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Abstract. A graph G with p vertices and ¢ edges, vertex set V(G) and edge set E(G),
is said to be super vertex-graceful (in short SVG), if there exists a function pair (f, f+)
where f is a bijection from V(G) onto P, fT is a bijection from E(G) onto Q, f¥((u,v)) =
f(u) + f(v) for any (u,v) € E(Q),

{#1, .. .,:I:%q}, if ¢ is even,
{0,£1,...,+3(¢g— 1)}, if ¢ is odd,

and
{{:ﬁ:l,...,:l:%p}, if p is even,
P=

{0,£1,...,+3(p—1)}, ifpis odd.
We determine here families of unicyclic graphs that are super vertex-graceful.

Keywords: graceful, edge-graceful, super edge-graceful, super vertex-graceful, amalga-
mation, trees, unicyclic graphs
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1. INTRODUCTION

All graphs in this paper are finite simple graphs with no loops or multiple edges.

A graph G with p vertices and ¢ edges is graceful if there is an injective mapping
f: V(G) = {0,1,...,q} such that f*: E(G) — {1,2,...,q} defined by f*((u,v)) =
|f(u) — f(v)] is surjective. Graceful graph labelings were first introduced by Alex
Rosa around 1967 as a means of attacking the problem of cyclically decomposing a
complete graph into other graphs. A well-known conjecture of Ringel and Kotzig
is that all trees are graceful. Since Rosa’s original article, more than six hundred
papers have been written on graph labelings (see [2]).



A dual concept of graceful labeling on graphs, known as edge-graceful labeling,
was introduced by S.P. Lo [17] in 1985. G is said to be edge-graceful if the edges
are labeled by 1,2, ..., g so that the vertex sums are distinct mod p.

A necessary condition for edge-gracefulness is (Lo [17])

p(p—1)
2

q(g+1) = (mod p).

Finding edge-graceful labelings of graphs is related to solving a system of linear
Diophantine equations. In general it is difficult to find an edge-graceful labeling of a
graph. Several classes of graphs have been shown to be edge-graceful [10], [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23]. For a survey of result on these
labelings, see Gallian [2].

Lee [7] conjectured that all odd-order trees are edge-graceful. In [19] the concept
of super edge-graceful graph was introduced to work on this conjecture.

The first author introduced super vertex-gracefulness, a dual concept of super
edge-gracefulness in [8]. Consider a graph G with vertex set V(G) and edge set
E(G), p = |V(G)| and ¢ = |E(G)|. G is said to be super vertex-graceful (in short
SVG), if there exists a function pair (f, f) which assigns integer labels to the vertices
and edges such that both f: V(G) — P and f*: E(G) — Q are onto, f((u,v)) =
f(u)+ f(v) where (u,v) € E(G),

{il,...,i%q}, if ¢ is even,

- { {0,+1,...,+3(¢— 1)}, if ¢is odd,

and
B {:I:l,...,:l:%p}, if p is even,
r= {{O,il,...,i%(p— 1)}, if p is odd.

Figure 1 shows that the star St(4) is SVG. From [8], St(5) is not.

SVG NetSVG
Figure 1

In [8], Lee showed that every graph is an induced subgraph of a super vertex-
graceful graph. From this, one could conclude that there does not exist a Kuratowski
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type characterization for super vertex-graceful graphs. In [9], the first and second
authors considered trees that are SVG. In this paper we will show that any ring-worm
is an induced subgraph of an SVG ring-worm.

The present paper was motivated by the desire to determine the structure of super
vertex-graceful unicyclic graphs. At present, no characterization of SVG unicyclic
graphs is known. An open problem on super vertex-graceful unicyclic graphs is
proposed at the end of the last section.

2. SUPER VERTEX-GRACEFUL UNICYCLIC GRAPHS OF ORDER AT MOST 6
In [8], Lee showed that

Theorem 2.0. If G is an SVG (p, q)-graph with vertex labeling f and degree
sequence {d(v;): i =1,2,...,p}, then Y (d(v;) —1)f(v;) = 0.
We can apply this result and exhaustion to show

Theorem 2.1. The unicyclic graph of order 3 is SVG. Both unicyclic graphs of
order 4 are non-SVG. Among the 5 unicyclic graphs of order 5, only three are SVG.

p=>5
Figure 2



Theorem 2.2. Among the 13 unicyclic graphs of order 6, only two are SVG.

