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1. INTRODUCTION

The purpose of our research is to consider some derivatives and some integrals of
mappings in vector spaces and to study their relations, for instance, the fundamental
theorem of calculus, inclusive relations between integrals and so on. To this aim we
refer to the Fréchet derivative, the Denjoy integral of mappings from an abstract
space to the real line in [4], [5], [17] and the Henstock-Kurzweil integral of mappings
from the division space or the real line to a complete vector lattice in [15], [16],
[2]. From the above theories to consider both derivatives and integrals of mappings
in vector spaces a domain of mappings may be needed an interval structure and
linearity and a range of mappings may be needed a convergence structure and lin-
earity. Hereafter we consider that both a domain and a range of mappings are vector
lattices.

In this paper we define the derivative and the Denjoy integral of mappings from
a vector lattice to a complete vector lattice and show the fundamental theorem of
calculus. In the next paper we will define the Henstock-Kurzweil integral of mappings
from a vector lattice to a complete vector lattice and consider a relation between these
two integrals.
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Let X and Y be vector lattices. e € X is said to be unit if e Ax > 0 for any x € X
with x > 0. Let J#x be the class of units of X. Let .#x be the class of intervals of
X and .# #x the class of intervals [a,b] with b —a € #x. 1 € X and z2 € X are
said to be orthogonal, denoted by 1 L xa, if |x1] A |22 = 0. Let A+ be the class of
x1 € X satisfying 1 L « for any x € A C X. Let £Z(X,Y) be the class of bounded
linear mappings from X to Y. If Y is complete, then .Z(X,Y) is so, too [1], [3], [14],
[18], [19].

2. DERIVATIVE

Definition 2.1. Let X be a vector lattice with unit.
D C X is said to be open if for any x € D and for any e € #x there exists € € g
such that [z —ee,z + ce] C D. Let Ox be the class of open subsets of X.

Definition 2.2. Let X be a vector lattice with unit and Y a vector lattice.

Let %5(#x,>) be the class of {v.: e € #x} satisfying the following conditions:
(U1) v, € Y with ve > 0.

(U2) ve, = e, if €1 > es.

(U3)* For any e € #x there exists f(e) € g such that vp(e)e < e

Remark 2.1. It holds that {av. + fvie} € % (#x,>) for any {v.} €
U (Hx,>), for any {vi .} satisfying v1, > 0 and (U2)? (U3)%, for any o € R
with a > 0 and for any § € R with 8 > 0.

Lemma 2.1. Let X be a vector lattice with unit and Y an Archimedean vector
lattice.

Then A ve =0 for any e € #x. In particular, J v, =0.
€K e€C Hx

Proof. Let 6(e,n) = 0(6(...0(6(e)e)...e)e). Then by (U3)® it holds that
—_———

n
Vg(en)e < 27 "0, for any natural number n. Since Y is Archimedean, we have

/\ Ve < /\ Vee S /\ Vo(e,n)e S /\ 27" = 0.

eC Hx eCHn neN neN

O

Definition 2.3. Let X be a vector lattice with unit, Y a complete vector lattice,
reDeOxand F': D —Y.

F is said to be right differentiable at x if there exists [ € £ (X,Y) satisfying the
following condition:
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(R) There exists {w } € U3 x vy (Hx,2) such that for any e € Hx there exists
6F € J such that |F(z + h) — F(z) — I(h)| < w] (h) for any h € X with
0<h<dfe.

Then we denote o-DVF(z) = [. F is said to be left differentiable at x if there
exists [ € Z(X,Y) satisfying the following condition:

(L) There exists {w, .} € %5 (x y)(Hx,>) such that for any e € #x there exists
0, € J such that |F(z) — F(x — h) — I(h)] < w, (k) for any h € X with
0<h<dge.

Then we denote o-D~ F(x) = I. F is said to be differentiable at x if o-D* F(x) =

0-D~F(z). Then 0o-DF(x) = 0-DTF(z) = 0-D™ F(x).

Let AC D and let F: D — Y be differentiable at every point of A.
F'is said to be uniformly differentiable on A if there exists {we} € %5 x vy (Hx, 2)
such that for any z € A and for any e € #x there exists o™ (x,e) € #x such that

Wy ok (z,e) < We.

Example 2.1. Let X = R%, let Y be a complete vector lattice with Archimedean
unit, D € Ox and let F: D — Y be a differentiable at every point of D.

Then F' is uniformly differentiable on D. Let uq,...,uqs be Archimedean units
of Y, a. =e1...eq and we = ac(uy,...,uq) for any e = (e1,...,eq4) € Hx. Then
{we} € %y x vy (Hx,2). For any {wfc‘:e} € U (x,y)(Hx, >) there exists ﬁxﬂfe € I
such that w, < B (u1,...,uq). Let n*(z, €) be a natural number with 2—n*(@e) ¢
e/, Then by (U3)*

O 4 " 4
622 n (gc,e),w

+
We > T We, T,e 2 wz,@(e,ni(z,e))e’
e

where (e, n) is from the proof of Lemma 2.1.

