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Abstract. In a previous paper we defined a Denjoy integral for mappings from a vector
lattice to a complete vector lattice. In this paper we define a Henstock-Kurzweil integral
for mappings from a vector lattice to a complete vector lattice and consider the relation
between these two integrals.
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1. INTRODUCTION

The purpose of our research is to consider some derivatives and some integrals of
mappings in vector spaces and to study their relations, for instance, the fundamental
theorem of calculus, inclusive relations between integrals and so on. To this aim we
refer to the Fréchet derivative, the Denjoy integral of mappings from an abstract
space to the real line in [4], [5], [18] and the Henstock-Kurzweil integral of mappings
from the division space or the real line to a complete vector lattice in [16], [17], [2].
From the above theories to consider both derivatives and integrals of mappings in
vector spaces a domain of mappings may be needed an interval structure and linearity
and a range of mappings may be needed a convergence structure and linearity. Here-
after we consider that both the domain and the range of mappings are vector lattices.

In the previous paper [12] we defined the Denjoy integral of mappings from a vector
lattice to a complete vector lattice. In this paper we define the Henstock-Kurzweil
integral of mappings from a vector lattice to a complete vector lattice. For these two
integrals we show that all Denjoy integralable mappings are also Henstock-Kurzweil
integrable. We use the symbols and definitions from [12] without further notice.
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2. HENSTOCK-KURZWEIL INTEGRAL

Definition 2.1. Let X be a vector lattice with unit and let D C X.

A mapping 6: D x #x — (0,00) is said to be a gauge if it satisfies the following
condition:
(G) ad(&,ae) =6(&, e) for any & € D, for any e € #x and for any o € Hg.

Definition 2.2. Let X be a vector lattice with unit, £ € D C X and J a gauge.
The subset

0n(e.0) = (U le= 06 c)e.e 4860l ) 1D
e€Xx

is called a d-neighborhood of ¢ in D. When D = X then it is denoted by O(¢,0)
simply.

Remark 2.1. By [12, Lemma 3.7] we have that £ € [§ — §(&,e)e, & + 5(E, e)e]®.
Therefore £ € Op(&,9).

Definition 2.3. Let X be a vector lattice with unit, a,b € D € COx and § a
gauge.

If a # b, then the following set
xp € (alb) (k=0,...,K),z0 = a,zx =, }

{(<xk_1|mk>’€k) G eD(k=1,.. ,K)

is said to be a d-fine division of (a|b) if it satisfies the following (NOL)(DF) and it is
said to be a d-fine McShane division of (a|b) if it satisfies the following (NOL)(DFMS),
respectively:

(NOL) There exists x € |#x| such that x;, — x,_1 € Q(z) forany k=1,..., K.

(DF) & € (zk—1|zk) C Op(&k,0) for any k=1,..., K.

(DFMS) (xp—1|zx) C Op(&,d) for any k=1,..., K.

If a = b, then {({(ala),&)} is said to be a J-fine division of (a|b) if it satisfies (DF)
and a 0-fine McShane division of (a|b) if it satisfies (DFMS).

Remark 2.2. By [12, Remark 3.4] if {({(zr_1|zx),&): k=1,...,K} is a d-fine
division or a ¢-fine McShane division of (a|b), then {({(zx|xr—1),&k): k = K,...,1}
is also so of (bla).

Remark 2.3. By [12, Lemma 3.6] if X satisfies the principal projection property,
then by (NOL) we have that b —a € Q(z). Therefore if a < b, then 2,1 < 2. And
if b —a,c — b € Q(x), then the division connected a J-fine division of (a|b) and a
d-fine division of (b|c) is also so of (a|c) and the division connected a d-fine McShane
division of (a|b) and a ¢-fine McShane division of (b|c) is also so of (alc).
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Theorem 2.1. Let X be a vector lattice with unit, a,b € D € COx and § a

gauge.
Then there always exists a 0-fine division of {(a|b). Therefore there exists also a
0-fine McShane division.

Proof. Since this is clear in the case of a = b, we show in the case of a # b. Let
x € (alb). Then there exist ¢ € CSSMP(a,b) and a natural number 4 such that
x € ¢'([0,1]). Let ¢* be CSIP. Then since

i
. 7€
1 P

i 1 i i 1 i
do.c U [o-30@ e+ 3o el)e]
ze@*([0,1])

by [12, Lemma 3.9] there exist I, C [0,1] and z; € ¢*(l; k) (k = 1,...,K;) such
that

A PR U
@' (10,1 1 [ = 50(@is eb)ely win + 50w, €l)el] = @ (T,

[0,1] = L k.