Figure 3

3. CONSTRUCTION THEOREMS OF SVG UNICYCLIC GRAPHS

We can construct certain SVG unicyclic graphs from SVG trees.

Theorem 3.1. Let G be a super vertex-graceful tree of odd order. If f is an SVG
vertex labeling of G, and two vertices u and v have labels f(u) = —f(v), then the
new uncyclic graph obtained by connecting u and v in G is SVG.
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Example 1. The following tree is SVG with 7 vertices. Applying the above
result, we can obtain three SVG unicyclic graphs (Figure 4).

Figure 4

For a graph G, we denote by D(G) the resulting graph upon deleting all its ver-
tices of degree one. A caterpillar is a tree T' such that D(T') is a path. Similar to
caterpillars in trees, we introduce the concept of ring-worms among unicyclic graphs.

A ring-worm is a unicyclic graph Uy, (a1, a2, ...,a,) such that D(Uy(a1,az,...,
ap)) = Cp and a; > 0 for ¢ = 1,...,n. A ring-worm is shown in Figure 5. We
can view Uy (a1, a9,...,a,) as S1US2U...US,, where S; is the star with V' (Si) =
{¢i,Ti1,Ti2, .., Tia,}, center ¢;, and a; + 2 edges, and in each case S; shares an
edge with S;11. The cycle with vertices {c1,ca,...,c,} will be called the spine of
Un(ay,az,...,ay,). This ring-worm has n + a1 + az + ...+ a,, vertices and n + a3 +
as + ...+ a, edges. Notice that ¢; and ¢, are connected.

T1,2 L3,a3 Tp—-1,1

Z1,1 ceell,a1 L3,1,.0

O¥n—1,an 1

Cn—1 Cn

x2,a2
22 Tn,2

xnvan

Figure 5



Figure 6 shows the two ring-worms Us(1,2,3) and U4(2,2,2,2).

Z1,2 Z21
x1,1 Q O
1,10 OL2,2
C1
3,3
" &) C3
2,1
4,20 OT3,1
€32
T O O
2,2 31 T4 32
U3(1a273) U4(272a2)
Figure 6

Extending the definition, we will use [d]® as the notation that b paths of length d
are appended to a vertex of the spine.

Corollary 3.2. The ring-worm Usp1(1,1,0%%71) is SVG for all k > 1.

Proof. Let V(Pary3) ={c1,¢2,...,Co6+3}. It is shown in [8] that the path P,
is super vertex-graceful for all odd n > 3. (See Figure 7 for some examples.) By
Theorem 3.1, we obtain the result by joining the vertices co and copo. (Il

O—0—0 A
O—O0—0 00O 5

L T2 3N 3 ey 2y L
O—0O—C——(—C—0O——~0O> ~

Figure 7

Corollary 3.3. The unicyclic graph Usi11([d — 1], [d — 1],0%*~1) formed by ap-
pending a path of length d — 1 to each of two adjacent vertices of the cycle Copy1 is
SVG for alld > 2 and k > 1.

Proof. Let V(P2k+2d_1) = {Cl, Co,. .., Cgk+2d_1} and let the path P2k+2d—1 be
labeled as in Figure 7. By Theorem 3.1, we see that Uax1([d], [d],0%*~!) obtained
by joining the vertex cq with cortq is SVG. O

However, a unicyclic graph obtained by appending an edge to a cycle is not SVG.



Theorem 3.4. The ring-worm U, (1,0""!) is not SVG for all n > 3.

