account the incompressibility conditions and the reduced thermomechan-
ical identity as the constraints (see Malek and Rajagopal [13] for details), and (iii)
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the model can be easily implemented into the framework of implicit constitutive
equations developed by Rajagopal, see [14, 15].

The structure of the paper is as follows. In Section 2 we start delineating the
assumptions concerning the structure of the viscosities, followed by two examples that
satisfy them for some range of parameters. Then we introduce the function spaces
needed to define what we mean by a solution to problems (S) and (U). Finally, we
formulate two main existence theorems. Section 3 is devoted to their proofs. In the
last section, we show that the viscosities given in Section 2 satisfy the assumptions
needed for establishing the proof.

2. ASSUMPTIONS ON VISCOSITY. EXAMPLES. FUNCTION SPACES.
MAIN THEOREMS

Our aim in this section is to characterize admissible viscosities and to show that
this class contains several interesting examples. Calculations illustrating under what
range of model parameters the examples fulfil the required assumptions are post-
poned to Section 4. Here, after introducing various function spaces, we define what
we mean by a weak solution to Problem (S) and Problem (i) and formulate the
main theorems.

2.1. Assumptions on the viscosity. We assume that there are Lipschitz con-
tinuous functions v; := v1(p, |D|?), 72 := Y2(p,|D|?) and 73 := ~3(p,|D|?) such that
the viscosity v(p, |D|?) satisfies for all B, D € R2*3

sym

d(v(p,|D|*)Dy)
0Dy

1
(4) |0pv(p, |D|*)D| < y3(p, [D[*) < 3

(3) Y1 (p, |D*)BJ* < BijBw < 72(p, |D|?)|BJ?,

and in addition there are real parameters r > 1, ¢ € (1,r — 1), 0 € (0,1) and a > 0
such that

r—2 p
< 71(p, IDP) < 12, IDP) < o—PL 1 o1 + DJ9).

() c1+[DP) "

Next, we define two auxiliary quantities:

o o (B@IDP)
©) 0P = p, (2 ).
2 ,D2
) 10l 0P = oo (L5 ).
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and introduce several auxiliary numbers (p € R, d € RT):
(8) ag = supy3(p, d°),

p,d
v3(p, d?)y2(p, d?)

9 aq = su
( ) ' p,g 71(p7 d2)
pd n(p,d?)(1+d?)E
2
(11) Oé; = sup S~ 73(p7d )
pd 71(pyd%)’
|'Yp(p7 )|’Yl(pad2)
12 Qs = ,
( ) ’ p,d ’Y&(Pad2)
[vp(p, d*) |2 (p, d*)d
13 Q4 = su ,
(13) ey Y1(p, d?)
1 (p: @) 2 (p, d°)
14 Qs 1= su ,
( ) ° p,g ’)/3(}7,612)
(15) o6 —suplw(p, )d,
p,d
(P, ) (p,d?)
16 = inf ,
(16) B R P2)
Ivp(p,d?)|d
17 ag = sup ——————.
(a7) TN @)

2.2. examples. In this subsection we give two classes of viscosities that satisfy
the assumptions (3)—(5) wherein auxiliary quantities ay, . . ., ag are finite. The proofs
of these properties and some further related inequalities are given in Section 4.

Example 2.1. For a € [0,1], 8 > 0 and r € (1 + aB3,1 + f], viscosities of the
form

(18) v(p,IDI%) = (1+ D)2 (14 f(p)(1 + D) /%),

where f(p) has the following structure:
a(l+bp?)° ifp>=0

(19) flp) = { ) (a,b,c > 0)
a p<O

with ¢ € [3,28/(r — 1)], satisfy our requirements.

Example 2.2. For r € (1,00), viscosities of the form

f(p)
Ve+ D)2

(20) v(p,ID?) == vi(1 + D)= +
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where the function f(p) is given either by (19) with ¢ < 2(r —1)/(r +1) < 3, or by

(21) f(p) =

aln®(14bp) +c if
c if

satisfy our requirements.

The structure of (20) has relevance to the viscosity used by Schaeffer [17] in mod-
eling and analyzing flows of sand in silos.

2.3. Definition of a weak solution to Problem (S) and Problem (U).

We start by introducing function spaces necessary to provide a proper definition
of what we mean by a solution. The standard Lebesgue and Sobolev spaces (of -
periodic functions) are denoted by L™ and W1, respectively. We do not distinguish
between function spaces whose elements are scalars, vectors or tensors. A subspace
of any space X consisting of functions belonging to X and having mean value zero
is denoted by )2' . A subspace of X consisting of vector-valued functions belonging to
X and being divergenceless is denoted by Xgi,. Moreover, in order to simplify the
notation, we introduce for a, b being scalar-, vector- or tensor-valued function and
fulfilling a - b € L' the notation (a,b)s := [, a-bdz. Similarly, for a € X*, b € X,
X* being the dual space to X, we simply write (a, b) := (a,b)x x=.