The derivative of mappings in vector lattices is introduced in the case of a domain
with Archimedean unit in [6] and thereafter it is extended to the case of a domain
with unit in [10]. The derivative in Definition 2.3 differs from both of them and is
further extended.

Remark 2.2. By Definition 2.3 it is clear that o-DI(z) = o-DVl(z) = 0-D~l(z) =
[ for any |l € £(X,Y) and for any = € X.

The following is evident.

383



Theorem 2.1. Let X be a vector lattice with unit, Y a complete vector lattice,
reDe0x, F1,Fo: D—Y and o, € R.
(1) If Fy and F; are right differentiable, then aFy + SF3 is also so and

o-DY (aFy + BFy)(z) = ao-DT Fy(x) + Bo-DT Fy(x).
(2) If Fy and F; are left differentiable, then oFy + SF is also so and

o0-D™ (aFy + BFy)(x) = ao-D™ Fi(x) + Bo-D~ F(x).

3. INTEGRAL

3.1. Preliminary. All integrals have double-facedness of an inverse operation of
the derivative and the limit of a certain sum. In the former setting a Newton integral
in [7], [10] and a Lebesgue integral in [8] were given for mappings in vector lattices. In
this paper a Denjoy integral is provided and in the next paper a Henstock-Kurzweil
integral will be given in the latter setting.

First some concepts required in the subsequent arguments are defined.

Definition 3.1. Let X be a vector lattice with unit, e € #x and let a,b € D C
X with a # b.

Let CSIP.(a,b) be the class of ¢: [0,1] — D satisfying the conditions (P) (CP,)
(SI), CSDP,(a,b) the class of ¢: [0,1] — D satisfying the conditions (P) (CP.)
(SD), and CSMP.(a,b) = CSIP.(a,b) U CSDP,(a,b), where

(P) ¢(0) =a and ¢(1) =b.
(CP.) For any t € [0, 1] and for any € € £ there exists § € g such that for any
s €[0,1] if |s —t| < 6, then |p(s) — p(t)| < ee.
(SI) Qﬁ(tl) < (p(tg) if t1 < to.
(SD) Qﬁ(tl) > (p(tg) if t1 < to.

Remark 3.1. Let ¢™(t) = ¢(1 —t). Then ¢ € CSIP.(a,b) is equivalent to
@'V € CSDP,(b,a) and ¢ € CSDP.(a,b) is equivalent to ¥ € CSIP,(b,a).

Definition 3.2. Let X be a vector lattice with unit.
Let |.#x | be the class of z satisfying |z| € H#x. For any z € | #x|let 21 = {OVz},
zt ={0v (-2},

Qz) = {z1: @1 € |Hx], (w1)y =23, (21)= =22}
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and
Q(r) = ( U [O/\xl,O\/xg]) \ {0}.
z1,22€Q(x)
Remark 3.2. The class of Q(z)’s is an equivalence class of |.#x|. Therefore each
x € | Hx| belongs to unique Q(z).

Lemma 3.1. Let X be a vector lattice with unit satisfying the principal projection
property and z € | #x|. Then 1+ @zt = X.

Proof. Since X satisfies the principal projection property, it holds that
B({z1}) ® {1} = X for any 1 € X, where B(A) is the smallest band containing
ACX. Let 2y =0V (—). Then zt = {21}*+. Since 21 A(0V ) =0 and z7 is a
projection band, it holds that B({z1}) C a1. Let 22 € z Nzt. Then

(OVz)Alza| =0, (0V (—=2)) Alza] =0

and
|z Afzo| = ((0V )+ (0V (—2))) A |z2]
< (OVz)Alz|+ 0V (—z)) Alae| =0
proving that x5 = 0. Therefore a:i @t =X. O

Lemma 3.2. Let X be a vector lattice with unit satisfying the principal projection
property and let x € | Fx]|.
If (x1)+ = 21 and (1)L = 2, then 21 € | Hx].

Proof. By Lemma 3.1 we have (z1)f & (z1)- = 21 @ 25 = X. Therefore
(z1)7N(z1)t = {0}. Assume that z1 & |#x|. Then there exists zo € X with zo >0
such that |z1| A z2 = 0. Therefore

(0 V 251)
OV (=z1))

T2 :L'1|/\£C2:0,

Nz < |
/\:L'2<|£L'1|/\£C2:0

implying that 23 € (1)1 N (21)L. This is a contradiction. Therefore z; € |#x|. O

Remark 3.3. By Lemma 3.1 and Lemma 3.2 if X satisfies the principal projection
property, then
Q(x) = {1'11 xr1 € |<}£/X|7 (:L'l)i = ;[;i}
= {z1: 1 € [Hx], (21)Z =22}