Proof. Let V(U,(1,0m 1)) = {c1,211,¢2,...,¢n}. fU,(1,0"1) is SVG with a
SVG labeling f, then by Theorem 2.0, we have 2f(c1)+ f(c2)+ f(c3)+. ..+ f(cn) = 0.
However, we have f(V (U, (1,077 1))) = P and so f(c1)+f(z11)+f(c2)+ fle3)+...+
f(en) = 0. Subtracting the equations, we obtain f(c1) — f(z1,1) = 0, i.e., f(c1) =
f(z11), which contradicts that f is a bijection. Hence the ring-worm U,,(1,0""!) is
not SVG. O

In [8], it was shown that one could obtain many super vertex-graceful graphs of
odd order by the following construction.

Theorem 3.5. Let G be a super vertex-graceful graph of odd order. If two
edges are appended to the vertex of G with label 0, then the new graph is super
vertex-graceful.

Let (G1,u) and (Go,v) be two graphs with fixed vertices u, v respectively.
The amalgamation of (G1,u) and (Gg,v) is the graph which is the disjoint union
of G; and G2 with v and v identified. We will denote the resulting graph by
Amal((Gy1,u), (G2,v)). It is obvious that u is a cut-vertex of the amalgamation. We
will leave out u or v if the context is clear.

We can extend the above result as follows:

Corollary 3.6. Let G be a super vertex-graceful graph of odd order and with ver-
tex u labeled 0. The amalgamation Amal((G,u), St(2k,c)) of (G,u) and (St(2k), c),
where c is a center of the star, is super vertex-graceful for all k > 1.

Theorem 3.7. The unicyclic graph Amal(Cayp41,St(2k,¢)) is SVG for all n > 1
and k > 1.

4. SUPER VERTEX-GRACEFUL UNICYCLIC GRAPHS OF DIAMETER 2 AND 3

Recall that a tree is called a spider if it has a center vertex ¢ of degree k > 1 and
each other vertex either is a leaf or has degree 2. Thus a spider is an amalgamation
of k paths with various lengths. If it has x; paths of length a1, x2 paths of length
as, ..., we denote the spider by SP(a{*,as?,...,a%m) where a; < az < ... < a,, and
1 +x2+ ...+ xm = k. (See Figure 8.)

In [8], it was shown that

Example 2. A star St(n) is super vertex-graceful if and only if n is even.



A\ SP(13223%)
0

SP(1%)

Figure 8

We observe that all SVG trees of diameter 2 can be constructed through amalga-
mation of St(2k) and St(2). (See Figure 9 for examples.)

Figure 9

Theorem 4.1. The SVG uncyclic graphs of diameter 2 have the form Us(12*0?)
where k > 1.

Proof. We show that the unicyclic graph Amal(Cs, St(m,c)) is SVG if and
only if m is even.

If m is even, the result follows from Corollary 3.6. If m is odd, then the graph has
an even number of vertices and edges, and thus 0 can be neither a vertex label nor
an edge label. The center of St(m,c) is adjacent to every other vertex. No matter
what its label is, it must be adjacent to the vertex with its negative label, giving an
edge label of 0. O

Theorem 4.2. The unicyclic graph Us(12,2k) of diameter 3 is SVG for all k > 1.

Proof. In [22], we showed that the spider SP(12*,22) is SVG. Applying Theo-
rem 3.1, we conclude that Us(12,2k) is SVG for all k > 1. (See Figure 10.) O

Theorem 4.3. The unicyclic graph Us(12, (2k)[2]?) of diameter 3 is SVG for all
k>1.

Proof. (See Figure 11.)



Figure 11

Theorem 4.4. The unicyclic graph Uy(03,m) of diameter 3 is not SVG for any
even m > 2.

Proof. Let V(Us(03,m)) = {c1,21,1,.-,T1,m,Ca,c3,ca}. If Us(03,m) is SVG
with a SVG labeling f, then by Theorem 2.0, we have (m+1)f(c1) + f(c2) + f(es) +
f(cs) = 0. However, we have f(V (Us(03,m))) = P and so f(c1) + f(x11) + ... +
fx1,m) + fe2) + f(ez) + f(ca) = 0. Subtracting the two equations, we obtain
mf(c1) — f(z11) — ... — f(®1,m) =0, t.e., mf(c1) = f(x11) + ...+ f(x1m). fmis
even, then 0 is not in P. The center ¢; of St(m, 1) is adjacent to every other vertex

9



except c3. Thus f(c3) = —f(c1). No matter what its label is, it must be adjacent
to a vertex with a label making the induced edge label having magnitude exceeding
%m + 2. Hence the ring worm U (03,m) is not SVG. O

Thus, there are infinitely many trees of diameter 3 that are not SVG.
5. SUPER VERTEX-GRACEFUL UNICYCLIC GRAPHS OF DIAMETER 4
There exist infinitely many unicyclic graphs of diameter 4 that are SVG.

