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Abstract. A Kurzweil-Henstock type integral on a zero-dimensional abelian group is used
to recover by generalized Fourier formulas the coefficients of the series with respect to the
characters of such groups, in the compact case, and to obtain an inversion formula for
multiplicative integral transforms, in the locally compact case.
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1. INTRODUCTION

In this paper we introduce a Kurzweil-Henstock type integral on compact subsets
of a locally compact zero-dimensional abelian group and use this integral to recover
by generalized Fourier formulas the coefficients of the series with respect to the
characters of such groups, in the compact case, and to obtain an inversion formula
for multiplicative integral transforms, in the locally compact case.

The present results are generalizations of our previous ones obtained in [6] and [7].
In comparison with those papers a Kurzweil-Henstock type integral is defined here
directly on the group instead of using a mapping of this group on the real line and
defining an integral on intervals. That mapping was connected with the introduction
of a certain ordering in this group.

An advantage of the present new approach is that it permits to obtain some more
general results on the coefficient problem and on the inversion formula which do not
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depend on a particular numeration (the so called Vilenkin-Palley numeration) or,
respectively, on ordering of characters, as was the case in the previous papers.

In Section 2 we present some known facts from the theory of Kurzweil-Henstock
integral with respect to a general basis and prove some sufficient conditions for inte-
grability of a function in the sense of this integral. In Section 3 we define a differen-
tial basis on the zero-dimensional group and consider some properties of Kurzweil-
Henstock type integral with respect to this basis. Section 4 is devoted to the problem
of recovering the coefficients of the series with respect to the characters of a com-
pact zero-dimensional abelian group. In Section 5 we consider a generalization of
this problem to the case of a locally compact zero-dimensional abelian group obtain-
ing an inversion formula for integral transforms with kernel expressed in terms of
characters of this group.

2. PRELIMINARIES

We start with the general definition of a derivation basis (see [5] and [8]). A
derivation basis (or simply a basis) B in a measure space (X, M, ) is a filter base
on the product space Z x X, where Z is a family of measurable subsets of X having
positive measure p and called generalized intervals or B-intervals. That is, B is a
nonempty collection of subsets of Z x X such that each § € B is a set of pairs
(I,z), where I € Z, z € X, and B has the filter base property: O ¢ B and for every
(1, B2 € B there exists # € B such that § C 51 N (2. So each basis is a directed set
with the order given by “reversed” inclusion. We shall refer to the elements 5 of B
as basis sets. In this paper we suppose that p(I) > 0 for each I € Z and all the pairs
(I, ) constituting each 8 € B are such that = € I, although it is not the case in the
general theory (see [4], [5]). For a set E C X and € B we write

B(E):={(I,z) € B: I C E} and B[E]:={(,x) € p: z € E}.

We suppose that the basis B ignores no point, i.e., B[{z}] # 0 for any point z € X
and for any 8 € B. We assume also that the basis B has a local character by which
we mean that for any family of basis sets {3, }, 8, € B and for any pairwise disjoint
sets E; there exists 3 € BB such that b’[U ET} c UB-EF]-

Assuming that X is a topological space we shall suppose that the measure u
is reqular from above by which we mean that for any measurable set E we have
#(E) = inf u(G), where infimum is taken over all open sets G such that E C G. We
shall also suppose that B is a Vitali basis by which we mean that for any = and for
any neighborhood U(x) of x there exists 8, € B such that I C U(x) for each pair
(I,z) € By.
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A [B-partition is a finite collection 7 of elements of 3, where the distinct elements
(I',2') and (I”,2") in m have I’ and I" nonoverlapping, i.e., u(I’' N I") = 0. Let
LeZ If # C B(L) then 7 is called a S-partition in L, if |J I = L then 7 is
called a 3-partition of L. (Iw)en

We say that a basis B has the partitioning property if the following conditions
hold: (i) for each finite collection Iy, I1, ..., I, of B-intervals with Iy, ..., I, C I the

n

difference Iy \ |J I; can be expressed as a finite union of pairwise nonoverlapping
i=1

B-intervals; (ii) for each B-interval I and for any 6 € B there exists a (-partition

of I.

