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Abstract. In this paper, we study closed k-maximal spacelike hypersurfaces M"™ in anti-
de Sitter space H {L'H(—l) with two distinct principal curvatures and give some integral
formulas about these hypersurfaces.
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1. INTRODUCTION

Let M7"*(c) be an (n + 1)-dimensional Lorentzian manifold of constant curva-
ture ¢, which we also call a Lorentzian space form. When ¢ > 0, then M]""!(c) =
S (e) (i.e. (n+1)-dimensional de Sitter space); when ¢ = 0, then M]""!(¢) = L"+!
(i.e. (n + 1)-dimensional Lorentz-Minkowski space); when ¢ < 0, then M""!(¢c) =
H"(c) (i.e. (n+1)-dimensional anti-de Sitter space). A hypersurface M of M (c)
is said to be spacelike if the induced metric on M from that of the ambient space is
positive definite.

E. Calabi [1] was the first to study the Bernstein problem for a maximal spacelike
entire graph in L™ and proved that it has to be a hyperplane provided n < 4.
S.Y. Cheng and S.T. Yau [3] proved that the conclusion remains true for all n. As
a generalization of the Bernstein type problem, Cheng-Yau [3] and T. Ishihara [5]
proved that a complete maximal spacelike submanifold M of M} (c) (¢ > 0) is
totally geodesic.

The first author was supported by Japan Society for Promotion of Science. The third
author was supported by grant Proj. No. R17-2008-001-01000-0 from Korea Science &
Engineering Foundation.
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In recent years, the main stream of investigation has turned towards more general
classes of Lorentz ambient spaces, dealing with problems concerning the kth mean
curvatures Hy of M. When Hy = 0, a spacelike hypersurface M is said to be k-
maximal. In particular, what can we say about k-maximal spacelike hypersurfaces
in HM(—1)?

On the other hand, some interesting results for hypersurfaces with two distinct
principal curvatures can be found in [2], [4], [10], [11], [12].

In this paper we study closed k-maximal spacelike hypersurfaces M™ in the anti-de
Sitter space H f“ (—1) with two distinct principal curvatures. We prove the following
result:

Theorem 1.1. Forn > 3, let M be an n-dimensional closed k-maximal not (k+1)-
maximal connected spacelike hypersurface in the anti-de Sitter space H' ™' (—1) with
two distinct principal curvatures, then

(1.1) /M{s— %}dM>O,

where S is the squared norm of the second fundamental form of M.

2. PRELIMINARIES

Let M be an n-dimensional closed spacelike hypersurface of the anti-de Sitter
space H""(—1). For any p € M we choose a local orthonormal frame ey, . . . , €., €511
in Hf“ (—1) around p such that ey, ..., e, are tangent to M. Take the corresponding
dual coframe wy,...,wy,w,4+1 With the matrix of connection one forms being w;;.
The metric of H't'(—1) is given by ds? = S w? — w2 ;.

3
In this paper we shall make use of the following convention on the ranges of indices:
1<4,5,k,...<n, 1<a,b,...<n—1.

A well-known argument [3] shows that the forms w;,+1 may be expressed as
Wint1 = »_ hijw;, hij = hj;. The second fundamental form is B = > h;jw; Q w;.
J i,J
The mean curvature of M is given by H = % > hi;.
i

The Gauss equations are

(2.1) Rijii = —(0ir0ji — 0adji) — (harhji — hahji),
(2.2) Rij = —(n — 1)51'3‘ — thij + Z hikhkj;

k
(2.3) n(n—1)(r+1) = —n*H? + S,
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where r is the normalized scalar curvature of M and the squared norm of the second
fundamental form is

(2.4) S=> (hij)*.
i!j

The Codazzi equations are
(2.5) hiji = hikj,
where the covariant derivative of h;; is defined by
(26) Z hijkwk = dh” + Z hkjwki + Z hikwk]‘.

k k k
The second covariant derivative of h;; is defined by

(2.7) > higwr = dhigr + Y higrwi + Y hakwi; + > hijiwn.
! ! ! !

By exterior differentiation of (2.6), we obtain the Ricci identities

(2.8) hijit = hijik = 3 Pnj Rmikt + Y B Rt
m m
We may choose a frame field {eq,...,e,11} such that
(2.9) Win41 = )\iwi, that is hij = /\iéij; 1= 1, 2, e,y

where ); are the principal curvatures. If we assume that M is a closed spacelike
hypersurface with two distinct principal curvatures, one of the principal curvatures
of M is simple (i.e. of multiplicity 1). Then we may put

(2.10) M=X=...= i 1=X A\y=pu; \N#pu.

Then the kth mean curvature Hy, of the hypersurface can be given in such a way
that

(2.11) Sy = (-1)kCkH), = > Aiy - iy s

1<i1<i2<...<ipg<n
where C* = n!/k!(n — k)!.
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From (2.10) and Hy = 0 we deduce that
(212) Sk = (-D*CHy = Cp N+ Crm N =0,
and it follows that
(2.13) N (n = k)A + kp) = 0.

On the other hand, we know that
(2.14) Spr1 = A (CYEA+ Cr_yp) # 0,
then it follows form (2.13) and (2.14) that
(2.15) A#£0, (n—Kk)AX+Eku=0.

By making use of the similar methods in [9], we can prove the following

Lemma 2.1 ([9]). Let M be an n-dimensional spacelike hypersurface in H;" " (—1)
such that the multiplicities of all its principal curvatures are constant. Then the dis-
tribution of the space of principal vectors corresponding to each principal curvature
is completely integrable. In particular, if the multiplicity of a principal curvature is

greater than 1, then this principal curvature is constant on each integral submanifold
of the corresponding distribution of the space of principal vectors.