U

K;
k=1

Let a;  be the left end of I; , and f3; ; the right end of I; ;. Order I; according
to the increasing «;j and denote them by I; ;’s again. Without loss of generality
it may be assumed that no I; ;. is covered by the union of other I;;’s because the
above formulae are true even if any I; ; covered by the union of the other I; ;’s is

excepted. Then

0=qa;1 < a2,
i < Bik—1 < Qg1 < Pigx (k=2,...,K; —1),
Bik—1 < Bix = 1.

Let

Yio = o1 =0,
o) < Yik—1 < Bik—1, Where
Tik-1 <@ (Vig1) < Tip if Tipo1 < Tig
and ;51 > @' (Vik-1) > Tik if Tig_1 > Tig
(k=2,...,K,;),
vk, = P, = 1.
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In the case of z; ;1 < z; 1, since
0 < mip-1—¢" (Vik—2) < 30(Tik-1,€,)e,

0 <@ (Vig-1) = Tik-1 < 36(Tik-1,€,)el,

W= W= Wl

0<wir— @i(%‘,k—l) < 30(Ti ks efp)@;

and

0< Sﬁ’i(%,k) — Tik < 5(xi,ka eza)e:aa

Wl =

we have that

0< @ (Yig—1) — ¢ (ik—2) < 30(zip1,€))el,

WD Wl N

0 <@ (Vig) = @' (vik—1) < 50(zi, €))L

In the case of z; 1 > z; 1, since
0 < mip—1— ¢ (Vik—2) < 36(Tik—1,€,)eq,
0 < mip—1—¢" (Vik—1) < 36(Tik—1,€,)eq,

0 < @' (Yih—1) — Tik <

Wl Wl— Wl

§(xi7k,efp)efp

and
(i ks efp)efp,

Wl =

0 < " (Vi) — i <

we have that

, , 1 o
0 <" (vin-1) = ¢ (vik—2) < 30(xik—1,€,)eq,

%

0 <" (k) = " (ik—1) < 30(ik, € )eq-

In either case by (CS3)

0" (Vi k1))

' (Yie—1)]

(Vi k—2) — 5($z‘,k—1,€fp)6fp, @' (Vik—2) + 5(%,1@71,6;)6;]61’
C Op (¢’ (vik—2),9),

@ (Vik—1) € (@ (Vir—1)]@" (Vik))
C @' (Yik—1), " (i)
C [0 (Vik—1) = 0(@i ks €L )€l @' (Vish—1) + 0(mi g, efp)eio]e;
C Op(¢' (vih-1), ).
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In the case where ¢’ is CSDP the above formulae can be proved similarly. Therefore

{(Q i—D) ] (Vi) " (Vig—1)): k=1, K;, i=1,...,75}

satisfies (DF). By (CS2) there exists x € |#x| such that (1) — ¢'(0) € Q(x) for
any i. Since 0 < z; ; — z; k-1 < ©'(1) — ¢*(0) if ' is CSIP and 0 > @; p — T -1 =
' (1) — ¢%(0) if ¢! is CSDP, we obtain by [12, Lemma 3.5] that z; x —z; k-1 € Q(z).
Therefore it satisfies (NOL). O

Definition 2.4. Let X be a vector lattice with unit, Y a complete vector lattice,
DeCOx and f: D — Z(X,Y).

For a,b € D f is said to be Henstock-Kurzweil integrable on (a|b) if there exists
I(f;a,b) € Y and {v.} € % (H#x,>) such that for any e € J#x there exists a gauge
4 such that for any o-fine division {({xg_1|zk),&): k=1,..., K} of (alb)

K

> F(6)an ~ ai1) = 1(fi0.8) < v

k=1

I(f;a,b) is said to be a Henstock-Kurzweil integral of f on (a|b), denoted by

b
I(f:0,b) = o-(HK) / (@) da.