We also recall the standard result that is a consequence of the theory of multipliers.

Lemma 2.1. Let ¢; € (1,00) and g2 € (1,00). There exists a constant Cq, > 0

[e]
such that for any G € L% there exists a unique m € LY solving in the sense of

distributions

— A1 =divdivG
and satisfying
(22) [7llg; < Co [|Gllgs -

In addition, there exists a constant Cy, reg such that for any G € W1 the following
inequality holds:

(23) IV7lla, < Coayreal| VGllg, -

Next, we define what we mean by a solution to (S) and ().
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Definition 2.1. Let f € (W'")*. Let the viscosity satisfy (3)-(5) with r > 2.
We say that a couple (v,p) is a weak solution to (S) if

3r r
L 3r P
- o ) mm<2(3—7“)’q+1) ifr<3,

(24) veWy,, pel® withs:=

I if r > 3,

q+1

and
(25)  —(v®@w, V) + (¥(p, [D(v)[*)D(v),D(¢))2 = (p,dive)s + (£, ¢)

holds for all ¢ € Whe°,

o
Definition 2.2. Let vy € L%,. Let the viscosity satisfy (3)—(5) with r > £.

We say that a couple (v, p) is a weak solution to (i) if

(26) p € L°(0, T;zs) with s := min(%, qTrl)’
(27) ve L=0,T; L) N L7 (0, T; W),
(28) v, € L*0,T5 (Wh)"),

T
@) [ (o) - (00, 90)+ (. POFIDE). D),
T
= / (p,dive)s + (f, )  holds for all p € L>=(0,T; W),
0
and the velocity v attains the initial condition vy in the following sense
(30) tim [[o() — vz = 0.

Note that the assumptions (3)—(5) imply that

©) g q+1
(31) <c/0 /Q|W|<1+|p|+|o<v>| )

(g+1<r

) T
<OVl / (1 + lplh + ID@)]7)

/0 (v(p, ID(v)|*)D(v), D))

and using (24) or (27) we find that the integral estimated in (31) is finite.

Theorem 2.1. (Existence result for Problem (S)) Let f € L™ N L2. For s
defined in (26), let Cs denote the constant that appears in (22). Assume that the
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viscosity v satisfies (3)—(5) with 0 < 1/Cs and r > 9/5. Moreover, let ag,aq, o’
defined in (8)—(9) and (11) be finite and fulfil

(32) OKOC(reg,Q <1,
aq

33 < 1.

(33) T

Then there exists a weak solution to (S).

Theorem 2.2. (Existence result for Problem (U)) Let vy € E%hv. For s
defined in (26), let C,s denote the constant that appears in (22). Assume that the
viscosity v satisfies (3)—(5) with o < 1/Cs and r > 9/5. Moreover, let «y,...,as
defined in (8)—(17) be finite and fulfil (32) and

(34) 0 < a1 +vV2a4 + as+ 206 +208 <1 — g — a3+ ar.

Then there exists a weak solution to (U).

In Section 4 we will show, among others, that Example 2.1 fulfills the assumptions
(32) and (34) for certain range of parameters that appear in the model.

3. PROOF OF THE THEOREM 2.2

We prove only Theorem 2.2; since the proof of Theorem 2.1 can be established in
a similar manner we do not provide it.

We split the proof of Theorem 2.2 into three parts. First, we summarize those
properties of p that follows from certain properties of v. Then we introduce suitable
g-approximations to Problem (/) and establish existence and regularity results for
them. Finally, we develop the uniform estimates that are sufficient to prove the
compactness of the velocity gradient, and to complete the proof.

3.1. Properties of pressure.
Before we start with the proof of the main theorem, we prove an important lemma
about the behavior of the pressure.

Lemma 3.1. Let the viscosity satisfy (3)—(5) with o < 1/Cs for s := min(5r/6,
r/(g+1)) and oy < 1/Cy for some 3 € (1,s), Cs and Cy being introduced in
(22). Assume that v € L>°(0,T; L?) N L"(0,T;W,;"). Then there exists a pressure

P(v)=:pe L*(0,T; 29) solving in the sense of distributions
(35) Ap = divdiv (v(p, |D(v)[*)D(v) — v ®@ v)
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and fulfilling the following estimate

T
(36) /O Iplls < Clvll)  (C(lv]]) defined in (39)).
Moreover, let ag < 1. Then for almost all time t € (0,T) we have

(37) IVpll2 < C (In2(p, ID()[*)D(Vo) |2 + [[[0]|V2]ll2)

provided that the right hand side is finite.