Theorem 5.1. The unicyclic graph Us(02, (2n)[2]?) is SVG for all n > 0.

Figure 12 shows an example of the construction.

AG)
‘ 3 4
(5) (5
@ IS A e & a—" @
CT(5;0%,4,0%) Us(02,2[2]%) is SVG

o

1
Figure 12

Theorem 5.2. The unicyclic graph U,(0%,1, (2n)[2]) is SVG for all n > 1.

Proof. (See Figure 13.) O

Theorem 5.3. The unicyclic graph U,(0,12,2n + 1) is SVG for all n > 0.

Proof. (See Figure 14.) O

Theorem 5.4. The unicyclic graph U,(0%,1, (2n)[2]) is SVG for all n > 1.

Proof. (See Figure 15.) O

Theorem 5.5. The unicyclic graph U, (03, (2n + 1)[2]?) is SVG for alln > 0.
Proof. (See Figure 16.) O
Theorem 5.6. The unicyclic graph Us(0%, (2n)[2]?) is SVG for all n > 1.

Proof. (See Figure 17.) O
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(a) SP(12%,23)

(b) SP(12™2%)

Figure 13

Figure 14
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(b) Amal(A,St(2"~2))

Figure 15

Figure 17



6. SVG UNICYCLIC GRAPHS WITH LARGE DIAMETERS

In this section we show that we can have SVG unicyclic ring-worms with arbitrarily
large diameters.

Theorem 6.1. U, y1((2n)?™ ) is SVG for any m > 1 and n > 0.

Proof. Consider n = 0. Uspy1((2n)?™H1) is simply the cycle Cap,i1. We use
the SVG labeling in [19]. Let the vertices of the cycle be v, v1,va, ..., V2, in this
order. Define vertex labels by f(ve;) =i, for ¢ = 0,...,m, and f(vai+1) = —m + 1,
fori=0,...,m—1.

Consider n = 1. We add a pair of edges to each of the vertices of Copq1. To
be SVG, we need additional vertex labels and additional edge labels £(m + 1),
t(m+2),...,£Bm+1).

We pair the numbers m+1,m+2,...,3m+1 as follows. Pair m + 1 with 2m + 1,
2m + 2 with 3m + 1, m + 2 with 2m, 2m + 3 with 3m, m + 3 with 2m — 1, 2m + 4
with 3m — 1,... Note that the differences between the pairs are m,m — 1,m — 2,
m—3,m—4,m—25,. .. respectively. Since we have (2m+ 1) numbers in this sequence,
we will eventually have m pairs of numbers, with differences from m to 1 inclusive,
and one number will be left by itself.

Now we begin labeling the new vertices. The two new vertices adjacent to the
one labeled-m on the cycle are labeled (m + 1) and —(2m + 1), giving edge labels
2m + 1 and —(m + 1). The two new vertices adjacent to the one labeled —m on
the cycle are labeled —(m + 1) and (2m + 1), giving edge labels —(2m + 1) and
m + 1. The two new vertices adjacent to the one labeled m — 1 on the cycle are
labeled (2m + 2) and —(3m + 1), giving edge labels 3m + 1 and —(2m + 2). The
two new vertices adjacent to the one labeled —(m — 1) on the cycle are labeled
—(2m + 2) and (3m + 1), giving edge labels —(3m + 1) and 2m + 2. In general, for
the two new vertices adjacent to the one labeled &k on the cycle, and for the two new
vertices adjacent to the one labeled-k on the cycle, we use + (the pair of numbers
found in the previous paragraph that have difference k), with the signs arranged so
that the four new vertex labels are the same as the four new edge labels. Finally
the two new vertices adjacent to the one labeled 0 on the cycle are labeled + (the
remaining number in the previous paragraph), with the same numbers as the new
edge labels.