Definition 2.1 (see [5]). Let B be a basis having the partitioning property and
L € T. A complex-valued function f on L is said to be Kurzweil-Henstock integrable
with respect to the basis B (or Hg-integrable) on L, with Hp-integral A, if for every
€ > 0 there exists § € B such that for any §-partition 7 of L we have:

S Fau() —A\ <e.

(I,x)em

We denote the integral value A by (Hg) [, f.

It is clear that a complex-valued function is Hp-integrable if and only if both its
real and imaginary parts are Hp-integrable.

It is easy to check, with B being a Vitali basis, that a function which is equal
to zero almost everywhere on L € 7, is Hp-integrable on L with value zero. This
justifies the following extension of Definition 2.1 to the case of functions defined only
almost everywhere on L.

Definition 2.2. A complex valued function f defined almost everywhere on
L € T is said to be Hg-integrable on L, with integral value A, if the function

ilg) = {f(g)’ where 15 defined,

0, otherwise

is Hp-integrable on L to A in the sense of Definition 2.1.

We note that if f is Hp-integrable on L then it is Hp-integrable also on any
B-interval J C L. It can be easily proved that the B-interval function F': J —
(Hp) fJ f is additive and we call it the indefinite Hg-integral of f.

An essential part of the theory of the Kurzweil-Henstock integral is based on the
following proposition known as Henstock lemma (see a version of it in [5, Theo-
rem 1.6.1]).
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Lemma 2.1. If a function f is Hp-integrable on L, with F' being its indefinite
Hp-integral, then for every € > 0 there exists § € B such that for any (3-partition ®
in L. we have

> f@p() - F()| <e.
(I,x)en

Let F' be an additive set function on Z and E an arbitrary subset of X. For a

fixed B € B, we set

Var(E, F, ) := sup > [F(I)].
©CBlE]

We put also
Vr(E)=V(E,F,B) := érel%\/ar(E,F, B).

The extended real-valued set function Vr(-) is called the wvariational measure gen-
erated by F', with respect to the basis B. Following the proof given in [9] for the
interval bases in R it is possible to show that Vp(+) is an outer measure and a metric
outer measure in the case of a metric space X (in the last case the definition of Vitali
basis should be used).

Given a set function F': 7 — R we define the upper and the lower B-derivative at
a point x, with respect to the basis B and measure p, as

(2.1) DgF(r) := inf sup £ and DgF(z) :=sup inf @,

BB (1.ayep 1) peB (ILo)es pu(I)
respectively. As we have assumed that B ignores no point, it is always true that
DpF(z) > DgF(z). If DgF(x) = DgF(x) we call this common value the B-
deriwative DgF'(x). For a complex-valued set function F' = Re F' 4 ¢ Im F' we define
the B-derivative at a point = as DpF(z) = DgRe F'(z) + D Im F(x).

We say that a set function F', real- or complex-valued, is B-continuous at a point
x with respect to the basis B, if Vp({z}) = 0.

It is easy to check that for any Hp-integrable function the indefinite Hg-integral
is B-continuous at each point.

We shall need the following (see [5, Proposition 1.6.4])

Proposition 2.1. Let an additive complex-valued function F defined on Z be
B-differentiable on L € T outside a set E C L such that Vg(FE) = 0. Then the

function

=1, ifrekE

is Hp-integrable on L and F is its indefinite Hp-integral.

{ DpF(x) if it exists,

We get the next theorem as a corollary of the above proposition.
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Theorem 2.1. Let an additive function F': T — R be B-differentiable everywhere
on L € T outside of a set E with u(FE) = 0 and let —o0o < DgF(x) < DgF(x) < +00
everywhere on E except on a countable set M C E where F is B-continuous. Then
the function

fa) = {DBF(ar) if it exists,

0 ifrek

is Hp-integrable on L and F' is its indefinite Hg-integral.

Proof. To apply Proposition 2.1 we need to prove only that Vy(E) = 0.

We note first that B-continuity of F' at each point of M and the fact that Vr(-) is
an outer measure imply V(M) = 0.

Now let

H:=E\M= ] Hn
meN
where
H,, ={¢€E\M: —m < DgF(¢) < DgF(¢) < +m}.