Moreover, if p1, pa are two solutions to (35) corresponding to vi, va, then

T T
(38) AHM—M%SCA o1 — v 2,101 + wall2,

T
0

provided that the right hand side is finite.

1 B
/0 2 (P2 — 5(p2 — 1), [D(v2 — s(v2 —v1))[*)[D(w1 — v2)| ds

B

Proof. We prove Lemma 3.1 only for smooth v. For general v one can establish
the result by using density arguments and the estimate (38). First, for a smooth
velocity v it is proved* in [11] that there exists a pressure p solving (35). Thus, it
remains to show that the relations (36)—(38) hold. First, using Lemma 2.1 we see
that for a.a. t € (0,T) we have®

Iplls < Csllv(p, [D(@))D ()]s + Csllv @ vl
(5)
< Coollplle + 1+ [ol3, + D@ ).
Since Cs0 < 1 and 1 < s = min(5r/6,7/q+ 1) we finally conclude (by virtue of

assumptions concerning v and standard interpolation argument) that

T T
(39) £|M@<C+C£|m@+wmmm:wmmm

which is exactly (36).

4To prove the existence of p it is enough to use Lemma 2.1 and the Banach fixed point
theorem.
5 We use the fact that v(p, |D|?) < 72(p, |D|?).
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To prove (37) it is enough to multiply (35) by p and after integration by parts we
obtain

[Vpl3 < [|Vpll2]| divv(p, [D(v)[*)D(v) + div(v @ v)|2
1Vpl2/18,v(p, [D(v)[*)D(v)Vp + db (v(p, |D(v)[*)D(v)) - D(v) ® D(Vv)|2
+ (| Vpl2|| div(v @ v)||2

(3),(4)
< a0l Vpl3 + [IVpl2(llv2 (e, IDI*)D(V) |2 + [ [v][Vol2).

<
<

Using the fact that ap < 1 and the Young inequality we establish (37).
The last step is to prove (38). Since p1, pa solves (35), it follows that

—A(pl - pg) = div diV(’Ul QU — V2 ® ’02)
= div (v(p1, [D(v1)[*)D(v1) — v(p2, [D(v2)*)D(v2))

and due to Lemma 2.1 we derive

[p1 = p2llp < Cpllvr @ v1 — v2 @ V2|
+Cp |[v(p1, [D(v1)[*)D(v1) — v(p2, [D(v2)|*)D(w2)|| ; =: [ + L.

The integral I; can be simply estimated as
I < Cpllvr — vall2p]lvr + v2l[25-

To estimate Iz, we use the notation p, := pa — s(p2 — p1), vs := v2 — s(v2 — v1), and
obtain that

V(. [D(e)P)D(w1) = 2, D@ PID() = [ Fv(pa, Do) )D(o.) ds
= /0 Ipv(ps, |D(vs)|?)D(vs) (p1 — p2) + Ipv(ps, |D(vs)]|?)D(vs)D(v1 — v2) ds.

Hence, using the assumptions (3)—(5) we find that

1
(40) Iz<cﬁao||p1—p2|g+c[aH [ 220 @R ID@: — )] ds
0

B

Finally, using the fact that o9yCg < 1 and combining all the estimates given above
we deduce (38). O
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Corollary 3.1. Let all the assumptions of Lemma 2.1 be fulfilled. Let the se-
quence {v"} be bounded in the space L>(0,T;L?) N L"(0,T; Wji’vr) and let {v"}
converge to some v strongly in L*(0,T;W''). Then there exists a corresponding
sequence {p™} solving (35) and satisfying (36) and there is a p such that

or r
41 n_s Kly in L° with s := (——)
(41) D p weakly in L* with s := min{ P
(42) p" — p strongly in L*,

and the couple (v,p) again solves (35).

Proof. The existence of a sequence p” is a direct consequence of Lemma, 2.1.
Also the property (41) directly follows from (36) (modulo a subsequence). It remains
to prove the validity of (35) for the limit couple (v, p) and also the validity of (42).
Assuming for a moment that (42) is valid, then there are subsequences that we do
not relabel such that Vo™ and p” converge to Vv and p almost everywhere. With
the help of Vitali’s theorem, we can easily prove the relation (35). Thus, it remains
to show (42). To prove it, we show that the sequence p™ is Cauchy in L!. Let p", p™
be the pressures coresponding to v™,v™. Using (38) we find that

T

(13) [ =1 < ot + 1),
0

where

T
I = / o™ — o™ 20" + o™ 2,

T
I /
0

Due to the choice of 3 we see (after using standard interpolation inequalities) that