In general, by continuing this process another (n — 1) times, we obtain an SVG
labeling for Us,y,+1((2n)?™m+1). O
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Corollary 6.2. Us,,11((2n)?™,2n+2k) is SVG for any m > 1,n > 0, and k > 0.

Proof. Use the above Theorem to construct an SVG labeling for Us,, 1 X
((2n)?m*1). Use Theorem 3.5 to add an even number of edges to the vertex on the
spine that is labeled 0. O

Theorem 6.3. Us(1,0,1,1,0,1) is SVG.

Proof. The following diagram gives an SVG labeling. (]

Figure 18

Theorem 6.4. Uy o(1%,0%,1%72 2 1% 02 1%-2,2) is SVG for any k > 2.

Proof. Let the vertices on the spine be vy, va, ..., Usrt2, in this order. There is
one pendant edge at each of v1,va, ..., Uk, Vk43, Vktd, - - -5 V2ky U225 U243y « - -  USk+1,
U3k+4, U3k+5, - - - » Uak+1. Lhere are two pendant edges at each of var41 and vgp4o. Let
the pendant edges be (u1,v1), (u2,v2), ..., (Uk, V&), (Uk+3, Vk+3), (Ukta,Vktd), - - -
(u2k, Var), (Uokt2,V2rt2), (U2kt3, Vart3), - oy (Ukt1,V3k41), (USK44, Uktd), (Uskts,
U3k45)s -+ o (Wakt1,Vakt1), (Q2k41,Vort1), (boaks1, Vary1), (@ary2, Vagpre), and (bag2,
Vik+2)-

Label the vertices v1,va,...,v25+1 by 1,2,...2k + 1. Label the vertices vo42,
Vok43y .-, Vagt2 by —1,—2 ... —(2k + 1). Label the vertices wuj,us,...,u; by
—(4k +1),—4k,...,—(3k + 2). Label the vertices ujt3,uk14,--.,u2x by —(3k + 1),
—(3k 4+ 2),...,—(2k + 4). Label the vertices uojt2, Uok+3, ..., uskt+1 by (4k + 1),
4k, ..., (3k+2). Label the vertices usgt4, Usk+5, - - -, Uskt+1 DY (3k+1),(3k+4),...,
(2k +4). Label asg+1 and bagy1 by —(2k +2) and —(2k + 3). Label agp+2 and bygyo
by 2k + 2 and 2k + 3. Thus the vertex labels are +1,+2, ..., +(4k + 1).

A direct calculation shows that the edges on the spine, (v1,v2), (v2,v3),...,
(Vag+2,v1) have labels 3,5,7,...,4k + 1,2k, =3, —5,—7,...,—(4k + 1),—2k. The
following table gives the labels of the pendant edges.
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Pendant edges Labels

(ulv Ul) —4I€
(U,27 UQ) _(4k — 2)
(uk, Vi) —(2k +2)
(U435 V43) —(2k —2)
(Ukta, Vk-+a) —(2k —4)
(u2k, vak) —4
(u2k42, V2r+2) 4k
(U2k43, V2k+3) 4k — 2
(U3k+1, U3k+1) 2k +2
(U3kt4,V3k+a) 2k — 2
(U3k45, V3k+5) 2k — 4
(Udks1, Vaky1) 4
(a2r+1, 'U2k+1) -1
(b2k41,V2k+1) -2
(@4k42, Vart2) 1
(bakt2, Vart2) 2

Thus the edge labels are +£1, £2, ..., +(4k + 1). O

Theorem 6.5. U,(1,0,1,0), Us(0,1,1,2,0,1,1,2), Ui2(0,2,0,0,1,3,0,2,0,0,
1,3), and Uy6(0,1,1,1,0,1,1,3,0,1,1,1,0,1,1,3) are SVG.