If for any a,b € D f is Henstock-Kurzweil integrable on (a|b), then it is Henstock-
Kurzweil integrable on D. Let (HK)({(a/b),Y) and (HK)(D,Y) be the class of
Henstock-Kurzweil integrable mappings on (a|b) and D, respectively. The mapping

F,: D — Y
w w
v — I(fia,x) =o-(HK) [’ f(z)dx

is called the Henstock-Kurzweil primitive of f.
We had to show the uniqueness of the Denjoy integral but the uniqueness of the

Henstock-Kurzweil integral is clear by its definition. However some properties are
not clear for the Henstock-Kurzweil integral. We show in what follows
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Theorem 2.2. Let X be a vector lattice with unit, Y a complete vector lattice,
a,be D eCOx and o, 5 € R.
Then if f,g € (HK)((a|b),Y), then af + fg € (HK)({a|b),Y) and

b b b
0—(HK)/ (af(x)—f—ﬂg(x))dx:ao—(HK)/ f(x)dx—l—b’o—(HK)/ g(x)dx.

Proof. Since this is clear when o = 0 and 3 = 0, we show except this case. By
assumption there exist {vy e}, {vg,.c} € %3 (Hx,>) such that for any e € Jx there
exist gauges 05, 04 such that for any 6 ¢-fine division {((zx—1|z%),&k): k=1,..., K}
of (alb)

(ke — 1) — (f,ab)‘ Vfye

and for any d4-fine division {((zx—1|zx),&k): E=1,..., K} of (a|b)

K
> a6~ an1) ~ 150, < vy
k=1

Let 6(-,) = d¢(-,-) A dg(+,-). Then both the above formulae are true for any d-fine
division of (a|b) and

K
> (af +B0)(6)en — ax0) - al(fiad) + Bl{gsab)

k=1

K
Z (&) (zr — zk—1) — I(g;a,b)

k=

<o

Zf(ék)(xk—xkq) I(f;a,b) ‘+|ﬂ|
k=1

< lafvge + [Blvg,e.

Therefore we conclude by [12, Remark 2.1] that I(af + Bg;a,b) = «lI(f;a,b) +
BI(g;a,b). 0

Lemma 2.1. Let X be a vector lattice with unit, Y a complete vector lattice,
a,be DeCOx and f: D — £ (X,Y).

Then f € (HK)({(a|b),Y) if and only if there exists {v.} € %i(H#x,>) such
that for any e € J#x there exists a gauge & such that for any J-fine divisions
{(<x1,k71|x1,k>;£1,k): k = 1,...,K1} and {(<x2,k71|x2,k>7£2,k): k = ].,...,KQ} of
(alt)

K Ko
Z fl&e)(@1e — 1 p-1) — Z fl&ox)(@ok — 2p—1)| < Ve.
k=1 k=1
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Proof. The necessity is clear. We show the sufficiency. By assumption and
(U3)® there exists {v.} € %3 (#x,>) such that for any e € #x there exist gauges
91 and d2 with d2 < 01 such that for any d;-fine division {((x1 x—1]|T1,x),&1.k): k =
1,..., K1} and for any do-fine division {({z2 x—1|%2.%),&2,k): k=1,..., K2} of (a|b)

K1 K2

Z fléip)(@ie — 1,p—1) — Z fléo.6) (@26 — T2,—1)

k=1 k=1

1
< Vg(e,1)e < 5”67

where 6(e, p) is from the proof of [12, Lemma 2.1]. Next, there exists a gauge d3 < 09
such that for any d3-fine division {({(z3 x—1|s.k),&36): k=1,..., K3}

K2 KS 1
> faw)(@ok —x2k-1) — > f(&n)(@sk — 23k-1)| < Vp(e,z)e < 33V
k=1 k=1

Similarly, we prove that there exists a gauge 6,41 < J,, such that for any §,41-fine

division {({(zp+1,k—1|Tp+1.6):Ept1,k): E=1,. ., Kpp1}
Ky Kpt1
1
Zf(ﬁp, )(@pk — Tp k1) = Z FEpr1k)(@pr1k — Tpy1p-1)| < Vg(e,p)e S 2—pve.
k=1 k=1
Let
0o oo Kg
I= AV D F€r)@ar = arr).
p=1q=p k=1

Since Y is complete, it holds that

K1
WCHCTERTSEY|
k=1
oo | Kp Kpt1
<D ) @ps = @pp1) = D Fprra) (@pirk = Tprak-1)] < Ve
p=1"k=1 k=1
Therefore f is Henstock-Kurzweil integrable on (a|b) and its value is I. O

Definition 2.5. Let X be a vector lattice with unit.