B

/O p2(p" = s(p" = p™),ID(v" — s(v" —v™))*)|D(v" —v™)|ds

B

Il < f(nvm)v

where f(n,m) has Cauchy property®. In order to estimate I we use (5) to obtain

Ir < C/O 11+ [D(@™)|7 + [D(™)|")[D(v" —v™)]]5

T
/
0

6 It means that for all € there is an ng such that for all n,m > ng: f(n,m) < e.

B
=: I3+ 1.
B

[D(v" —v™)|

(o — s — o))

1
([p" + ™ )0a+|D
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First, by applying Holder’s inequality, we obtain

r—apB

r3 T
) < fn,m),

r—afB

T
Is < C</ [ID(v™ —v™)]
0

where the last inequality follows from the fact that r5/(r — ¢f) < r (which is a
consequence of § < s < r/(q+1)). To estimate Iy, we observe first that

1 ds 1 ds

@ | e <, ST e e

In(1+ [D(v™)] + [D(v™)))
Bl —

< C(a)

Using this estimate and the assumption on v™ we easily show that (applying Holder’s

inequality)
b
dt

T et — e
(45) / /oa+|D<vn—s<vn—vm>>|dsb

T et s T 2 STy
< (/ ol dt) (/ o dt)
0 0

(44) T T
< c( JRLE v’”>||1dt> < f(n,m)
0

for all b € (1,00). Finally since § < s and the pressures p” are uniformly bounded in
L#(0,T; L*®) we can apply Holder’s inequality to I; and after using (45) we conclude
the proof with the observation Iy < f(n,m). Taking all the above estimates into
account, it follows from (43) that p” — p strongly in L®. Thus, (42) is proved. [

3.2. Existence of an s-approximation. For the sake of completness we intro-
duce an e-approximation to Problem (U) and discuss its solvability, and regularity.

First we mollify the initial condition through v§ := vg * 1., where 7, is a standard
mollification kernel. Then we look for a solution of the following system

dive =0,

46
(46) v+ div(v ® v) + eAPDy — div (v(p, D()[*)D(v)) = —Vp,

where z € N, z > 4(r+1). We construct the solution by using the standard Galerkin
approximation (for details see [11]). Let {wy}32, be a basis for Wy;! consisting of
eigenfunctions of the Stokes operator. Note that such functions are smooth. Next,
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N
we look for vV of the form vV (¢,z) := > ¥ (t)wy(z) where the coefficients ¢V =
- C

(eN(t),...,cN(t)) solve the system of ordinary differential equations and

(47) (¥, wi)2 — (0N @ o, Vw;)z + (V0N V),
+ (w(P(@N), IDE)]?)D(vY),D(w;))s =0 fori=1,...N.

By using Caratheodory theory, we find that for arbitrary N the solution to (47)
exists at least for some small time interval. However, it can be extended onto the
whole time interval (0,7") by using the uniform estimates proved below.

3.2.1. First uniform estimate. Multiplying the i-th equation in (47) by ¢ (¢)
and taking the sum over i = 1,..., N we obtain with help of (3) the following estimate

T
(48) Supl\vN(t)||§+/ EI\V(QZ)UNI\ng/71(pN,ID(vN)IQ)ID(vN)Idedt< C,
t 0 Q

that directly implies (after using (5)) that

T
/0 IDE™)| < C.

Next, using Lemma 3.1, (36), we conclude that

T
(49) / 1PN dt < C.
0

Consequently, having (48) and (49) we can deduce that

T r
q+1
(50) /0 1o.ell 2 2). 48 < €

Finally, using the Aubin-Lions lemma and Lemma 3.1 we see that we can easily let

N — oo in (47) and to find that (v, p) is a weak solution of (46).

3.2.2. Further estimates. Because in the next subsection we need to test the
equation by Av we need to have some regularity result for the couple (v,p). This
subsection is devoted to deriving the relevant estimates. To get them, we first test
(46) by v’ (i.e., we multiply (47) for i by ¢}(t) and sum over i = 1,...,N) to get
(after using (3)—(5))

d
(61)  [wF 13 +e IVE0ME < CUVOTIIE+ VNI + 1Y ID(Ve™) 3
+ [ ID(™)[D(TH™M)[I3).
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Next, it is a simple consequence of standard interpolation inequalities that:

z>4

IVoN It < CIv2oN | < Cllolls™ [N )5 S 0+ [N 2,
[ID(™)1ID(VoN) |3 < CI VPN B2 < Cllo™ 275 [N,
FEY g vene s,
I12¥ID(To™) 12 < Cllp™ I3V 0™ 2
e e e el P

z24(r+1)
< CH VeIV,

Combining all these estimates and using Lemma 3.1 we also get that

VPN < C+ VN3,

Thus, inserting these estimates into (51) and using the Gronwall lemma we obtain
that

(52) sup | VEHoN(I3 < C(e).
t
Consequently, we also easily establish that
T
(53) /0 I [div(p™, [D(v™)[*)D(0™)] + | dive™ @ o™ |+ |VpY | + [v]] |13 < C(e).