Proof. The following diagrams give SVG labelings for the above graphs.  [J

Ua(1,0,1,0) Us(0,1,1,2,0,1,1,2)
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U16(0,1,1,1,0,1,1,3,0,1,1,1,0,1,1,3)

Theorem 6.6. Uy, (0,1%71,02,1%75,2,1,3,0,1%71,02,1%75,2,1, 3) is SVG for any
k> 5.

Proof. Let the vertices on the spine be vy, v, ..., v4%, in this order. There is one
pendant edge at each of vo, V3, ..., Uk, Ukt3, Vkgd, - - -5 V2k—3, U2k—15 U2k+2, U2k+3s - -
U3k, U3k+3, U3k-td, - - - , Vak—3, Vak—1. Let the other ends of these pendant edges be us,
U3y vy Uky Uk43, Uktd, -5 U2k—3, U2k—1; U2k+2; U2k435 - - -5 U3k, UBk4+3, UBk+4d; - -
Ugk—3, Ugk—1 respectively. There are two pendant edges at each of vop_o and vag_o.
Let the other ends of these pendant edges be asy_2, bog_2, and aqx_o, bag_o respec-
tively. There are three pendant edges at each of vop, and wvyr. Let the other ends of
these pendant edges be cog, dog, €2x, and cak, dak, €4r respectively.

The vertices are labeled as follows.

Vertices Labels

V1,UV2y...,U2k—1 1,2,...2k—1

Vo 2k +1

V241, V2k+2s « -+ 3 Udk—1 —1,—2,...,—(2]@‘—1)

Vak —(2k+1)

U2, U3,y ..., UL —4k,—(4k—1),...,—(3]€+2)
Uk43, Uk+4ds - - - U2k—3 —(Bk+1),—Bk+2),...,—(2k+7)
Ugk—1 2k

U2k+2, U2k+3, - - -, U3k 4]€, (4k—1),,(3k+2)
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U3k+3, USk44y- -+, Udk—3 (3]€ + 1), (3]€ + 2), ceey (2]6 + 7)

Udk—1 —2k

a2k —2 —(Qk + 6)
bak—o —(2k+4)
A4k—2 2k +6
bap—o 2k +4
Cok —(Zk + 2)
doy, —(2k +3)
€k —(2k+5)
Cak (2k + 2)
dag (2k + 3)
€qf (2]€ + 5)

Thus the vertex labels are +£1,+2,..., +4k.

A direct calculation shows that the edges on the spine, (v1,v2), (v2,vs3), ...
(vag,v1) have labels 3,5,7,...,4k — 3,4k, 2k,—3,—5,—7,...,—(4k — 3), —4k, —2k.
The following table gives the labels of the pendant edges.

Pendant edges Labels
(uz2,v2) —(4k —2)
(u3,v3) —(4k —14)
(uk, vk) —(2]6 + 2)
(Uk+3, Vk+3) —(2k—2)
(Ukta,Vrta) —(2k—4)
(U2k 3,V2k—3) -10
(U2k—1,V2k—1) 4k -1
(U212, V2k+2) 4k — 2
(U213, V2k+3) 4k — 4
(U3k, ’U3k) 2k +2
(U3k+3, V3k+3) 2k -2
(Usk+4, V3k+4) 2k -4
(U4k 3,V4k—3) 10
(Uag—1,Vap—1) (4k —1)
(azk—2,vor—2) -8
(bok—2,vor—2) —6
(aak—2,Var—2) 8
(bar—2,var—2) 6

17



( )
( )
(e2k, Var) —4
( )
( )

Cak, Vak 1
da, Vag 2
(€a, var) 4
Thus the edge labels are +1,+2, ..., +4k. O

7. A GENERAL CONSTRUCTION OF SVG GRAPHS AND
SOME UNSOLVED PROBLEMS

In this last section we consider a general construction of SVG graphs and apply
this construction to unicyclic graphs.

Theorem 7.1. Let i, j, and k be any positive integers. Consider a graph G with
any vertex labeling (not necessarily SVG) with —i and j as two vertex labels. Then
we can add 2(i + j) vertices and 2(i + j) edges to G, so that both the new vertex
labels and the new edge labels are +(k + 1), +(k + 2),...,£(k + i+ j). Moreover,
if G is a tree (respectively unicyclic), then the new graph is also a tree (respectively
unicyclic).