As p(Hp,) = 0 and the measure p is assumed to be regular from above, there exists
for any € > 0 an open set Gy, D Hy, such that ;(G,,) < €/m. Then, the definition
of the upper and the lower B-derivatives and the definition of the Vitali basis imply
that for any « € H,, there exists (3, such that for any pair (I, z) € 8, we have

(2.2) I1C G, and |F(I)] <mu(l).

Now choose (3 such that 5[H,,] C |J fz[{z}] and take any S-partition 7 C G[H,,].
r€H,,

Using (2.2) we compute

=¢&.

STUFMI<m Y uld) < mp(Gr) <m-

(I,x)en (I,z)enm

9
m

Since ¢ is arbitrary we get Vi (H,,) = 0. Then, once again using the property of the

outer measure, we obtain

Vr(E) < Vp(M) + ) Vp(Hn) =0.
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3. DERIVATION BASIS IN ZERO DIMENSIONAL GROUP AND
THE CORRESPONDING KURZWEIL-HENSTOCK INTEGRAL

Let G be a zero-dimensional locally compact abelian group GG which satisfies the
second countability axiom. We suppose also that the group G is periodic. It is known
(see [1]) that a topology in such a group can be given by a chain of subgroups

(3.1) .G, D...0G2D2G1D0Gy DG DG2D...DG, D...

+oo +o0
with G = |J G, and {0} = () G,. The subgroups G,, are clopen sets with

respect to this topology. As G is periodic, the factor group G,,/Gy+1 is finite for
each n and this implies that G,, (and so also all its cosets) is compact. Note that
the factor group G,,/Gy is also finite for any n < 0 and so the factor group G/Gj is
countable. We denote by K,, any coset of the subgroup G,, and by K, (g) the coset
of the subgroup G,, which contains the element g, i.e.,

(3'2) Kn(g) =g+ Gy

For each g € G the sequence {K,,(g)} is decreasing and {g} = () K,(g).

n
Now for each coset K, of GG;, we choose and fix for the rest of the paper an element
gk, - Then for each n € Z we can represent any element g € G in the form

(3.3) 9=9r, +{9}n

where {g}, € G,,. We agree to put gg, =0, so that g = {g}, if g € G,,.

Let T" denote the dual group of G, i.e., the group of characters of the group
G. Tt is known (see [1]) that under the assumption imposed on G the group I is
also a periodic locally compact zero-dimensional abelian group (with respect to the
pointwise multiplication of characters) and we can represent it as a sum of increasing
sequence of subgroups

(3.4) .OI'_,D...0T 2 D>I' 1 DIy>InhD>IyD>...DoI', D...

+o00o +oo
introducing a topology in I'. Then I' = |J T; and () T; = {7} where
1=—00 i=—00

(9,7®) =1 for all g € G (here and below (g,v) denotes the value of a charac-
ter v at a point g). For each n € 7 the group I'_,, is the annulator of G, i.e.,

I ,=GLt:={yeT: (9,7) =1 forall g€ G,}.
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Lemma 3.1. If v € I'_,, then 7 is constant on each coset K,, of G,,.

Proof. Therepresentation (3.3), the properties of a character and the definition
of the annulator imply

(9,7) = (9., V){g}ns7) = (9K, 7)-

So with a fixed element gk, , the value (g,7) is constant for all g € K,. O

n?

The factor groups I'_,,_1 /T —,, = Gy /Gy and G,,/Gy41 are isomorphic (see [1])
and so they are of finite order for each n € Z. This implies that the group I'_,, /T’y
is also finite for any n > 0 and I'/T'y is countable.

Now, as we have done above for the group G, for each coset J of I'y we choose
and fix an element 7,. Then we can represent any element vy € I' in the form

(3.5) v=7, {7}

where {7} € T'g. We agree to put v, = 7 so that v = {7} if v € To.

We denote by pug and pr the Haar measures on the groups G and T, respectively,
and normalize them so that ug(Go) = pr(Iy) = 1. We can make these measures
complete by including all subsets of the sets of measure zero into the respective class
M of measurable sets.

The functions v have also the following property.

Lemma 3.2. If y e T'\T'_,, then [, (g,7)dug = 0 for each coset K,.