Using weak lower semicontinuity of norms and pointwise convergence of pressure and
velocity gradients we find that (53) also remains valid when we replace (v, p"V) by
(v, p).

3.3. Limit ¢ — 0. In this subsection, we denote by (v¢,p°) the solution of (46).

To obtain uniform estimates we can multiply (46)s by v° and after using assumptions
(3)-(5) we get

T
(54) sup [ (@13 + /0 ID(w)][ + /Q 7(p%, |D(v7)[*)|D(v)|* dardt < C.
Next, having an estimate for v we can use Lemma 3.1 to deduce that

T
(55) / I2°l2 < C.
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and consequently we can again derive the following uniform estimate

T
(56) /|\v§|m dt < C,
0

W)

Thus, using the Aubin-Lions lemma again and Lemma 3.1 we can easily pass to
the limit with respect to & to get the weak solution to () provided that D(v¢)
converges almost everywhere in (0,7) x Q. The rest of this section is devoted to the
proof of this property.

In order to simplify the notation we denote

Ty = / 7 (5%, |D(w°)2) D(Vo)[2 da,

2 2

73 (P, [D(v°)[?) 2

T ::/ WL P L) e )2 gy
? Q’Yl(p67|D(vE)2)| |

Next, we multiply (46)2 by’ —Awv®, integrate over (2, integrate by parts and obtain

1 d g z 1)
67) glVe I3+ VD3 + T

<CH+ Vo3 +/ 73(p%, |D(v°)[*)[Vp®| [D(Vo)|dx =: C + Iy + L.
Q

Thus, by using Holder inequality we get that

N

(58) L < (7)) (o)

To estimate Zo we take the L2-scalar product of (46)s with 4 := —(v2(p%, |D(v®)|?)/
71 (p%, |D(v%)|?))Vp® and observe that

(59) I

(v + eAP o 4 div(v® ® v°), w)Q — (divv(p®, |D(v%)]*)D(v7), 9)
=: Yl + }/2

2

Hence, using the assumptions (3)—(5) and (8) we get that

2(p%, ID(*)*)73 (07, |ID(v®)[?)
2 s ook */Q 7 (p*, [D(v¥)[2)

9) 11
< aols + a1I22 If.

[D(Vo©)[[Vp©|de

" Note that in virtue of the estimates (52) and (53), —Awv°® is an admissible multiplier.

518



Next, we estimate Y7. To do this, we first integrate by parts and then substitute the
resulting relation into (46)2. Denoting b° := p*V~3(p®, |D(v®)|?) /71 (p, |D(v®)|?), we
arrive at

2 (€ D(v¢ 2

7MW€>

71(pe, |D(ve)[?)
2/(,.& £)|2

dive®=0 e 22 & . e o eo3(0%, [D(v )|)>
= V5 + e A0 + div(v® @ v°), ptVE——— <
(v (&) PV e, D) )

ivdiv(v® ® v° E—yg(p€,|D(v€)|2)
*(d div(v® © 7). p m<p6,|D<v6>|2>>2

Y =— <'v€t + e APy 4 div(v® ® v°)

2(E e 2
= (divdiv('v6 ® ve),p€%>2 + (div v (p®, ID(v°)|*)D(v°), bE)Q

—(Vp*,b6%)2 =: Z1 + Zy + Zs.

Thus, we can obtain the estimates (after using (3)—(4))

le‘U =0 , D(v?)|? -
2" [ our i LB 40 < e+ veri),

7 < /Q (1%, D) 2) V5| + 7 (6%, |D(w*)[2) D (Voe) )
% (10", D) P)IVHT] + 2 (5. [D(07) )] ID(w°) ID(V)]) de
(12)—(15)

1 1
< azlo + 20471 + (a5 + 2045)2-12 1-22 ,

Z3 < /Q—IVPEIQ%(PavID(UE)I2)+2|VPE||7D(p,ID(vE)IQ)IID(ve)IID(VUE)Idx
(16)—(17) 11
< —06712 + 20481121-22 .
Next, putting all the inequalities together, we see that if 1 — ag — ag + a7 > 0 and

(o1 + V2a4 + a5 + 2a6 + 205) /(1 — g — a3 + a7) < 1, i.e., (34) holds, then we can
conclude that

(60) I < 6T + C(6)(1 + | VoQ|3)

for some d, 0 < § < 1. Finally, substituting this estimate into (57), and using (3) we
come to the following essential estimate

d r—2 5 £1|<
(61) aIIVvsllng/Q(lJrlD(vE)lz) = [D(VYF)[? < O(L + [[Vo3).