= {a1: (xl)i = xi, ($1)J_' = J?J_‘}
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Lemma 3.3. Let X be a vector lattice with unit satisfying the principal projection
property and let x € | Fx]|.
Then the mapping

llo@: Q) — Hx
w w

T |x1|
is bijective.
Proof. ByLemma 3.1 for any e € #x and for any « € | #x| there exist x; € xi

and zo € o+ such that o1 + 29 = e. Since 21 L x9, it holds that |x1 — 22| = |z1 + 22].
Therefore |zo — x1| = e. Note that xo L a3 for any x5 € xi Since

(0 \Y (LEQ — (El)) A |(E3| = (0 \Y (2£C2 — 6)) AN |£E3| < (0 V (2%2)) A |{E3| =0,

it holds that x5 € (z2 — x1)7 proving that 1 C (z2 — 21)1. Note that z; L a3 for
any 3 € z*. Since

OV (z1 —x2)) Alzs| = (0V (221 —e)) Alzs| < (0V (2z1)) A |zs| =0,

it holds that z3 € (zo — 1)+ proving that z+ C (z2 — x1)*. Since x5 — 11 € | Hx],
by Lemma 3.1 it holds that (xo — ml)i ® (v —21)t = X, (22 — ml)i = mi and
(v2 — 1)t = 2. Therefore x5 — 1 € Q(x) and | - lo(x) is surjective.

To prove that |- |g(,) is injective it should be proved that if [z1| = |z2| = e and
z1 # X2, then Q(z1) # Q(z2). Note that 0V (—z1) € (z1)F and 0V (—22) € (22)7.
In general,

OVaz) A0V (=22)) + (0Va2) A0V (—21)) = %(|9€1| + [@2| — |21 + 22])

and |z1 + 22| A|xy —x2| = ||z1]| — |z2||- Since |z1| = |z2| = e, it holds that |z1 + 22| &
x and it does never hold that |x1| 4 |x2| = |x1 + 22|. Therefore

OVaz)AOV (—22)) + 0V z2)) A0V (—21)) >0
and either (0 V x1) A (0V (—z2)) > 0 or (0V z2) A(0V (—x1)) > 0, thus either

0V (—z2) € (1)t or 0V (—z1) & (w2)+. Therefore (z1)1 # (w2)7 proving that
Q(x1) # Q(x2). O
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Lemma 3.4. Let X be a vector lattice with unit satisfying the principal projection
property and let x € | Fx]|.
If r1,x9 € Q(z), then T1 A 2,1 V T2 € Q(T).

Proof. Since
1 1
|21 Awe| = glar + @2 — |21 = 22f| 2 Sllzy + 22f = o1 — 22| = |21 A 2]
and
1 1
|21V 22| = glz1 + @2 + |21 = 22f| 2 Sllzy + 22] = o1 — 22| = |21 Azl
we have x1 A z2, 21 V 29 € | Hx|. If 23 € 2+ = (21)% = (22)%, then

OV (=(z1 Ax2))) Az3] < (OV (—21) + 0V (—x2)) A |z3]

<
<OV (=z1))Alzs| + 0V (—z2)) Alzs| =0

proving that 23 € (1 A x9)t. Conversely, if 3 € (21 A 22)*, then
OV (=21)) Alzs] < (0V (=(z1 Ax2))) Alzs| =0

proving that z3 € (z1)% = zL. Therefore (z1 A x2)L = z+. By Remark 3.3 it holds
that 1 A z2 € Q(z). The rest can be proved similarly. O

Lemma 3.5. Let X be a vector lattice with unit and let x € | #x]|.
Ifry € Q(z), 0 Az <22 <0V and z2 # 0, then z2 € Q(x).

Proof. Since 7y € Q(z), there exist x3,74 € Q(x) such that z; € [0 A x3,
0vz4)\{0}. Since 0Az; < z2 < OVz; and z3 # 0, it holds that o € [0Az3, 0V \{0}.
Therefore 2o € Q(z). O

Lemma 3.6. Let X be a vector lattice with unit.
(1) Then az; € Q(x) for any z1 € Q(z) and for any a € K.
(2) If X satisfies the principal projection property, then z1 + zo € Q(z) for any
x1, 29 € Q).

Proof. (1) Since z; € Q(x), there exist w3, 24 € Q(7) such that z; € [0 A z3,
0V x4] \ {0}. Since o € g, it holds that axy € [0 A (axs3),0V (azq)] \ {0}. Since

OVz)Alazs] < (1Va)((0Vz)Alzs]) =0
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and
(OVz)Alazs < AV a)((0Va)A|zg]) =0,
it holds that axs, azy € Q(z). Therefore az; € Q(x).
(2) Since 1,72 € Q(x), there exists x3,74, 25,76 € Q(x) such that z; € [0 A
23,0V x4] \ {0} and 22 € [0 A 25,0V 26] \ {0}. Note that 0V z4,0V 26 € 2+ and
0V (—x3),0V (—z5) € xi Assume that 2o = —z1. Then

x1=x1 A (—22) <K (OV ) A0V (—25)) =0,
o =a2 A (—21) < (OVzg) A(OV (—23)) =0

proving that 7 = xo = 0. This is a contradiction. Therefore xo # —z; and
21+ 22 € [0A2(x3 ANxs5),0V 2(x4 Vag)] \ {0}. By Lemma 3.4 and the proof of (1) it
holds that 2(z3 A 5),2(24 V 26) € Q(x). Therefore z1 + 22 € Q(z). O