Proof. First assume that j > 7. To the vertex with label —i, append 2j

edges. The new vertices are labeled —(k + 1), —(k +2),...,—(k+4),=(k+i+ 1),
tk+i+2),...,£k+j),k+i+1,k+5+2,...,k+i+j. The new edge labels are
ki), (it 2) (k- 20), (k2 1), —(k+2i+2),...,—(k+i+

J)k+1LE+2,.. . k—i+jk—i+j+1,k—i+j+2,....,k+j. To the vertex with
label j, append 27 edges. The new vertices are labeled k + 1,k +2,..., k+14, —(k +

i+, —(k+7+2),...,—(k+i+ 7). The new edge labels are k + j + 1,k + j +
2, k+i+g,—(k+1),—(k+2),...,—(k+1).

Now assume that j < i. To the vertex labeled —i, append 2j edges. The new
vertices are labeled —(k+1), —(k+2),...,—(k+j),k+i+1,k+i+2,...,k+i+].
The new edge labels are —(k+i+1), —(k+i+2),...,—(k+i+j), k+1,k+2,... . k+].
To the vertex with label j, append 2i edges. The new vertices are labeled k + 1,k +
2, kg, (k4 +1), £(k+542), .. x(k+i), —(k+it+1), —(k+i+2), ..., —(k+i+j).
The new edge labels are k+j+1,k+j+2,...,k+25, k+2j+1,k+2j+2,... k+i+
g, —(k+1),—(k+2),....,—(k+i—j),—(k+i—j+1), —(k+i—j+2),...,—(k+3). O

This construction can be applied to build SVG unicyclic graphs from any SVG
unicyclic graph, and to build SVG trees from any SVG tree with an odd number of
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vertices. In the former case, the vertex and edge labels are the same. In the latter
case, the vertex and edge labels are the same, except that there is an additional
vertex with label 0.

Corollary 7.2. Us(2k + 1,2k + 1,0) is SVG, for any k > 0.

Proof. From the diagram below, Us(1,1,0) is SVG.

3,1

Figure 20

Repeatedly apply the construction to add a pair of edges to the vertex labeled —1
and a pair of edges to the vertex labeled 1. O

Corollary 7.3. Us(2k + 1,2k + 1,2m) is SVG, for any k,m > 0.
Proof. To the graph in Corollary 7.2, repeatedly add pairs of edges to the

vertex labeled 0, using + (the next greater integer from the current labeling) as the
new labels. 0
Corollary 7.4. Us(1,4k + 1,2k) is SVG, for any k > 0.
Proof. From the diagram below, Us(1,1,0) is SVG.

3,1

Figure 21

Repeatedly apply the construction to add two edges to the vertex labeled —2 and
four edges to the vertex labeled 1. O
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Corollary 7.5. Us(2m + 1,4k + 1,2k) is SVG, for any k,m > 0.

Proof. To the graph in Corollary 7.4, repeatedly add pairs of edges to the
vertex labeled 0. 0

Corollary 7.6. Us(14+x1,x2, 143, 1+y1,y2, L +y3) is SVG, for any non-negative
even integers o, x3,Y2,Yys, if 1 = 2ys + 3ys, and y1 = 2x2 + 3x3.

Proof. By Theorem 6.3, Us(1,0,1,1,0,1) is SVG. Apply the construction to
the vertex labeled 1 and the vertices labeled —2 and —3 on the spine, and then apply
the construction again to the vertex labeled —1 and the vertices labeled 2 and 3 on

the spine. 0

Corollary 7.7. If k > 2, Ugo(1 + 21,1 + @2, 1 + x3,. .., 1 + X, Tt 1, Tho, 1 +
Tt3, L+ Thay ooy L+ Top, 2+ @ap1, L+ 1, Ly, L+ yss oo L+ Yk Ykt 1, Y2, 1+
Ykt3s L 4+ Ykgay - L + Yok, 2 + yort1) is SVG for any non-negative even integers
T2y T3y v oy T2kt 1> Y25 Y3y - - - s Y2kt 1, I X1 = 2y2 + 3ys + ... + (2k + Dyogt1, and y1 =
29 + 3x3+ ...+ (2k + D)xopi1.