For D € COx we consider the following condition:
(S) [anbavbNbAc,bVeNlcAa,cValND#(Q for any a,b,c € D.
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Theorem 2.3. Let X be a vector lattice with unit satisfying the principal pro-
Jjection property, Y a complete vector lattice and a,b,c € D € COx. Suppose that
D satisfies (S).

If f € (HK)({a]b),Y) N (HK)({b|c),Y) N (HK)({c|a),Y), then

b c a
0—(HK)/ f(x)dx—ko—(HK)/b f(x)dx+0—(HK)/ f(z)dz =

Proof. By assumption there exist {v(,p).e}, {fz)(b‘ ers WViclay,e ) € U3 (Hx, =)
such that for any e € J#x there exist gauges dqp), d(p|c) and d(|q) such that for any
O (ajpy-fine division {((= (a|p)y, k=11 (alb),k)s Elalpy,k): K = 1, .. .,K<a|b } of (alb)

Kav)

Tialby,k — Tialp),h—1) — 1(f;a, b)‘ < Valb),es

for any 6 y|c)-fine division {((2(pjc),k—1|T(blc),k)s Epley.i) s B =1,..., Koy} of (blc)

Koy

D FEwiey) @ le k — Tepleyh—1) — I(f3b,0)| <

k=1

U(ble),e

and for any §cq)-fine division {({z(c|a),k—11%(clay,k)sEelay,k): kB = 1, Kiejay} of
(cla)

D FEelay ) @ elayk — Tielayi—1) — I(fic,a)

< V(cla),e-

Let 6(-,+) = d(ajp) (5 ) AOpley (5 -) Ad(cjay (-, -)- Then the above formulae are true simul-
taneously. By (S) there exists d € [aAb,aVb]N[bAc,bVc]N[cAa,cVa]ND. By Theo-
rem 2.1 there exist a d-fine division { ((%(q|ay,k—1|T(ajay,k)s Etaldy,k) k=1, s Kajay
of (ald), a d-fine division {((z(pjay,k—1|T(|ay.k)sEplay.e): kB = 1,..., Kpjay} of (bld)
and a d-fine division {((z(c|a),k—11T(c|ay,k)> el k) K = 1, K(gay} of {c|d). By
Remark 2.2 { ({2 (a|ay k| (aldy.k—1)s Ealay.k)t k= Kafdys - - > 1} {((@ojay k]2 @)y —1)5
Ewlay.k): k= Kpjay, -+, 1} and {((z(ejay kT ielayo—1)s Eelayn): b = Kieays- -+ 1}
are o-fine divisions of (d|a), (d|b) and (d|c), respectively. Since d € [a Ab,a V b] NnD,
it holds that

Therefore if b—a € Q(z) and d # a, b, then by [12, Lemma 3.5] we have that d—a,b—
d € Q(x). By Remark 2.3 the division connected {{xa1ay k=117 (a)dy k) Egalay, k) :
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k= 1,...,Kqa} and {({z@a) kT payr-1)s Splayk): & = Kpjay,---, 1} is a o
fine division of (a|b), the division connected {({z(|ay,k—1|7(v|d). k|5 >§<b‘d> ) k=
"K<b\d>} and {(<x(c\d),k|m(c\d),k71>af(c|d>, ): k= Kay, - .,1} is a d-fine di-
vision of (b|c) and the division connected {({z(c|ayx— 1|:c<c|d ks Sl k) ko=
Koy} and {((xajayklz@ay k1), Ealapr): k= Kay,..-,1} is a d-fine
division of {c|a). By Lemma 2.1

K (alp) K(ajay
Z T alpy ) (T (ap) k — T(a)p) k—1) Z f( )T (aldyk = T(ald) k—1)
k=1

Kp)a)

< V(alb),er

- Z F(Ewlay, k) (T pld) k-1 — T(b|d).k)

Kpey Kvia)
blc) k) Zble),k — L(blc|,) k— 1) Z J( f(b\d) ENZ(bld),k — L (b|d),k— 1)

K (cay
- Z T (€ elay k) (T eldy k=1 — T(clay,k)| < Viple]yes
k=1
Kcla) Kcay
> FEelay ) @ earn — Telay 1) — > FEelay i) (T elay e — Ticlayr-1)
k=1 k=1
K (a|a)
- Z T (Eajay, k) (Tialdy,k—1 — T(ald),k)| < V(cla),e-