Proof. The above integral is understood in the sense of the Lebesgue integral
with respect to the measure pg. As 7y does not belong to the annulator of the
subgroup G,, there exists an element go € G,, such that (go,v) # 1. If g € K, then
g+ go € K,,. Due to the invariance with respect to translation of the Haar measure
g and also of the integral we have the equality

/Kn(g,v) dpc —/K”(nggo,v) dpg = (90,7)/ (9,7)dpc

Kn

which implies

/ (9,7)dpc = 0.
K,
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It follows from this lemma that if 47 and 7, are not equal identically on K,,, then
they are orthogonal on K, i.e.,

/ (9, m72) dpc = 0.
K,

Now we define a derivation basis B on the measure space (G, M, ug). Take any
function v: G — 7 and define a basis set by

By = {(Ivg): geG,I= Kn(g)vn > V(g)}'

So our basis Bg in G is the family {(,}, where v runs over the set of all integer-
valued functions on GG. This basis has all the properties described in Section 2 for the
general derivation basis, in particular it is a Vitali basis. Note that in our case the
set Z¢ of all Bg-intervals is composed by all the cosets K,,, n € Z. The partitioning
property of B¢ follows easily from compactness of any Bg-interval and from the fact
that any two Bg-intervals K’ and K are either disjoint or one of them is contained
in the other.

Definition 2.1 of the Hp-integral can be rewritten in our particular case in the
following form:

Definition 3.1. Let L € Zg. A complex-valued function f on L is said to be
Kurzweil-Henstock integrable with respect to basis B (or Hg-integrable) on L, with
Hg-integral A, if for every € > 0 there exists a function v: L — Z such that for any
B,-partition w of L we have

S Honal) - A| <.

(I,9)em

We denote the integral value A by (Hg) [, f.

Remark 3.1. We note that all the above definitions depend on the structure of
the sequence of subgroups (3.1). So if we consider for the group I' the definitions
of the Br-basis and the Hrp-integral, then we should use the sequence (3.4) in our
construction.

Remark 3.2. It is easy to check that the Hg-integral is invariant under transla-
tion given by some element g € G.

The upper and the lower Bg-derivative of a set function F': Zg — R at a point g
can be rewritten, in the case of the basis B and measure ug, as

DeFlg) i timap FEn0) = timint 209
(86)  DaFlg):=limsup Tomerws Dall(g) = liminf =mrros.
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The Bg-derivative at g is

i FEa(g)
(3.7) DaFlg):= lm o )

Note that in the case of our basis B¢, given a point g, any [3,-partition contains
only one pair (I, g) with this point g. Because of this we can reformulate the definition
of B-continuity in a simpler way, saying that a set function F' is Bg-continuous at a
point g with respect to the basis Bg if nlln;o F(K,(g9)) =0.

As in the general case considered in Section 2, the indefinite Hg-integralon L € Zg
is an additive Bg-continuous function on the set of all Bg-subintervals of L.

The property of differentiation of the indefinite Hp-integral almost everywhere is
not true in the general case (even for some basis in the plane, see for example [3]),
but in our case of the Hg-integral it can be proved if we use the following version of

a covering lemma.

Lemma 3.3. Let E be an arbitrary subset of L € Zg and for each g € E
let there exist an increasing sequence of natural numbers {n;} = {n;(g)}. Put
a = {(Ky,(9(9),9): g€ E, Ky ,5(9) C L}. Then there exists a countable family
of pairs {(I;,9;)}52, such that (I;,g;) € « for each j = 1,2,..., with I; being
pairwise disjoint and E C U I;.

j=1

Proof. Let L = K,, for some ng. If for some g € E we get (K,,,g) € «, we are
done. If not, we shall proceed by induction having in mind that for each n > ng the
family of all cosets K,, C L is finite and that any two K and K, are either disjoint
or one of them is contained in the other. In the n-th step, n > ng, we consider all
K,, C L which are not covered by any I; chosen in the previous steps and for which
(Kn,9) € a with some g € E. We include into our sequence of pairs all such K,
combined with one of the admissible g. In this way each point g € E will be covered
in a certain step because otherwise we should get a contradiction with the fact that
(Kn,(9)(9),9) € a for each n;(g) sufficiently great and this K, (g9) should have
been chosen in the n;-th step if it was not already covered earlier. O

Theorem 3.1. If a function f is Hg-integrable on L € Zg then the indefinite Hg-
integral F(K) = (Hg) [, [ as an additive function on the set of all Bg-subintervals
of L, is Bg-differentiable almost everywhere on L and

(3.8) D¢F(g) = f(g) a.e. on L.
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Proof. Having got the previous lemma we can prove this theorem by standard
argument, similar to the one used for the usual Kurzweil-Henstock integral on the
interval (see [4, Theorem 8.2]).

