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Abstract. We solve the following Dirichlet problem on the bounded balanced domain 2
with some additional properties: For p > 0 and a positive lower semi-continuous function u
on 99 with u(z) = u(A\z) for |A| = 1, z € 9Q we construct a holomorphic function f € O(£2)
such that u(z) = [, |fIPdL3, for z € OQ, where D = {\ € C: |\ < 1}.
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1. PREFACE

Let us denote D = {\ € C: |A\] < 1}. Assume that @ C C" is a bounded
balanced domain (i.e. DQ = Q). We solve the following Dirichlet problem: For
p > 0 and a positive lower semi-continuous function u on 9Q with u(z) = u(Az)
for |\| = 1, 2 € 9Q we construct a holomorphic function® f € O(Q2) such that?
u(z) = [, |fIPd€f, for z € Q. The case when p = 2 and € is a unit ball B" was
solved in the paper [6, Theorem 2.9]. Now we generalize this result. In fact, our
methods can be used for a bounded balanced domain 2 wich fulfils the following

Condition 1. There exists a positive constant # and a natural number K such
that if a function g is continuous on 092 and g(z) = g(Az) > 0 when || = 1,
z € 01, then there exists a natural number Ny and a sequence of homogeneous
polynomials p,, of degree m such that

(1) |pm(2)] < g(2) for m > Ny and z € 99,

(2) 8g(=) < Jmax |Pmi+;(2)] for m > Ny and z € 9.
J=U,1,... -

1 By O(2) we denote the space of all holomorphic functions on .
2Dz = {Az: || < 1}, £2_ denotes Lebesgue measure on Dx.
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The above condition is true when € is the unit ball B" (see [7, Theorem 2.7]).
However, the last construction of homogeneous polynomials [7, Lemma 2.5] suggests
that Condition 1 will be satisfied in more complicated domains. In fact, it will be
fulfilled (see [8, Theorem 2.5]) at least for the class of bounded circular strictly convex
domains with C? boundary. The result [6, Theorem 2.7] was proved by using some
properties of homogeneous polynomials on the unit ball while in [7] we constructed
similar polynomials in the case when (2 is a bounded circular strictly convex domain
with C? boundary. For this reason Condition 1 is the main assumption for the
present paper.

Our construction is to enable us to give a simple description of exceptional sets of
the form

EP(f) = {z €00 / |fIPde?, = oo}.
Dz

The exceptional sets were presented in the papers: [1], [2], [3], [4], [5], [6], [7]-

2. SOLUTION

The following fact will simplify the integration of holomorphic functions.

Lemma 1. Assume that p > 0, f € C(Q), ,6 € (0,1). If g,, € C(Q) and
gm — 0 uniformly on any compact subset of €1, then there exists mg such that

|f+gm|pd£%ﬂ)z 2 _E—’_/ |f|pd£%|j)z+5p |gm|pd£%Dza

Dz Dz Dz

/ 4 gmlPdS3, < e+ / P dgE, + 57 / gml? €2,
Dz Dz Dz

for m > mg, z € 0N0.

Proof. Let M := sup|f(z)|. There exists a number r € (4,1) such that
z€Q

(n(1 = r2)MP)/(1 — §)P < /8. Let D(2) = {w € Dz: r < ||w||}. We consider the
following function:

T: 90 xD > (2,8 — |f(A\2) + £ AL?(N).
Al<r

Since €2 is bounded and ¥ continuous there exists 0 < o < 6 {/e/4n with

|\II(2:70) - \I/(Zafﬂ <

=~ ™
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for z € 00 and |¢] < . Moreover, there exists mg such that |gn, ()] < a for m > myg
and z € rQ). Let us observe that

1
1 PAg? < (5”‘i’d£2 < 6P
( ) /r[lj)z |g'fVL| ds[l])z /[D)z 47_[ Dz 4 €
and
1
(2) / |f|Pde?, </ MPdgE, < -
D(2) D(2) 4