Definition 3.3. Let X be a vector lattice with unit and a,b € D C X with
a #b.
Let CSSMP(a,b) be the class of ¢: [0,1] — D satisfying the following condi-

tions:

(CS1) There exist a natural number r, and {efp: el € Hx fori =1,...,r,}
such that the mapping
o' [0,1] — D
W w

s — plls+i—1)/ry)
belongs to CSMP..: (¢((i —1)/ry),¢(i/74)).

(CS2) There exists z € | x| such that ¢*(1)—¢*(0) € Q(z) for any i = 1,..., 7.

(CS3) ¢([0,1)) C [aAb,aV b].

¢" satisfies either (SI) or (SD). For convenience, ¢’ is said to be CSIP if (! satiefies
(SI) and ¢* is CSDP if ' satisfies (SD).

Remark 3.4. By Remark 3.1, ¢ € CSSMP(a,b) is equivalent to ¢ €
CSSMP(b,a). Since (p™v)*¥ = ¢, the mapping ¢ — ¢"V is bijective.

Definition 3.4. Let X be a vector lattice with unit and D C X.
D is said to be connected if CSSMP(a,b) # ) for any a,b € D with a # b. Let
COx be the class of connected open subsets of X.

Definition 3.5. Let X be a vector lattice with unit and a,b € D € COx.

The subset )
U e([0,1]) ifa#b,
(alb) = { $ECSSMP(a,b)

{a} ifa=b

is called to be a stepwise interval from a to b.
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Remark 3.5. By Remark 3.4, it holds that ¢([0,1]) = ¢"V([0,1]). Therefore
(alb) and (b|a) coincide as sets. But the former means an “interval from a to b”, the
letter means another “interval from b to @” and they are distinguished.

Remark 3.6. By (CS1) (CS3) we have that {(a|b) C [a Ab,a Vb N D.

Definition 3.6. Let X be a vector lattice with unit, Y a complete vector lattice
and a,b € D € COx.

(c|d) is said to be a subinterval of (a|b) if ¢,d € (alb) and there exists = € | x|
such that ¢ — a,d — ¢,b—d € Q(x).

Remark 3.7. By Lemma 3.6 and (CS2) if X satisfies the principal projection
property, then (c|d) C (a|b).

Definition 3.7. Let X be a vector lattice with unit, e € J#x and a,b € X with
a<b.
For an interval [a, b] we consider the subset:

[a,b]® = {z: there exists some e € #& such that x —a >ece and b—z > ce}.

Lemma 3.7. Let X be a vector lattice with unit, e € #x and a,b € X with
a<b.
Then [a,b]® # 0 if and only if there exists € € g such that b—a > ee.

Proof. Suppose that [a,b]® # 0. Let « € [a,b]®. By Definition 3.7 there exists
€ € Jp such that x —a > %56 and b—x > %Ee. Therefore b — a > ce.
Conversely, suppose that there exists € € g such that b—a > ce. Let x = %(a—l—b).

Then z —a=0b—x = $(b—a) > 1ce. Therefore z € [a, b]°. O

Definition 3.8. Let X be a vector lattice with unit.
We consider the following condition:

(M) There exists an interval function ¢: #x — [0, 00) such that

(M1) g(h) < q(I2) if 1 C .

(M2) () > 0if I € 7.%x.

(M3) For any x € X, for any e € #x and for any ¢ € J#g there exists § € Jg
such that ¢([z,z + de]) < € and ¢([z — de, z]) < e.

Let ACDCX.

Given a property P(z) of x € D we say to be true for nearly every z € A if
there exists a countable set N C D independent of A such that P(x) holds for any
x € A\N. N C D is said to be a null set if for any e € /#x and for any € € # there
exists {Iy: Iy € #x,k =1,2,...} such that it satisfies the following conditions:

oo

(N N U I

q([l
q(l
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(N2) > q(Ix) < e. Given a property P(z) of z € D we say to be true for almost
k=1

e;ery x € A if there exists a null set N C D independent of A such that
P(z) holds for any z € A\ N.

Let P(x) be a property of x € D € Ox and let A C D. For convenience,
expressions such that P(z) uniformly for every z € A, for nearly every z € A, for
almost every z € A and so on are used. For instance, o-DF(z) = f(z) uniformly
for almost every x € A means that there exists a null set N C D such that F' is
uniformly differentiable on A\ N and o-DF(x) = f(z) for every x € A\ N.