519



Thus, for r > 3 we can easily finish the proof because the right hand side of (61) is
uniformly integrable over time, therefore® fo Jo ID(V®) 2 < C and the Aubin-Lions
lemma then completes the proof.

For r € (%, 3), we use the approach described in [12, Section 5.3.2]. By just using
interpolation and Young inequalities we can deduce from (61) that

(©2) %(1 +[[Vorl3) +/Q(1 + D)%) [D(Vor)?

O+ Vo[l (1 + [ Vo [3)*

with A := 2(3 —7)/(3r — 5). Then dividing (62) by (1 + [|[Vv?||2)* and integrating
the resulting equation over t € (0,7) we obtain that

T 2
/ (1+Hvallﬁ)’*/(uID(vE)IQ)%|D(WE)|2dxdtgc
0 Q

and following the procedure explained in [12, pages 233-237], we can deduce that
there exists 17 > 0 such that (because r > %)

1+n
[ 1w, <

The Aubin-Lions lemma then completes the proof of compactness of the velocity
gradients. To get compactness of pressure, we simply use Lemma 3.1 and the proof
is finished.

To show that the initial condition is met we can appeal to standard procedures.

4. EXAMPLES OF ADMISSIBLE VISCOSITIES

Lemma 4.1. For any 3 > 0, 7 € (1,1 4+ 8), a € [0,(r —1)/8) and a,b,c > 0,
the numbers ay, . .., ag defined for the viscosity v(p, |D|?) given by Example 2.1 are
finite. Moreover, for any 3 > 0, r € (1,1 + 3) there are «, a,b,c > 0 such that (32),
(34), and the assumptions (3)—(5) are satisfied.

Proof. Since,
9p,, (v(p, |D|*)Dy;)BriBy;
= u(p,IDI?)|B? + (r — 2+ (r — 2 — aB) f(p)(1 + D)%
x (1+ f(p)(1+ D)~ %)L (1 + D)=

))(D-B)?

8 This is valid only if vg € wh2, However, one can use the same arguments as in [12, proof
of Theorem 3.79] to extend whole theory to the case when the initial velocity satisfies
only vg € L2
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it is easy to observe that that we can define

(63) Y1(p,|DI?) == Civ(p, ID*),  72(p,|DJ?) := Cav(p, |D|?),

where C7, Cy are given by the following relations

7"_1—0667 1 1f7‘<2)
Ci = r— 1-—(16, Cy := r—1 ifre (2,2‘+(16),
1, r—1 ifr>2+ag.

Note that by simple algebraic manipulation one can easily find that (5) is valid with
arbitrary o > 0. Similarly, we easily obtain the following relation for vs:

r—1-p8 B
2 2

.

(64) 73(p, IDI*) := af'(p)(1 + DI?) (1+ f(p)(1 + |DJ*)~

Before we start deriving the explicit estimates for the numbers ay, ..., as we give a
simple algebraic inequality that is valid for all ¢,b, 3 > 0 and all continuous functions

f(p) > 0:

. (f(p))~ if c> 22,
65 —¢(1 —2h)=b < >
©) & e+ )T s {chw,c,b)(f(p)w if ¢ < b,
where . b 2e
c# (b8 —¢) "
Cr(B,c,b =2 J
WPl =y

Using the estimate (65) we find that for all » in the range of interest

v3(p, D) < aCs f'(p)(f(p)) "1 =7/5,

where
r—afB—1

o= (P T ()T ()

Since f'(p) = 2abep(1+ bp?)¢~L, we can finally find that (after using the assumption
c(r=1)/6<3)

20403a(r*1)/5bcp(1 + bp2)71+c("*1)/5 < 20403@“71)/5\/50(1 + bp2)*%+c(r*1)/5
20050 1/8/pe.