Since [gm| < a on rDz we have |¥(w,0) — V(w, gm(w))| < § for w € rDz. In
particular,3

1
| Argnragh s - o4 [ ispass,
rDz rDz

S PALY, + o7 Pded
= 26 + |f| Dz + |gm| Dz
rDz

rDz

and

L
/ 1+ gmPde3, < 3 / fPds?,
rDz 4 Dz

@ l P02 -p P62
rDz rDz

Now we define the following sets:

B (2) = {w e Dz: v < Jwll, [(f + gm)(w)| = 5|gm( )}
B p(2) = {w € Dz: r < JJwll, [f(w)] + |gm(w)] <07 gm(w)[},
Cri(2) ={w e Dz: r < ||w|l, w ¢ Bm,i(2)}.

Let w € Cpy,1(2). Since |(f + gm)(w)| < 8|gm (w)| we have (1 —9)|gm (w)] < |f(w)] <

M and
MP 1
/Cm,l(z) | M| [DZ D(z) (1 - 5) [DZ 8

We can estimate

/ 1+ gmlP SR, > / I + gm|?dS2,
D(z) Bm,l(z)

1
20 [ gulagh s e v s [ lgalras,
Bm,1(2) D(z)

1
> et [ Apashao [ jgnras,
D(z) D(z)

3In fact, since gm — 0 uniformly on €2, these two inequalities are easy consequences of
the Lebesgue lemma.
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Let w € Cpp2(2). Since |f(w)| + |gm(w)| > 67 gm (w)| we have (671 — 1)|gm (w)| <
|f(w)] < M and |f(w)| + |gm(w)] < M +0M/(1—-6) = M/(1—7). So we may

conclude
/ |f + g | dge? / ﬂ de2 1
O 2(2) R e T <g&

This implies

1

[ dreanragt<ger [ ifegnrass,

D(z) S5 By a(2)
1
SE+07 p/ |gm|pd£%2
S5 B 2(2)
1

<get [ urashoas [ g,
2 Jpe) D(2)
which completes the proof. ([

The next result will be the first approximation of our solution.

Lemma 2. There exists a constant a € (0,1) and a natural number K such that
if a function h is continuous on 9 and h(z) = h(Az) > 0 when |\ = 1, z € 02, then
there exists a natural number mg and a sequence of homogeneous polynomials q,, of
degree m such that

K-1

3) hz) > / Z jzoqmm dg2, > ah(2),
K—1 p
(4) mh() > |3 gy (t2)
§=0

for z € 90Q,t > 0 and m > my.

Proof. Let # and K be from Condition 1. Let § = min{p/4nKP, 1/2PT1KP}.
There exists a natural number my > K and a sequence of homogeneous polynomi-
als p,, of degree m such that |p,,(2)|P < dh(z) and 0P6h(z) < Jnax, |Pmrc+5(2)|P

§=0,.... K~
K=1
for z € 90 and m > mg. Let ¢m = mYPp,, wm = Y Gmyj and I, . =
fﬂj)z |wm|8 df’?ﬂ)z

Assume that my is so large that (m+j)'/? < 2m!/? for m > mg, 7 =0,..., K —1.

We then obtain the inequality (4):

K—-1
(5) Jwm (t2)] < D (mtj) /Pt 6 Ph(2) P < 2(mbh(2)) P K™ < (mh(2))' /P
7=0
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and conclude for the left-hand side of relation (3)

1 p2n
Im7p7z = // t|wm(tzei”’)|p dt ng
0J0

! 4ndKP
< 411(5Kph(z)/ mtPm T dt < TE(STh(Z) < h(z)
0

for z € 00
Since Gm, - - -, ¢m+Kk—1 are homogeneous polynomials with degrees m,m +1,...,
m + K — 1 we conclude that ¢,,...,¢n+x—1 are orthogonal polynomials, which

implies that

K—-1
§ qm-+j
7=0

Im,2,z :/
Dzl ,—

2 K—1
g2 — Z/ (s s|2 A 2.
=0 Dz

Let us observe that

K—1 1
(6) Impz= Y / |Gt s])? d€3, > 2 / (mBPSh(z))?/Pe2mTE)~1 gy
§j=0 Dz 0

< 6% (méh(z))?/?
- 2m '

Now we define
A(z) == {30 €[0,2n: |wm(ze¥)| > %H(méh(z))l/p}.