Proof. By Theorem 6.4, Uyio(1%,02 15722 1% 02,1¥72,2) is SVG for any
k > 2. Apply the construction to the vertex labeled 1 and each of the negatively
labeled vertices (other than —1) on the spine, and then apply the construction again
to the vertex labeled —1 and each of the positively labeled vertices (other than 1)
on the spine. O

Corollary 7.8.

(1) Us(1 + 21, 22,14 y1,y2) is SVG for any non-negative even integers x2 and ya,
if 1 = 2yo, and y; = 2x4.

(2) Us(x1,1422, 143,24+ 24,y1, 1 +y2, 1 +ys3,2+y4) is SVG for any non-negative
even integers To, T3, T4, Y2, Y3, Y4, if T1 = 2yo+3y3+5y4, and y; = 2x2+3x3+5x4.

(3) Ura(x1,2 4 22,23, 24,1 + 5,3 + 6, Y1, 2 + Y2, Y3, Y4, 1 + y5,3 + ys) is SVG for
any non-negative even integers o, T3, T4, X5, L6, Y2, Y3, Y4, Y5, Ys, if T1 = 2y2 +
3ys + 4ys + 5ys + Tys , and y1 = 2x2 + 3x3 + 44 + das + Txg.

(4) Ur(wr, 1422, 1+ 23, 1+ 24, 25, L+26, L 427, 3428, y1, 1 +y2, 1+y3, L+y4, y5, 1+
ys, 1 +y7, 3+ ys) is SVG for any non-negative even integers xa, T3, 4, X5, T, L7,
T8, Y2, Y3, Y4, Ys, Y6, Y7, Ys, if 1 = 2y2 + 3ys + 4ya + 5y5 + 6ys + Tyr + 9ys, and
Y1 = 222 + 33 + 4x4 + dxs + 626 + 727 + 928.

Proof. Use the labelings in Theorem 6.5, apply the construction to the vertex
labeled 1 and each of the negatively labeled vertices (other than —1) on the spine,
and then apply the construction again to the vertex labeled —1 and each of the
positively labeled vertices (other than 1) on the spine. O

20



Corollary 7.9. If k > 5 Uy(z1,1 + x2,1 + x3,...,1 + Tk, Tpt1, Thyo, L +
Trt3, L +Tpgd,..., 1 +Top—3,24+xok—2,1 +2op—1,3 + 22k, ¥1, L + 42,1 +ys,..., 1+
Yk Ykt 15 Ykt 2o LHYrt3, 1 yrpas -, 1+ yor—3, 2+ Yo —2, 1+y2r—1,3+yax) is SVG for
any non-negative even integers s, Ts, ..., Tog, Y2, Y3, - - -, Yok if x1 = 2ys+3ys+...+
(2/€ — 1)y2k,1 + (2/€ + 1)y2k, and y; = 222+ 3x3+ ...+ (2/€ — 1)$2k71 + (2/€ + 1)x2k.

Proof. By Theorem 6.6, Uy (0,171, 02 1575 2,1,3,0,1%71,02, 175 21, 3)
is SVG for any k > 5. Apply the construction to the vertex labeled 1 and each
of the negatively labeled vertices (other than —1) on the spine, and then apply the
construction again to the vertex labeled —1 and each of the positively labeled vertices
(other than 1) on the spine. O

Theorem 7.10. Any ring-worm is an induced subgraph of an SVG ring-worm.

Proof. Consider any ring-worm with spine C,,. If n is odd, use Theorem 6.1.
If n is divisible by 4, use Corollary 7.8 or 7.9. If n is divisible by 2 but not by 4,
use Corollary 7.6 or 7.7. In each case, simply add sufficiently many pendant edges
to the given ring-worm to use the Theorem or Corollary. (]

We list here an unsolved problem and a conjecture for future research.

Problem. Characterize ring-worms which are non-SVG.

Conjecture. Any unicyclic graph is an induced subgraph of an SVG unicyclic
graph.
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