Example 3.1. If X is a Banach lattice, then X satisfies (M). For any x1, 22 € X
with 1 < z2 let g([z1,22]) = ||x2 — z1]. Then X endowed with ¢ satisfies (M).
If X = R? x Xy, where X is any vector lattice, then X also satisfies (M). For

z1 = (11, -,21,4), %)), 22 = ((w2,1,...,%2,4),25) with z1 < za let ¢([z1,22]) =
d

I (z2,i — x1:). Then X endowed with ¢ satisfies (M). Moreover, N C X is a null
i=1
set if and only if the Lebesgue measure of the projection on R¢ of N is zero.

In general, many interval functions satisfying (M) in X can be considered. Here-
after in the case of X = R¢ we always consider the Lebesgue measure as an interval
function gq.

Definition 3.9. Let X be a vector lattice with unit, Y a vector lattice, xo €
D C X and F: D — Y. Suppose that X satisfies (M).
F is said to be continuous at xg if it satisfies the following condition:
(C) There exists {ve} € %3(#x,>) such that for any e € J#x there exists
& € g such that for any x € D if either 0 < x—x9 < deor 0 < zg—z < de,
then |F(z) — F(zo)| < ve.

Let C(D,Y) be the class of mappings continuous at every point in D. F is said
to be absolutely continuous if it satisfies the following condition:
(AC) There exists {ve} € %3 (#x,>) such that for any e € #x there exists
0 € g such that for any x1 , 22, € D with 21, < 2oy (k=1,...,K)

K K

if Y q([z1k224]) <6, then Y |F(zax) — Flair)| < ve.
k=1 k=1

Let AC(D,Y) be the class of absolutely continuous mappings. F is said to be
restricted absolutely continuous if it satisfies the following condition:
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(AC*) There exists {ve} € %J(H#x,>) such that for any e € J#x there exists
0 € g such that for any x1 , 22, € D with 21, < 2oy (k=1,...,K)

K K
Z (@14, w2x]) <6, then > w(F, [z1k, 224]) < v,
k=1 k=1
where
WP )= \/  [F(z2) = F(a)|

z1,22€[u,v]

is the oscillation on [u,v] of F.
Let AC*(D,Y) be the class of restricted absolutely continuous mappings. F is
said to be generalized absolutely continuous if it satisfies the following condition:

o)
(ACG) There exists {E,: E, C D, p =1,2,...} with |J E, = D and {v.} €
p=1

Uy (JHx, =) such that for any natural number p and for any e € J#x there
exists § € Jr such that for any x1,22% € D with 21 < x2, and,
T €E,orzor € Ey(k=1,...,K)

K

([#1,5, 2,5]) < 9, then Z|F zok) — F(z16)| < ve.
k=1

uMw

Let ACG(D,Y) be the class of generalized absolutely continuous mappings. F
is said to be restricted generalized absolutely continuous if it satisfies the following
condition:

(ACG*) There exists {E,: E, C D, p = 1,2,...} with U E, = D and {v.} €

Uy (Hx, =) such that for any natural number p and for any e € #x there
exists § € Jr such that for any x1,224% € D with 21 < x2, and,
T €E,orzor € Ey(k=1,...,K)

K

([#1,5, 22,]) < 6, then > w(F, [w1k, @2,4]) < ve.
k=1

uMw

Let ACG*(D,Y) be the class of generalized absolutely continuous mappings.

Remark 3.8. C(D,Y) is a vector lattice. First, it is clearly an ordered linear
space. For Fy, F» € C(D,Y’) we have

|(F1V Fy)(x) — (F1 V Fa)(20)| = [F1i() V Fa(z) — Fi(wo) V Fa(zo)|
< |Fi(z) — Fi(zo)| + |Fa(x) — Fa(xo)]
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and

|(F1 A Fo)(x) — (F1 A Fa)(20)| = |Fi(z) A Fa(z) — Fi(xo) A Fa(zo)|
< [Fi(z) — Fi(zo)| + [Fa(z) — Fa(z0)],

C(D,Y) is a lattice. Similarly it is proved that AC(D,Y), AC*(D,Y), ACG(D,Y)
and ACG*(D,Y) are also vector lattices.

Lemma 3.8. Let X be a vector lattice with unit, Y a complete vector lattice and
D e Ox.
If F: D — Y is differentiable at ©o € D, then F is continuous at xg. In

particular, by Remark 2.2 any element of ¥ (X,Y’) is continuous.

Proof. By assumption there exists {wy ,} € U x,y)(Hx, =) such that for
any e € Jx there exists 0= € Jp such that |F(zo + h) — F(zo) F f(20)(h)| <
wi (h) for any h € X with 0 < h < 6fe. Let {vic} € %3 (Hx,>) and ve =
vie + (|f(20)| +wif . +w,, .)(e). By Remark 2.1 it holds that {v.} € %?(#x,>).
Let 65, = 0, A d,,. Without loss of generality it may be assumed that d,, < 1. For
any z € D if 0 < x — z¢ < 0,6, then

|F(2) = F(z0)| < |f (w0) (@ — @0)| + w, o(z — z0) < (If (@0)] + wif, c)(e),

and if 0 < zp — 2 < dg,€, then
|F(z0) — F(z)| < |f(@o) (o — )| + wgy o (x0 — ) < ([f(@0)] + wyy ) (€).