Since

m+K—1
[ W (2) = win (82)] <Y KPP (2) — pil(t2)]

k=m
m+K—1

< D 2mMPem (1=t pr(2))
k=m

< 2mMPem(1 - KK —
m P ( VK _max | |pmes(2)]

< 2mY/Pem (1 — tFYK (6h(2))Y/P,
there exists r € (0,1) such that

[t Wiy (2€1°) — Wy (t2€?)| < 2O(MSR(2)) "/ Pt™
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for t € (r,1), z € 0 and m > my. In particular, if ¢ € [0, 27] \ A(2) then
Wiy (£2€12)| < [t Wi, (2€9)] + [ Wy (26'9) — wyy, (£2€19)| < 2O(mSR(2 )L /pgm
for t € (r,1). Let ¢, := £(A(z)). Now due to (5) we have

I, < // 4(mdh(z 2/pK2t2m+1dtd<p+// t|w(tzei¢)|2dtd<p
[0,27]\A(=

+2n/1 4(mbh(z))?/P K22+ 4t
0

c4(moh(2))¥PK? (1 — c.)0%(mdh(2))?/? n 8n(mdh(z))?/P K2r2m+2
2m+2 4(2m + 2) 2m + 2

)

which together with (6) gives the inequality

2

0
7'[92 024K2 (1 _ CZ)Z + 87‘[K27“2m+2.

In particular, if myg is so large that 8nK?r?mo+2 < 702 /2 — 02 /4 then we can estimate
102/2 < ¢, (4K?% — 02 /4) < ¢,4K? and conclude that ¢, > n6?/8K2.

Let us observe that if ¢ € A(z) then
Wi (L2€19)| = [t Wi (2€2)] = [t Wy (2€'7) — Wiy, (t2€'7)| > 2O(mSh(2 Nrem,

so we can set a = =(n6?*74)/(K26Pp) and conclude for the right-hand side of

relation (3):

1
Im,p,z = // t|w(tzei¢)|pdtdga
rJA(z)

0% 9PSh ! )
;ﬁ GP(Z) / mtperl dt > ;K,QTQPIZ z 2 ah(z)

for m > mg and mg large enough. O

We need also well Lemmas 3—4 to simplify our calculations.
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Lemma 3. There exists a constant § € (0,1) and K € N such that if g is a
complex continuous function on Q and h is a positive continuous function on 05
with h(z) = h(A\z) > 0 when |A\| = 1, z € 99, then there exists a natural number my
and a sequence of holomorphic polynomials w,, such that

(7) h(z) > [ |g+wml” — |glP A28, > Oh(2),
(8) mt"™Ph(z) > |wm (t2)|P

for z € 99, t € (0,1], m € KN\ [0,mg].%

Proof. Due to Lemma 2 there exist a constant a € (0,1), a natural number my
and a sequence of holomorphic polynomials w,, such that

1

Sh(z) > | lwwPd€R, > Sh(z),

2 D 2
mt™Ph(z) > |wm (t2)|P

for z € 09, t € (0,1], m € KN\ [0,m¢]. Let €,6 € (0,1) be such that max{l — J7,
6P —1} < fa and € < fah(z) max{1— 67,677 — 1} < +a for z € 0. Since wp, — 0
uniformly on any compact subset of 2 due to Lemma 1 we can increase my in such

a way that

9) g+ unldeh. > —c+ [ lgrash.+0 [ jualrag.
Dz Dz Dz

(10) / |g+wm|”d£ézée+/ |g|”d£?Dz+6_p/ |, |P AL3,
Dz Dz Dz

for m € KN\ [0, mg].
Let us denote Iy, . := [, |9+ wm|? — |g|? d£3.. Using (10) we may conclude for
the left-hand side of inequality (7):

Ino<et [ Junlrded.+ 67— 1) [ jwalracd,
Dz Dz

ah(z) h(z) ah(z)
< 8 + 2 + 8
Due to (9) we have for the right-hand side of inequality (7):

< h(z).