Therefore

[I(f;a,0) + I(f;b,c)+ I(f;c,a)l

Kavy

‘ (fia,b) — Z ff(alb x(alb & T{alby,k— 1)

K(bm
+ |I(f;b,¢) Z F (&, Ve = T(ble) 1)
K< -Ja)
+ |1 f,C Cl Z f a),k — m(c\a},kfl)
Kavy Kajay
+ Z T (Ealpy i) (T (alpy,k — Tialp) k—1) Z T (& alay, i) (@ (alay,k — T(ald),k—1)

K<b\d>

- Z [ b|d JU(b\d k—1 — T(b|d),k )
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Kpje) Kp)ay

Z f f(b\ JU(b\ kT L{blc) Z f f(b\d L(b\dy,k — L{(b|d),k— 1)
K(c\d»
- Z T (Eelay 1) (@ eldy, k=1 — T(c|dy.k)
k=1
K(cla) Kcay
Ve = Ticlayh—1) = O F(Eelayk) (Eicly ke — Teldy k1)
k=1
K(ajay

- Z S (& ajay, k) (Tialdy,k—1 — T(a|d),k)

< 2(U<a\b>,e + V(ble),e T Vlclaye)-

Since e is arbitrary, it holds by [12, Remark 2.1] that I(f;a,b) + I(f;b,c) +
I(f;c,a) =0. O

Remark 2.4. Let f be Henstock-Kurzweil integrable on D. Then by Theorem 2.3
for any primitives F,, Fj of f and for any ¢,d € D

Fo(c) = Fo(d) = I(f;a,¢) = I(f;a,d)
=I(f;d,c)
=I(f;b,c) = I(f;b.d)
= Fy(c) — Fy(d).

This means the Henstock-Kurzweil primitive is uniquely determind like the Den-
joy one if the difference of constant values is disregarded. Hereafter the Henstock-
Kurzweil primitive is denoted simply F when it is not considered distance of constant

values.

Theorem 2.4. Let X be a vector lattice with unit satisfying the principal pro-
Jjection property, Y a complete vector lattice, a,b € D € COx and (c|d) a subinterval
of (a|b).

If f € (HK)({a|b),Y), then f € (HK)((c|d),Y).

Proof. By assumption and Lemma 2.1 there exists {v.} € %3(#x,>) such
that for any e € J#x there exists a gauge § such that for any J-fine divisions
{(<x1,k—1|x1,k>;€1,k): k = 1,...,K1} and {(<x2,k—1|x2,k>7§2,k): k = 1,...,K2} of
(a|b)

K>

—1) — Z J(&an)(@ok — T26—1)| < Ve.

k=1
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Let {(<x3,k71|x3,k>;£3,k): k= ]., .. ,Kg} and {(<x4,k71|x4,k>7£4,k): k= ]., . ,K4}
be d-fine divisions of (c|d), {({(zsr-1|T5k),&56): kK = 1,..., K5} a J-fine divi-
sion of (alc) and {((x¢x—1]T6k),&.k)|k = 1,...,K¢} a o-fine division of (d|b).
Then by Remark 2.3 the division connected {({z5x—1|%5%), &%) k = 1,..., K5},
{((zs,k—1]z3,8), &%) & = 1,..., K3} and {({xe,k—1]T6k),&6.x): &k = 1,..., K¢}
is a d-fine division of (a|b) and the division connected {({z5x—1|5%),&56): k =
Lo Ksh, {((mag—1lzar),bar): B = 1,..., Ky} and {({(w6x—1l|T6x),86,k): b =
1,...,Kg} is also so. Therefore

K3 K4

> fw)@sn —xap-1) — > f(Cak)(@ar — Tak—1)
=1 . =1 .
= Z f&.6) (@56 — @5 0—1) + Z f&s.6) (@36 — x3,6—1)
k=1 k=1

K¢
+ Z f(&6.k)(T6,k — T6,k—1)
k=1

K5 K4
= f&r) sk — T5h-1) = Y F(Eak)(@ak — Tapo1)
k=1 k=1
Ke
- Z T (&6.k) (6,1 — To,k—1)| < Ve
k=1
Therefore by Lemma 2.1, f is Henstock-Kurzweil integrable on (c|d). O

3. SAKS-HENSTOCK LEMMA

The Riemann type integrals satisfy the Saks-Henstock lemma in addition to the
above properties. This lemma is useful for discussing the relations between other
integrals and to show convergence theorems.