Let E be the set where F' is not differentiable or (3.8) does not hold. Then

oo
E = |J E,, where E,, stands for the set of all g € E for each of which there exists
m=1
a sequence {n;(g)} of natural numbers such that

(3.9) |f(@ (K, )(9) = F(Kn,g)(9))] > %ﬂG(Km(g) (9))-

So it is enough to show that pug(E,,) = 0 for each m. Having fixed m, we apply
Lemma 2.1 to our basis Bg to find for every € > 0 a function v: L — 7 such that
for any (,-partition 7 in L we have

(3.10) > 1 @nel) = F(D] < 5.

2m
(I,9)em

Without loss of generality we can assume that n;(g) > v(g) for each g € E,, and
each natural i. Now we apply Lemma 3.3 to the set F,, and to the above sequence
{ni(g)}. We obtain a sequence of pairs {(I;,g;)}72; such that, according to (3.9),
foreach j =1,2,...

(3.11) Hlaiall) = FU) > —pa(ly)

oo
(I, 9;) € Bu|En], sets I; are pairwise disjoint and E,, C |J I;. Having chosen k
j=1

such that Z pa(I;) > pa(En)/2 we obtain a §,-partition {(I;, g;)}¥_, for which

the 1nequahty (3.10) holds. Using (3.11) we finally get an estimate

1 €
_MG <_ZMG <z;|fgj ra(l;) — F(I])|<%
J
which implies that pg(FEn,) < €. As € is arbitrary this completes the proof. O
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4. APPLICATION TO THE SERIES WITH RESPECT TO THE CHARACTERS

We counsider here the case when the group G is compact and so the chain (3.1) is
reduced to the one-sided sequence

(4.1) G=GyDG  DG3;D...0G, D....

In this case the Hg-integral is defined on the whole group G. Moreover, the group
' of characters of the group G is discrete now (see [1]) and can be represented as a
sum of an increasing chain of finite subgroups

(4.2) I'pcl'.ycll'sCc...CcT'_,C...

where T'y = {y(9} with (g,7(?) =1 for all g € G.
So the characters v constitute a countable orthogonal system on G with respect

to the normalized measure ug and we can consider a series

(4.3) Z ayy

yel’

with respect to this system. We define a convergence of this series at a point g as
the convergence of its partial sums

(4.4) Su(9) ==Y ay(9,7)

vyeET _p

when n tends to infinity.

With the series (4.3) we associate a function F' defined on each coset K,, by
(4.5) F(K,):= / Sn(g) dpe.
Ky

It follows easily from Lemma 3.2 that F' is an additive function on the family of
all Bg-intervals.

By Lemma 3.1 the sum S, defined by (4.4), is constant on each K,. Then (4.5)
implies

(4.6) Sn(g) =
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Theorem 4.1. The series (4.3) is the Hg-Fourier series of an Hg-integrable
function f if and only if the function F associated with this series by expression
(4.5) coincides on each Bg-interval I with the indefinite integral (Hg) [, f.

Proof. This can be easily proved by the argument used in [2, Theorem 2.8.1]
for the Lebesgue integral and the Vilenkin-Price system. O

The following two lemmas are immediate consequences of the equality (4.6).
Lemma 4.1. If the series (4.3) converges at a point g € G to a value f(g) then

the associated function F (see (4.5)) is Bg-differentiable at g and DgF(g) = f(g).
Moreover, if the series (4.3) satisfies at a point g the conditions

(4.7) — o0 < liminf Re S, (g) < limsupRe S, (g) < 400
n—00 n—00

(4.8) — 00 < liminfIm S, (¢) < limsupIm S, (g) < +o0
n—0o0 n—o00

then the associated function F' satisfies the inequalities

(4.9) — 00 < Dy ReF(g)
(4.10) —00 < DsIm F(g)

< DgReF(g) < +oc,
< DgIm F(g) < 400.