73 <
<

Thus, we can simply conclude with the following observation
ao < 2aC5a " V/B/be.
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Also by using the definition (9), we deduce with the help of the previous estimate
that
C CyC!
ap = aogj < 2aé—13a(’“—1)/6\/50.
Next, for ay we can find that for positive p the following holds
P’Yg 2 ~—1(pr 2 2\l 2\—E2\a—2

——— —— <apCy (f'(p)"(1+ D7) = 71+ f(p)(1 + D)~ =2)* "

7 (1+[DJ?)z
Thus, using the estimate (65) once again, we are led to

as < 40404201_1@(’“_1)/662\/6

with the constant Cy defined as

28—r41 r—1—af
B

e (2 () (252

In order to estimate a3, a5 and a7 we need the following relation for ~,:

7 (p, ID]?)
(66) p(p, ID|*) = pd W

o2C (14 D) Ppa, ((f'(p)*(1+ f(p)(1 + D)~ %)"2)
0201+ D) pf () (14 F)(1 + D)%)
x (21" () + (21" 0)FB) + (£ (9)*(a = 2)) (1+ D)%)

Once we have the above expression, we can continue by obtaining the following

estimates

17|71 a=2
3

<a(l+[DP)F p (14 f(p)(1+IDP)~F)
x (21"(0) + (2f”(p)f(p) + (/@) —2) (1+ P2 ~F)

a—2
<2a(1+ D)5 (1+ F(0)(1+ D))

(o 22 o)

Since f”(p) = 2abe(1 + bp?)°~2(1 + bp*(2c — 1)) we can easily estimate that

2alac — 1]

o 1o)== o (14 F) 1+ D) E) T

N

and using (65) we can continue as

2a|ac —

2 -1
90 - (p) < 4aa(’“_1)/60\/l_)C3% max{1,2c— 1}.

|C f/l( )

X
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Consequently, we have

Qs < 63@“71)/56\/6,

where C3 := 4aC32|ac — 1|/(2¢ — 1) max{1,2¢ — 1}. By using the relation 7o =
CQCfl'yl we obtain that

Cs C2
<205 < ot/
(673 Cl a3 Cl \/_

Repeating the same scheme again, we can also deduce that

W o _20fac —1] f"(p)p
V3 2c=1  f'(p)’

and then using the inequality f”(p)p/f’(p) < max{1,2c — 1} leads to the following

conclusion

2alac — 1]

67 > -
(67) ar 2 — 1

max{1,2c—1}.

It remains to estimate all the a’s in which the function «p appears. Thus, we can
derive

2 2
75 (p, ID[*)
D, D|? = pdpz —— —==
"o(p. D) P (p, ID?)

= 207 (' (1))*0pp ((1+ D)5 P(1+ f(p)(1+ D)~ %)°72)
= a2CTp(f'(p)2(1+ D) T (1+ f(p)(1 + |D|2)—§)“*‘3
< (5- 8+ —ab fe)(1+ D))

and after a simple calculation we obtain that

p(p.IDP)] < Coa®C1 ol )21+ PP (14 f()(1 + D) #) T

where

Cs :—max{|r_a6| |7’—25|}.

2 7 2
Thus,

¥p|D| < C50%CTp(f(p))?(1 + D?) = 7 (1+f<p><1+|D|2>_§>a_2
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Next, using (65), the assumption concerning ¢ and the relation for f’(p) we find that
(6753 < 4C5Cga201_1a(7"_1)/562\/5,

where
r—1—af
—5

Co e (ﬁ_r—l)%%(r—l—aﬂ)

2 2 <(2_0‘>§)a72'

Consequently

C:
ay < 62046 < AC5C5a2C a2 /G
1

and by using similar arguments we finally find that
ag < QCC5aCf1.

Thus, it is easy to observe that for fixed 8 > 0, r € (1,14 3) we can always find
constants «, a, b, ¢ such that all numbers «g,...,as < 1 and consequently they
satisfy the assumption (34). O

Remark 4.1. In order to make the statements of Lemma 4.1 even more transpar-
ent, we take, in Example 2.2, r € [2, 3] and set a = %(r —2) and § = 2. Consequently,
the viscosity v(p,|D|?) then has the form

r—2
v(p,|DI*) = (1+ f(p) +|D[*) 7.
Note that the parameter ¢ then fulfills ¢ € [, (r — 1)~!]. With this special choice of

« and (3 it is then easy to estimate the constants appearing in the proof of Lemma
4.1. Thus, we have

— 4 -2
Ci=1,Co=r—1, Cs<e, Cy<e, ngiez(r 1), Cs <1, Cs<e.
c—
Next denoting U := a("~1/2p/2¢ we get
de(r — 2) 5
ag < (r—2)el, an2(r —2)el, as < 51 U, ag < 2(r —2)°U,
c_
8 —2 -2
5<MU, aﬁg(r—2)2U, a72—r ag <r—2.

2c—1 2¢c—1’

Therefore, we observe that the assumption (34) is satisfied provided that the following
inequality holds:
12

(T—Z)(m+2r—1)eU+2(r—2)\/ﬁ<5—27“—

r—2
2c—1°

This is however the condition on smallness of « and 3.
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Lemma 4.2. The viscosity given in Example 2.2 satisfies (3)—(4). Let the function
f be given by (19) or by (21), then ay, ..., as are finite. Moreover, if a, b, ¢ are small
enough then the assumptions (33)—(32) required by Theorems 2.1 are fulfilled.