By Lemma 2.1 and (2.10) we have

(2.16) Ai=...=2,21=0, pr1=...=pp_1=0.
By means of (2.6) and (2.9) we obtain

(2.17) hijewi = 6i5dA; + (A — Aj)wij-

Summarizing the above arguments we obtain

(2.18) hijr =0, if i 5, A = \j,
(219) haab - 0; haan = >\,n7
(2-20) hana = 0, hann = Hon-
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Proposition 2.1. For n > 3 let M be an n-dimensional k-maximal not (k + 1)-
maximal connected spacelike hypersurface in Hf“(—l) with two distinct princi-
pal curvatures. Then M is a locus of the moving (n — 1)-dimensional submani-
fold M}~ (s) along which the principal curvature A of multiplicity (n—1) is constant
and )\ satisfies the following ordinary differential equation of order 2:

2N n+kdA n(n—k)A>  n\
b By e

ds2  n\
3. PROOF OF THEOREM 1.1

We first prove the following key lemma.

Lemma 3.1. For n > 3, let M be an n-dimensional k-maximal not (k + 1)-
maximal spacelike hypersurface in H{""'(—1) with two distinct principal curvatures.
Then we have

1 4n(k* — 2k +n)
3.1 — S )2 = h2. .
(8-1) SZ( ) (3n—2)k2—2nk+n2ijk ik
Proof. Let \y =...= X1 =\, A\, = i, then we have (n — k)\ + ku = 0.

A direct calculation then gives

n(k? — 2k +n)A\?
k2 ’

AN

(3.2) S=mn-1DN+pu=

2n(k? — 2k +n)
Si=—
By (3.2) and (2.16) we have

n 2_ n
(3.3) X Z S4)? = § S.)? = %(}W)z

On the other hand, (2.18), (2.19) and (2.20) yield

(34) Z hzjk - Z habc +3 Z habn +3 Z hann + hgmn

N a,b,c
=32 M+ = 3~ DO+ (1)
(3n — 2)k? — 2nk + n?
We have completed the proof of Lemma 3.1. O

(An)?.
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Lemma 3.2. Let M be an n-dimensional spacelike hypersurface in H""*(—1).
Then we have

1
(35) —AS Z h”k + Z )\i(nH)’ii + 5 Z Rijij ()\z — )\j)Q,
i i

1,5,k

where \; are the principal curvatures of M and (-);; is the covariant derivative
relative to the induced metric.

Proof of Theorem 1.2. Since A # 0 and H) = 0, we deduce from (2.13) that
(3.6) (n—k)A+kp=0

on M. First, we compute

Using Lemma 3.2 and the Gauss equation Rgnqn = —1 — A, we obtain
(38)  SAS= YW+ ZRW RO
4,3,k
=S n2 +ZRamn A= p) +ZA nH),
4,3,k
= Z hije + (n = 1) (=1 = Ap)(A — p)* + Z Ai(nH) i
0,4,k i
- Zh”k+ )nQ [—1+nT_k)\2})\2+Z>\i(nH),n
0,5,k (

From (2.7) and (2.9) we have
(39) /\77;]'(4)]' = d/\z + /\Jwﬁ.

From (2.17), (2.18), (2.19) and (2.20) we obtain

Therefore, we have dw,, = > wpn; A w; = 0, which shows that we may put
i

wn, = ds.
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Then we have from (n — k)X + ku = 0 that

kX

o We = (log AF/™)'w

Wan =

where the prime denotes the derivative with respect to s.
Let ¢ = a in (3.9). We see from (2.16), (2.18), (2.19) and (2.20) that

An k
(310) )\’ajw]‘ = d>\7a + )\,jwja = )\,nwm = >\,n+ =
It follows that

(3.11) Xaa = ——(An)?.

Let ¢ = n in (3.9). We know from (2.16) and (2.21) that

n+k o  n(n—k)A3  nA
It follows that
n+k 5  n(n—k)A>  nA
(3'13) )\,nn = Y ( ,n) + T — 7

Putting (3.11) and (3.13) into (3.8), we have

)n2 n—k 5] 2
(3.14) —AS Ej;h”k—k [—1+TA}/\ +zi:>\i(nH),ii
B )n2 B n—=~k 57,9
= S h+ -1+ - XA
1,5,k
1 1
+(n_1)/\m)\aa+MMA,nn
k k
2 —
= S n2+ >” [—1+%AQ}AM(n—na—m(Am)Q
1,5,k
nn—k)(k—1)tn+k o nn—Fk) ., n. o
Bl el O e e 2

. (k‘—l)[(n—2)k2+n2]} "
(3n — 2)k? — 2nk + n? bt ik
n?(k% — 2k +n)

= N{—k+ (n— k)N

+
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(3

Putting (3.14), (3.1) and (3.2) into (3.7), we have

15) %A(ln s)

LAS  15,(S5)?
25 2§z
- 1Hl—(k_l)((n_2)k2+n2)}2h2

T 28 (3n — 2)k2 — 2nk 4+ n? i ik
n2(k2 — n 2
4 (kT =2k 4 n) kfk+ )Nkt (n— k)AQ]} - %Z’fgk)
(Bn=2)k? —2nk+n?— (k—D[(n—2)k*> +n?] 11>, (Sk)?
_{ An(k2 — 2k + n) _5} e
n k(n —k)
i E{_l * n(k? — 2k +n) }
ki =2)(k—1)23,(Sk)?  n k(n —k)
T 4n(k? =2k +n) kSQ +E{_1+n(k2—2k;+n)5}

n

<E{—1+%S}'

Integrating (3.15) over M, we get

A{{S—W}dM}O.

Equality holds if and only if M has constant principal curvatures and M is not

compact. In our case, M is compact, so equality dose not hold. This completes the

proof of our Theorem 1.1 from introduction.
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