Note that every complete vector lattice is isomorphic to the vector sublattice of

f is continuous
C’OO(Q):{f: Q — [—00, + 0] }

and {w: |f(w)| = +o0} is nowhere dense.

where Q is an extremally disconnected compact space [1], [3], [19], [20].
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Theorem 3.1. Let X be a vector lattice with unit, Y a complete vector lattice
and a,b € D € COx. Suppose that f € (HK)((a|b),Y) and its primitive on (a|b) is
F, that is, there exists {v.} € %3 (#x,>) such that for any e € #x there exists a
gauge 0 such that for any 0-fine division {({x_1|xk),&): k=1,..., K} of (alb)

K
S F@) @ — aia) - (F(b) - F(@)‘ <.
k=1
Then
(1) For any subdivision {((xx,—1|2k,),&k,): P =1,..., P} of {({xr_1]xx),&k): k=
LK}
P
Z(f(fk,,)(ﬂ?k,, —xp,—1) — (F(xg,) — F(xkp_l)))‘ < 20,.
(2)

K
STIFER) (@ — @re1) — (Flax) — Flap-1))] < dve.

k=1

Proof. (1) Let {({(wx,—1|Tk,),&k,): ¢ =1,...,Q} be the rest of {({(zx,—1|zk,),
§k,): p=1,..., P} in {({(xxg—1|zx),&): k =1,...,K}. Since by [12, Remark 3.7],
(Tk,—1|,) is a subinterval, by Theorem 2.4 f is Henstock-Kurzweil integrable on
each (zx,—1|zr,). Therefore there exists a gauge d,, where without loss of generality
it may be assumed that J, < ¢, such that for any J,-fine division {((zq r—1|%q k), Eq.k) "
k=1,...,K,}

Kq

S (i) q — Tqpr) — (Flak,) — F(xkqn))\ <

k=1

By Remark 2.3 the division connected {((zx,-1|7k,),&k,): » = 1,...,P} and

{(<xq,k*1|xq,k>qu,k): k= 17~'~7Kq} (q = ]-an) is 0-fine. Let {(<yk*1|yk>ank):
k=1,...,K} be the division. Then

S (6 (o, — 1y 1) — (Flai,) — F(xk,,-ﬂ»\

p=1

K
< |3 Fmon = ve) - (FO) - Fla)

k=1

2>

q=1

=

q

F (€)@ — g o) = (Flax,) = Flrr,-1)))| < 2ve.

=~
Il
—
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(2) It may be assumed that Y C C(2) for an extremally disconnected compact
space €. For any w € Q since (f(&;)(xr — xx—1) — (F(zx) — F(xr—1)))(w) takes on
a positive, 0 or negative value, we have that

K
(Z () @k — mn) — (Fla) — F(xklm) ()
k=1

=( )3 <f<ek><xk—xk_1>—<F<xk>—F(xk_n)))(w)

positive part

+( 3 <—<f<§k><xk—xk_n—<F<xk>—F<xk_1>>>>)<w>.

negative part

Therefore by (1) all terms of the above right hand side are less than or equal to
2v.(w) proving that

K
(Z () (h = mr) — (Fla) F(xk_1>>|) () < dve(w).
k=1

Since w € 2 is arbitrary, it holds that

=

STIFER) (@ — k1) — (Flax) — Flap-1))] < dve.

k=1

4. RELATION

Definition 4.1. Let X be a vector lattice and Y a complete vector lattice.
For Z(X,Y) we consider the following condition:
(CB) There exists {l,: n =1,2,...} C Z(X,Y) satisfying the following condi-
tions:
(CB1) lp, < lp, if n1 < no.
(CB2) For any | € .Z(X,Y) there exists a natural number n such that || < [,,.
(CB3) There exists {e,} C £ such that

ienln € Z(X,)Y).

n=1
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Example 4.1. We consider an example such that .Z(X,Y) satisfies (CB). It is
when Z(X,Y) has an Archimedean unit . Actually {nu: n = 1,2,...} satisfies
(CB1)(CB2) clearly. Let &, = (n-2")~!. Then

o0
E EpNU = U.
n=1

Therefore it satisfies (CB3).