Im.> —c+ | |wnPd€d, — (1-67) | |w,|Pde?,

)

Dz Dz
ah(z) = ah(z) ah(z) ah(z)
S T s 4
We have just proved that it is enough to choose 6 = %a. O

KN\ [0,mo] ={Kj: j€NAJ>mp}.
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Lemma 4. Let ¢ > 0, let h be a positive continuous function on 0} with
h(z) = h(Az) > 0 when |A\| =1, z € Q. Moreover, let g be a complex continuous
function on Q and T a compact subset of Q. Then there exists a homolomorphic
polynomial w on Q such that h(z) —e < [_|w+ g|" — [g|P d€3, < h(2) for z € OQ
and ||w||r < e.

Proof. Due to Lemma 3 there exist a constant § € (0,1) and a sequence of
holomorphic polynomials w,, such that
() Nwmllr <e/2m*.
(2) Ohp(2) < sz |Wiy+ G [P —|gm|P AL3 . < him(2) for 2 € O, where hy = h, g1 = g,

m
herl(Z) = hm(z) - (fﬂj)z |wm + gm|p - |gm|p dﬂ?lj)z) and Im+1 = lem +g.
Jj=
Let us observe that 0 < hpy1(2) = h(2) — ([, [gms1]? — |g|P d£€3.). Now due to (2)
we can estimate

0 < huns1(2) = hun(2) + / ml? — g1 [P AE3. < B (2) — By (2) = (1 — ).

Dz

Since hi,11(2) < (1 — 0)™h1(2) there exists mg so large that
0 < mi1() = h:) = ([ lamon? = 1ol a3, ) <
z

mo
for z € 9. So it is enough to choose w = > wp,. O

m=1

Now it is possible to present the main result of our paper:

Theorem 1. Let u be a positive lower semi-continuous function on 02 with
u(z) = u(Az) > 0 when || =1, z € 0Q. Then there exists a holomorphic function f
on Q such that u(z) = [, |f[? d€3, for z € OQ.

Proof. Let T, be an increasing sequence of compact subsets of Q@ = |J T,.

meN
There exists a sequence u,, of continuous functions on 92 with w,(2) = um (Az) > 0

when [\ =1, z € 0Q and w,, / u. We construct a sequence of polynomials w,,
such that
1) lwmllz, <1/2m*,

(2) um(z) —1/2™ < fDZ‘k‘il wk‘pdﬂﬁz < U (z) for z € 9.

To construct wy it is enough to use Lemma 4 for the data (¢, h,g,T) = (%, u1,0,77).
Assume that we have constructed wi,ws,...,w,. Now it is enough to choose a
holomorphic polynomial w,,11 from Lemma 4 used for the data

1 m
(57 ha 9, T) = <W7 hm+17 Z Wi, Tm—i—l) )
k=1
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where hpi1(2) = Um1(2) = [,

mop
> wk} d£2_. We can observe that
k=1

wmin (@)= [ 3wl dgd. - oo
Dzlp—1
m+1 p m P m p
< [ 1w agh - [ S| ag <) - [ [Sw| agh
Dzl =1 Dzlp=1 Dzlp=1
To complete the proof it is enough to define f = > wy. O

k=1

Theorem 2. Let E be a subset of type Gs in 0). There exists a holomorphic
function f such that E = E?(f) and [ |f|P d€*" < co.

Proof. To prove this fact it is enough to combine Theorem 1 with the methods
from [6, Theorem 3.1]. O
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