In either case we have |F(z) — F(zg)| < ve. Therefore F' is continuous at . O

3.2. Denjoy integral.

Definition 3.10. Let X be a vector lattice with unit, Y a complete vector lattice,
D eCOx and f: D — Z(X,Y). Suppose that X satisfies (M).

For a,b € D f issaid to be Denjoy integrable on (a|b) and F' is the Denjoy primitive
of f on (a|b) if there exists F' € ACG*(D,Y)NC(D,Y) such that o-DF(z) = f(x)
uniformly for almost every x € (a|b). If for any a,b € D, f is Denjoy integrable on
(alb), then f is said to be Denjoy integrable on D and F' is a Denjoy primitive of f,
denoted by

Flz) = o-(D*) / f(@) da
The value .
F) = F(a) =o-(D") [ f(a)da
is said to be the Denjoy integral of f on (a|b). Let (D*)({ald),Y) and (D*)(D,Y)
be the class of Denjoy integrable mappings on (a|b) and D, respectively.
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We must show that Definition 3.10 is well-defined, that is, if the difference of
constant values is disregarded, then for any Denjoy integrable mapping f its Denjoy
primitive F' is uniquely determined on {(a|b).

Lemma 3.9. Let X be a vector lattice with unit, a,b € D € COx with a # b
and ¢ € CSSMP(a,b).

If ¢'([0,1]) € U [ex,d]% for cx,dy € D (A € A) with ¢'([0,1]) N [ex, da] # 0,
AEA
then

(1) For any A € A there exists I = [0, 1], (ax, 1],[0,8x) or (ax,Bx) with0 < ay <
Bx < 1 such that ©*([0,1]) N [cx, dr]% = @' (I)).
(2) It is possible to select a finite subset {Iy,: k=1,..., K} in {Ix: X\ € A} such

K
that [0, 1] = U I,\k.
k=1

Proof. We prove the case where ¢’ is CSIP. When ¢’ is CSDP, it can be
proved similarly. We consider the following four cases.
(Case I) ©*(0), (1) € [cx, d]%:
Clearly (1) is satisfied for Iy = [0, 1].
(Case IT) ¢*(0) & [ex, dr]% and ¢i(1) € [ex, da]%:
Let ay = inf 5. Then ¢'(s) ¢ [ex, dx]% if 5 < oy and @i(s) € [ex, da]%
@i (s)€lex,da]®
if ay < s. Assume that ¢'(ay) € [c>\,d>\]ei’. Then there exists € € R such that
Pan) —cy = Eefp and d) — p'(an) = €efp. There exists § € g such that for any
s € [0,1] if |s — ax| < J, then |¢?(s) — ¢ (an)] < %66;. Since
i i L L
P'(ax—0) —cn = ¢p'(an) — 58~ > 5¢
and
dy — @' (ax —0) = dy — @' (an) = Eefp,

it holds that ¢'(ay — §) € [c,\,d,\]efo. It is a contradiction. Therefore p'(ay) ¢
[ex, d)\]eij proving that (1) is satisfied for Iy = (ax,1].
(Case IIT) %(0) € [c>\,d>\]eff’ and ¢'(1) ¢ [ck,d,\]efﬂ:

Let By = sup s. Then ¢i(s) € [c,\,d,\]ejﬂ if s < B\ and ¢'(s) & [c>\,d>\]ejﬂ

@i (s)€ler,dal“®

if By < s. Assume that ¢*(8)) € [C)\,d)\]ez’. Then there exists e € g such that
0 (Br) —cn = Eefp and dy — ©'(B\) = Eefp. There exists 0 € g such that for any
s €10,1] if [s — Bx| < 6, then |¢'(s) — ¢'(Br)| < Seel,. Since

P (Br+0) —cn = ' (Br) —ex = €€fp
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and g 1
dx = ¢ (Bx +9) 2 dr = ' (Br) — 5ee, 2> jeey,

it holds that o'(8x 4 9) € [ck,d,\]efﬂ. It is a contradiction. Therefore ¢*(8)\) ¢
[cx, dx]% proving that (1) is satisfied for I = [0, B).
(Case IV) 501(0)7 901(1) ¢ [C)\a d)\]e;:

Let ay = inf ~sand 8y = sup  s. Then similarly (1) is satisfied

@i(s)e[cx\vd/\]6¢ wi(S)E[CA,dA]CZO

for I)\ = (a)\,ﬂ)\).

Next we show (2). Since ¢*([0,1]) = U ¢%(Ix) and ¢° is injective, it holds that

AEA
[0,1) = U Ix. Since [0, 1] is compact, (2) is satisfied. O
AEA

Lemma 3.10. Let X be a vector lattice with unit, Y a complete vector lattice,
a,b € D € COx with a # b and ¢ € CSSMP(a,b). Suppose that X satisfies (M)
and let N C D be a null set.