Lemma 4.2. If the partial sums (4.4) satisfy at a point g the condition

1
(4.11) Sn(g) = O(W)

then the associated function F' is Bg-continuous at the point g.

The next lemma gives a sufficient condition for the assumption (4.11) of the pre-
vious lemma to hold.

Lemma 4.3. Suppose that the coefficients {a,} of a series (4.3) satisfy the con-

dition

(4.12) max lay| — 0 ifn — oo.
YEL _(nr)\T—n

Then (4.11) holds for partial sums S, (g) at each point g € G.

Proof. We start with denoting the order of the factor group G,,/Gn+1 by Dn-
Then the order of Go/G1 is po, the order of Gy/G2 is po - p1 and by induction the
order of Go/Gn, n=1,2,..., i8S My :==Po-P1- ... Pn_1, with p; > 2 for all ¢ (we
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agree that mg := 1). Due to the isomorphism between Go/G,, and I'_,, /T the order
of the subgroup I'_,, is my,.
Since pa(Go) = 1 and pg is translation invariant we have

(4.13) 16(G) = i (Kn) = —

e

for all cosets K,, n > 0.
Fix a point g € Gy and let {K,,(g)} be a sequence of cosets convergent to g. In
view of (4.12) for any € > 0 there exists k such that for any j > k we have

4.14 max a~| < €.
(14 VEFA«T+U\F—j| il

Fixing this k& we choose n such that |Si(g)| - (m,)~! < e. Since |(g,7)] = 1, we
get for any j > k

Sj+1(g) — S;(g) < S layl <myprce
Vel G4\l

Then for any n > k we obtain

150(0) 16 (Ko (0) < (|sk<g>| 3 IS0 - 500)
n =k

red

Jj=
1 1
( —l—---—l——)
pn 1 pn72pn71 Pk+1 -+ Pn—1
1
E+E<1+ +—+ +W)<26.

This inequality implies (4.11). O

Theorem 4.2. Suppose that the partial sums (4.4) of the series (4.3) converge
almost everywhere on G to a function f and satisfy the conditions (4.7) and (4.8)
everywhere on G except on a countable set M where (4.11) holds. Then f is Hg-
integrable in the sense of Definition 2.2 (applied to the basis Bg) and (4.3) is the
H-Fourier series of f.

Proof. Applying (4.6) we get that for any point g at which the series (4.3)
converges to f(g), the function F defined by (4.5) is Bg-differentiable at g with
DaF(g) = f(9)-
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According to Lemma 4.1, (4.7) and (4.8) imply inequalities (4.9) and (4.10) ev-
erywhere on G except on the set M where by Lemma 4.2 F', together with Re F' and
Im F', is Bg-continuous.

Therefore, by Theorem 2.1 (used for the basis Bg), Ref and Im f are Hg-
integrable and Re F' and Im F' are their Hg-integrals. Hence f is Hg-integrable,
with F' being its indefinite Hg-integral. Finally, using Theorem 4.1 we complete the
proof. ([

Remark 4.1. In view of Lemma 4.3 we can replace the condition (4.11) by the
condition (4.12) in the assumption of the above theorem.

The following theorem is a particular case of Theorem 4.2.

Theorem 4.3. Suppose that the partial sums (4.4) of the series (4.3) converge
to a function f everywhere on G. Then f is Hg-integrable on G and the series (4.3)
is the Hg-Fourier series of f.

Let f: G — C be Hg-integrable on G. Then the partial sums S, (f,g) of the
Hg-Fourier series of f with respect to the system of characters can be represented,
according to Theorem 4.1 and formula (4.6), as

1
P m Ll S

This equality together with the differentiability property of the indefinite Hg-integral

Sn(f7 g) =

(see Theorem 3.1) yields

Theorem 4.4. The partial sums S,(f,g) of the Hg-Fourier series of an Hg-
integrable on G function f are convergent to f almost everywhere on G.

5. INVERSION FORMULA FOR THE TRANSFORM IN THE LOCALLY COMPACT CASE

To simplify our notation we shall put in this section K = Ky, [g] := gk, {9} :=
{g}0, so that the representation (3.3) with n = 0 for any element g of a coset K
of Gy can be rewritten in the form g = [g] + {g} where [¢] is a fixed element of K
and {g} € Go. Similarly we shall use sometimes the notation [y] := 7, to underline
duality, so the representation (3.5) for any element v of a coset J of Ty can be
rewritten in the form v = [y] - {7} where [7] is a fixed element of J and {v} € T'y.