Lemma 4.1. Let X = R, Y a complete vector lattice and D € COx. Suppose
that Z(X,Y) satisfies (CB).
For f: D — Y if f(x) = 0 for almost every x € D, then f € (HK)(D,Y) and

o-(HK) / (@) de = 0.

Proof. Take {l,: n=1,2,...} C Z(X,Y) in (CB). Let N = {x: f(z) # 0},
Ny ={z: 0 <|f(x)] < i} and N,, = {z: lp,—1 < |f(z)] <1} (n =2,3,...). By
assumption N and N,, are null sets and N = |J N,. Take {¢,} C & in (CB3).

n

=1
Then for any e € #x there exists {[an,n/,bnn/]: n =1,2,...} such that
o0 o0 o0
Nn C U [@n,n, bnn/]® and Z q([ann, bnnr]) = Z (bn.ns — annr) < ne.
=1 =1 n'=1

In the case of £ € N there exist n and n’ such that £ € [an n,bn ] Therefore
§(&,-) can satisfy [£ — 0(§,e)e, &+ (&, e)e] C [an,n’,bnn]. In the case of £ ¢ N take
§(&,-) arbitrary. Then for any é-fine division {({(zk_1|zg),&k): k=1,...,K}

Therefore f € (HK)(D,Y) and

o—(HK)/f(a:) dz =0,

414



Theorem 4.1. Let X be a vector lattice with unit satisfying the principal projec-
tion property, Y a complete vector lattice and a,b € D € COx with a < b or a > b.
Suppose that X satisfies (M).

Then for any f € (D*)((a|b),Y) there exists g € (HK)((a|b),Y) such that g(x) =
f(z) for almost every = € (a|b) and

o-(HK) / " o) dz = o-(D) / " fw)da

Moreover, if X = R and £ (X,Y) satisfies (CB), then

(D7)({afb), Y) C (HK)((a|b), Y).

Proof. We prove the theorem in the case of a < b. Similarly it can be proved in
the case of @ > b. Then (NOL) implies that x; —x;_1 > 0 for any é-fine division. Let
f € (D*)({alb),Y) and let F' be the Denjoy primitive of f. Since F € ACG*(D,Y),

there exist {E,: E, C D,p=1,2,...} with U = D and {v.} € %3(#x,>) such
that for any natural number p and for any e 6 Jx there exists 6, € Jr such that
for any x1 ,z2x € D with 21, < zop and x5 € Ep or 2o, € Ep (k=1,...,K)

us 1

K
if ZQ([xi,k,xz,k]) < dp, then ZW(F, (71,1, T2,k]) < Vo(ep)e < 2 Ve
k=1 k=1

where 6(e, p) is from the proof of [12, Lemma 2.1]. Let

N ={z: z € D, there exists neithero-DF(z) nor o-DF(z) # f(z)},
N,=NnNE,

and

x) ifxé&N,
g(x)_{f() ¢

0 ifx e N.
Then N and N, are null sets and |J N, = N. Therefore there exists {[ap ;, bp;]: j =

p=1
2,...} such that

o0

U [ap,j,bp,;j and Z(I(iap,jvbp,ji) < Op.

Jj=1

If £ € Np, then there exists a natural number j such that & € [a, ;,bp,,]¢. Let 6(€, €)
satisfy [ — (&, e)e, & + 0(&, e)e] C [ap,j,bp,;]. By assumption for any & € (alb) \ N
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there exists {we} € %5y y (A, >) such that for any e € Hx there exists 5? € IR
such that [F(§ £ h) — P(€) T f(E)(h)] = [F(§ £ h) — P€) F g(€) ()| < w.(h) for
any h € X with 0 < h < 6?6. Let §(&,e) = 52‘ A &g . Then for any é-fine division
{(<xk71|xk>7£k): k= ]-a 27 SRR K}

K
> ol (o ~ ai1) = (FO) - Fla))
k=1
< Z l9(&) (2 — op—1) — (F(2) — F(2-1))|

ErEN
+ Z |9(§k)(Th — Tp—1)] + Z |F(xk) — F(xg—1)]
ELEN ELEN
< Z 2we($k_xk71)+z Z |F(zk) — F(2k—1)]
EnEN p=1¢£,EN,

< 2we (b — a) + ve.

Therefore by [12, Remark 2.1] it holds that g € (HK)({a|b),Y) and its primitive is
F. The other part of Theorem follows immediately by Lemma 4.1. O
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