If F € ACG*(D,Y)N C(D,Y) and o-DF(xz) > 0 uniformly for every = €
©'([0,1]) \ N, then F(¢'(0)) < F(¢'(1)) when ¢ is CSIP and F(¢'(0)) > F(¢'(1))
when ¢’ is CSDP.

Proof. We prove the case where ¢’ is CSIP. When ¢’ is CSDP, it can be
proved similarly. Let f be the derivative of F. Since FF € ACG*(D,Y), there exists

{E,: E, C D, p=1,2,...} with U E, =D and {v.} € %;(#x,>) such that for

any natural number p and for any € 6 Jx there exists d, € Jr such that for any

Tk, T2k € D with Tk < T2k and Tk € Ep or Ta € Ep (]f =1,... ,K)
K
if Z ([*1,k5 T2,k]) < 0p, then ZW(F, (1,5, T2,k]) < Vp(eei, p)ect, S 2*%661,0.
k=1

Since N, = N N E,, is a null set, there exists {[ap. j, bp ;]: 7 =1,2,...} such that

N @R:

Ny C [apmbpj] ¢ and Zq (lap,j: bp,5]) < Op.

7j=1

I
-

J

o0 oo o0 i
Since |J Np = N, it holds that N C | U [ap,j,bp,;]. Since F is uniformly
p=1 p=1j=1
differentiable on x € ©*([0,1]) \ N, there exists {w.} € U x,y)(Hx, =) such that
for any = € ¢%([0,1]) \ N and for any ¢ € #x there exists * € ¥ such that

[F(x+h)—F(x)F f(z)(h)] < wee: (h) for any h € X with 0 < h < §3cel,. Moreover,

(pi([(), IP\N C U [:v—é;aefp,x+5jge;]ei:
z€p([0,1])\N
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By Lemma 3.9 there exist Iy C [0,1] (k=1,...,K), zx € ¢'(Ix) (k= 1,..., K1),
P41 < ... <pr and jr,41 < ... < jk such that

0 ((0,1)) N [zx — 6, ety ap + 0F eel ) = @' (L) (k= 1,..., K1),

0" ([0, 1]) N [ap o bpri) > = @' (I) (k= K1+ 1, K),

Let ax be the left end of I, and [y the right end of I;. Order I according to
increasing «aj and denote them by I;’s again. Without loss of generality it may
be assumed that an I; is not covered by the union of other Ij’s because the above
formulae are true even if I covered the union of other I;’s is excepted. Then

0=01 < as,
ak<6k71 < Q41 <6k (k:277K_1)7
Br-1 < pPr =1

Let

Yo = a1 =0,
g < Yp—1 < Pr—1, where
Tpo1 < gai('yk,l) <wp if zp_1 <xp
and xp_1 > @ (Y1) > ap if Tp_1 > T
(k=2,...,K),
vk =Bk = 1.

When ¢*([0,1]) N [apkajk7bpk7jk]e; = ¢'(Ik), let @y satisfy ap, ;. < zk < by, for
instance, zj = % (ap, j, + bpy,j. ). Since F is absolutely continuous on E,, we have

Z(F(Sﬁz(%)) - F(Qpl(ﬁ)/kfl))) 2 - ZQipveefp = _Usezp'
k p=1

When ¢*([0,1]) N [z — 0, €L, zx + 5;:6629]615 = ¢'(I;), we consider the following
cases.
(CaseI) Ky = 1:

Since ¢'(70) < 21 < ¢'(1), it holds that 0 < ¢(y1) — 21 < §,eel, and 0 <
21 — p(y0) < 5;16620. Therefore

|F(¢'(m)) = F(z1) — f(21)(¢" (11) — 71)
|F(z1) — F(¢'(0)) — f(z1)(@1 — ¢ (7))
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Since f(z1) > 0, it holds that
Fp'(m)) = F(¢' (1)) 2 —weer, (¢' (1) = ¢ (10)) 2 —wees, (¢°(1) — ¢'(0)).

(Case II) Ky >

(Case II-1) ¢ (’Yk 1) S @k < @ (m):
Since 0 < @' (k) =z < 0F, eel, and 0 < xp — ' (Yh—1) < 05, €€, it holds that

[F(¢" () = Flar) = fla)(@' () — 2x)

z | < wee’fp(@i(lyk) - xk)v
|F(xr) — F( (y—-1)) — f(@r)(@e — @' (ve-1))| S w

cel, (xk - @i('yk—l))'
Since f(zy) > 0, it holds that
F(@' (1)) = F(¢' (m-1)) = —weer (9" () = ¢ (7-1))-