Using this notation and the properties of a character v we can write

(5.1) (9,7) = {gt: WD) - (gl VD) - gt {r}) - (gl {v})-
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Now we observe:

1){g} € Gpand {7} € Ty = G&. So ({g}, {7}) = 1 and we can eliminate ({g}, {7})
from the representation (5.1) getting

(5.2) (9:7) = {g}: D) - (gl (YD) - (gl {7 })-

2) 7] € Ty = Gi(v) where m(y) > 0 and [y] [g, is a character of the
subgroup Gj.

3) ([g], [v]) is constant if g belongs to a fixed coset of Gy and v belongs to a fixed
coset of T'g.

4) Using the duality between G and " we can state that g represents a character
of I' and, similarly to the property 2), [g] [, is a character of T'g. So ([g],{~}) is a
value of this character at the point {~}.

Therefore, according to (5.2), if g belongs to a fixed coset of Gy and v belongs to
a fixed coset of I'y, we can represent (g,7), up to a constant multiplier ([g], [v]), as a
product of ({g}, [y]) considered as the value of the character [v] at {g}, and ([g], {~})
considered as the value of the character [¢g] at {v}.

Now we obtain a generalization of Theorem 4.3 in the locally compact case.

Theorem 5.1. If the limit

lim (Hr) / a(v)(g,7) dur

n—oo
—n

exists at each g € G and its value is f(g), where a(vy) is a locally Hr-integrable
function, then f is Hg-integrable on G_,, for each n and

(5.3) a(y) = lim (Hg) f(g9)(g,v)dpe a.e.on T.

n—oo G
—n

Proof. We follow the lines of the proof in [6, Theorem 9] using the present
definition of the Hg- and Hpr-integral and having in mind the convergence of a series
as it is understood in Section 4 (see (4.4)). Suppose that g € K and J denotes any
coset of I'y. Then by (5.2)

n—00

flg) = tim (Hy) / a(1)(g,7) dur

—n

= lim Y (Hr)/]a(v)({g},[v])-([9],[7])-([91,{7})dur

n—oo

JCI'—p

n—00
JCI'

= Jm > ({g}m)-(Hr)/Ja(v)([g],h])-([9],{7})dur-
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So if g € K, the function f(g) is the sum of series, with respect to the system of
characters v, at the point {g}, with coefficients

o) = (Hr) / a()(lg), W) gx. (7)) dar

and this series is convergent everywhere on K. Then by Theorem 4.3 the function
p(t) = f(gx +1t) with t = {g} € Gy is Hg-integrable on Gy and the coefficients bf]K)
are the Hg-Fourier coefficients of p(t), i.e.,

(54) b = (Hp) /J o) (lg), 1) (g {4}) dpr
— (He) /G p()({a}77) dua = (H) /K (@) {ah70) dua

(the last equality is justified by Remark 3.2). By observation 3), ([g], []) is constant
when g € K and v € J. Hence (5.4) implies

(5.5) (Hr)/ a(v)(9x, {v}) dpr = (He) / f(g W) {g} o) dee.
J
We notice now that for each fixed J the value
(Hr) [ a)(gnc, () dr
J

is the Fourier coefficient, with respect to the character gx, of the Hp-integrable
function a(y) = a([y]+{v}) considered as a function of {7} € I'y. Applying Theorem
4.4 to this Hp-Fourier series, we get

dim (Hr)[]a(v)(gK,{v})dur-(9K7{7})=a(7) a.e. on J.

KCcG_p

Now using (5.5) and (5.2) we compute

Jim 37 () [ at)lar ) dur - Tore 17D

KCcG_,
= fm 3" (He) [ fo) L Bl ) dhe - o 0)
KcG_,
= lim (H) [ $)TTaF20) - (ow G- (6 B s
= lim (Hg) f(9)(g,7) dpc = a(y) a.e. on J.
n—oo G_
The last equality is true for any J, so we get (5.3), completing the proof. O
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