Moreover, if f is given by (21) and r > 3 then as, . .., «ag are finite and if a, b, ¢ are
sufficiently small then the assumption (34) required by Theorem 2.2 is also fulfiled.

Proof. First, we see that the function 3 can be defined as

73 = f'(p).
Next, we can compute
ov(p, |D|2)Dij
bl b WA =S =
aDkl 17 Dkl
= v(p, |D? BQ—i—(l/ r—2)(1+ DQ’!‘—&> D-B)?,
(p, IDI7)[B] 1(r—2)(1+|DJ%) =+ DP)? (D-B)
and it easily follows that we can define
68 D?) = Ba(1 + D) 4 —L®
69 D?) = By(1 + D) + —L®)
(69) WD) = Bil1 + PP +
where

By =11, By :=v1(r—1) if r <2,
By :=wv1(r—1), B1:=11 ifr > 2.

First, it is easy to show (because f is sublinear) that 1, 2 satisfy (5) with parameters
q :=r — 2 and arbitrary ¢ > 0.
We also derive the following estimate for ~s/71:

(70)
n_ B, /() =+ TOF
n o Bi Bi(1+DP2)F +ef(p)/(e+[D?)?
2 2 q_,
_By Je P < 224 BB, T ()
Bi Bi(1+|D]?)= (¢ +|D|?)2 +ef(p) Dr
where

By = (2/(r — 1)) forp > 2
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and

By i= £=2/0+D (9/(p — 1))/ CHD gy <o)

We see that the number o7 can then be estimated as

1—r 2

Thus, if f is defined by the relation (19) then we can derive the following estimates

op < ZCaC\/E(l — 26)%76,

By —7% 1or osdr
o1 < 5. a0 + B3B, "ttetra+1vVbe
1

and we conclude the proof for such f. The rest of the proof is devoted to f given
by (21).

First, note that f'(p) = 2abln(1 + bp?)/(1 + bp) and f”(p) = 2ab*(1 — In(1 + bp))/
(1 + bp)? for all p > 0. In what follows we also frequently use the inequality

(71) lnb(y) < bby,  valid for all b,y > 1.
Having this we can simply estimate the numbers «g, ;1 as (assuming ¢ > 1)

ap < 2ab,

B —r ” 5 547
a1 S 2abB_Q + B3Blgiﬁ (2@[)@%—*—1 + QG%I)( +7r +1) .
1

r+1>

Moreover, we can obtain the estimate
1 _
ag < sup —|p|; (p, d°) < 16a”bB; .
p’d2 Bl

Next, we derive an explicit formula for v,

_ 2mi—v 2f'()f"(p)  ep(f'(p)?
Vo = PV3 5 = —— e
g e vi(e +|DJ?)2
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Thus, we can deduce that
as < sup(2|pf"(p)| + B e 2 |p(f (p))?]) < 4ab + 4e By Mab,

2(p, ;<2| () + e p(F ()BT

as < sup
p,d? V1 (pa

(70) Bs
< sup(B——i-BgB T“

1)) (217 () + e (0)2B1)

B ; 2 _ —r 34r -
< (3—2 + ¢7T By B, "'*15#‘?)043 2By B, T et g (5 ”) -
1

rt1
% , ,
Y2 ) L ./ ) NS SR / 1)
F'()  pa2 yi(p, d2)(e +d2)3 P BT )
> _b— _ 20
- VBi+¢

The last step is to derive the formula for vp and to prove the desired remaining
estimates. Since

pf' (p)?
¥i(p,|DJ?)

we obtain the estimate

(72) o =-2 (Bi(r—2)(1 + D)= = 3f(p)(e + D) 3),

Pl @) _, p I (0)*

(73) p(e+[DI?) < max(|r - 21,3) == -

Using this estimate and taking into account (70) we get

T 2

f(p)+t

3

B S S
4 < sup 2B4(B—2 —|— B3B1 T+151+ )Bl_lgiépf,(p)Q

By
B4(§ +ByB,

(72) pf'(p)?

ag < sup By
pd  (p,d2)(e +d2)?

*T')SOBl_leféb(a?_f{ + cﬁ),

< supB4B e 2pf (p)? < 16a2bB4Bf15_%.

Finally, we deduce the estimate on ag that is valid if r > 3

!
a5 < sup pf'(p) 1
pd 71(p, d2)(6 + dQ)E

< sup57%4aB = (1+1In(1 + bp)) < e 24aB, TMeTr.
P

We see that in all the as there appear numbers a, b and we can chose them in such

a way that all numbers «g,...,as are small enough to validate the assumptions
(33)—(34). |
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