(Case I1-2) ' (yr—1) < ©* (k) < g
Note that this case occurs in the case of k < K. Since 0 < xp — ¢ (1) < 65, aefp
and 0 < 2 — @' (k—1) < (5;}65620, it holds that

|F(wr) = F(¢" () = flazx) @k — @' (7))

| < waef’P (xk - 901(716));
[F (k) = F(¢' (y-1)) = flaw) (@r — ¢ (me-1))] <

Weet, (z — @i(')/k—l))'
Since f(zy) > 0, it holds that

F(¢' () = F(¢' (1)) = —weer, (225 — ' () — ¢*(7-1))

—2Weei, (' (Y1) — @' (W—1))-

VoV

(Case I1I-3) a1, < ¢ (Vi—1) < ©*(71):
Note that this case occurs in the case of k > 1. Since 0 < ¢*(y%) — 21 < (5;56@
and 0 < (k1) — 2% < (5;—,@5620, it holds that

|F(@" (W) — F(xx) — f(@r) (9" (%) — k)
|F (9" (V1)) — F (k) — f(@r)(@" (Ve-1) — wx)

Since f(zy) > 0, it holds that

—weer (9" () + " (Y1) — 22,)

F(@' (W) — F(@' (w-1)) =
> —2w.ei (¢ (k) — ¢' (W—2))-
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In any (Case II-1), (Case II-2) or (Case II-3) we have

F(o'(m)) = F(¢' (-1))
—2weer (¢ (Yh41) — @' (1)) if k=1,
> 2w (0 (1) — @' (m—2)) i 2<h<T- L
_2wee’ (501( ) ('Yk 2)) if k=K

Summing up for k,

D (F(@ () = F(¢' (1)) = —6uwees ('(1) = ¢'(0)).
k
Therefore in either (Case I) or (Case II) we have that F(¢'(1)) — F(%(0)) >
i(1

—6wees, (0 (1) — ¢ (0)) —eei, - Since € is arbitrary, by Lemma 2.1 we have F(e' (1)) —
F(¢%(0)) > 0. O

By Lemma 3.10 it can be proved that the Denjoy integral is well-defined.

Theorem 3.1. Let X be a vector lattice with unit, Y a complete vector lattice,
a,be D e€COx and let f: D — Z(X,Y) be Denjoy integrable on (alb). Suppose
that X satisfies (M).

Then the Denjoy primitive of f is uniquely determined on {al|b).

Proof. Let F,G € ACG*(D,Y)NC(D,Y) be two Denjoy primitives of f. We
shall show that (F — G)(a) = (F — G)(c) = (F — G)(b) for any ¢ € ¢([0,1]), where
p € CSSMP(a,b). Without loss of generality it may be assumed that there exists
a natural number i such that ¢ = ¢(i/r,). Then there exist null sets Np, Ng such
that o-DF(¢p(t)) = f(p(t)) for any ¢ € [0,1]\ ¢~ ' (Nr) and 0-DG((t)) = f((t))
for any t € [0,1]\ ¢ !(Ng). By Theorem 2.1 for any ¢ € [0,1] \ ¢~} (Nr U Ng) we
have

-D(F — G)(p(t)) = 0-DF(p(t)) — 0-DG(p(1)) = f(p(t)) — f((t)) = 0.

Similarly o-D(G — F)(p(t)) = 0. By Lemma 3.10

(F = G)(¢'(0)) < (F = G)(¢'(1)),
(G = F)(¢'(0)) < (G = F)(¢'(1))
Thus ;
F-afe(57) = -ale(7)))
Therefore (F — G)(a) = (F — G)(¢) = (F — G)(b) O
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In general, integrals should satisfy the following conditions:
(1) Linearity of integrand, that is, the space consisting of integrable mappings is
linear and for any integrable mappings f, g and for any o, 8 € R

[ +s9ar=a [ f@)ar+5 [ g

(2) Additivity of interval, that is, for any a,b,c € D if f is integrable from a to b
and from b to ¢, then it is integrable from a to ¢ and

/abf(x)dx+/bcf(x)da: _ /acf(x)da:.

(3) Integrability on subinterval, that is, if f is integrable on an interval, then it is
also integrable on any subinterval of the interval.

For the Denjoy integral (1) is clear by Theorem 2.1 and Definition 3.10. (3) is
true by Remark 3.7 if X satisfies the principal projection property. (2) is not true
generally. Nonetheless, if f € (D*)({a|b),Y) N (D*)((b|c),Y) N (D*)({c|a),Y), then
(2) is true.

4. FUNDAMENTAL THEOREM OF CALCULUS
The following fundamental theorem of calculus is clear by Definition 3.10.

Theorem 4.1. Let X be a vector lattice with unit, Y a complete vector lattice
and a,b € D € COx. Suppose that X satisfies (M).

Ifo-DF(z) = f(x) for F € ACG*(D,Y)NC(D,Y) and for almost every x € {(a|b),
then f is Denjoy integrable on (alb) and for any x € (a|b)

F(x) = 0—(D*)/f(x) da.

Conversely, if F': {(a|b) — Y is a Denjoy primitive of f, then it is differentiable
and o-DF(z) = f(x) for almost every x € {(a|b).
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