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Abstract. We give one sufficient and two necessary conditions for boundedness between
Lebesgue or Lorentz spaces of several classes of bilinear multiplier operators closely con-
nected with the bilinear Hilbert transform.
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1. INTRODUCTION

The bilinear Hilbert transform with parameter a € R is the operator given by

Haf.9)(@) = 2po. [ 1o =096 -

initially defined for functions in the Schwartz class. Notice that Ho(f,g) = H(f)g
and Hi(f,g) = H(fg) where H(f) is the classical Hilbert transform. So H, can be
seen as an intermediate step between both operators.

The bilinear Hilbert transform has been extensively studied since 1965 when
A. Calderén set the conjecture of its boundedness from L? x L™ into L? while he
was working on the Hilbert transform defined over Lipschitz curves (see [2]). After
several years of research and using original ideas of C. Fefferman [3], M. Lacey and
C. Thiele finally answered this question when they proved the following
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Theorem 1.1. For each triple (p1,p2, ps) such that 1 < p1,p2 < 00, 1/p1+1/pa =
1/ps and ps > 2/3 and each o € R\ {0,1} there exists C(a, p1,p2) > 0 for which

”Hoz(fa g)Hps < C(a7p17p2)||f||p1”g”p2

for all f, g in the Schwartz class.

In two papers ([8], [9]) published in 1997 and 1999 respectively. See also [14] for
a unified proof.

Since then a great deal of generalizations and extensions of this seminal work
have appeared such as: [4], [5] and [12] related to the modification of the kernel of
the operator, [6] related to uniform estimates in the same inequality, [10] related to
maximal results, and [13] to uniform estimates with generalized kernels.

The present paper shows two sufficient and one necessary conditions for bound-
edness of different types of bilinear multipliers some of which include the bilinear
Hilbert transform.

2. PRELIMINARIES, NOTATION AND DEFINITIONS

Given a measurable function f we denote its distribution function by mys(\) =
m({z € R: |f(z)| > A}) and its nonincreasing rearrangement by f*(¢) = inf{\ >
0: ms(A) < t}. The Lorentz space LP? consists of those measurable functions f
such that || f||5 , < co, where

q [~ ae) Ve
{—/ tq/pf*(t)q—} , 0<p<oo, 0<q< o0,
1fl5.q=1q ‘PJo ¢

p.q

sup tY/P f*(t) 0<p< oo, g=o0.
>0

The reader is referred to [1] for basic information on Lorentz spaces.

The interpolation result we are going to use is a trilinear version of the Riesz-
Thorin interpolation theorem for tuples of spaces. Since we will use it for positive
integral operators

/R F@ = t)g(x — at) K(£) dt

where K is a positive function, we state the theorem in this setting.
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Theorem 2.1. Let 0 < p;; < oo fori=1,...,n,j=0,1,2,3. Let T a positive
trilinear integral operator such that T: LPi° x LP:1 x [Pi2 — [Pi3 js bounded for
Then T': LP° x LP* x LP> — LP3 is bounded for 1/p; = Z 0:/pi ;, for j =0,1,2,3

n n
where 0 < 0; <1 and Y. 6; = 1. Moreover, | T| < [[ M.
i=1

i=1

A proof of this theorem for a pair of spaces can be found in [1] page 185 for the
linear case and 202 for the multilinear case. The extension to tuples of spaces is
trivial from that result.

We set some frequently used notations. For every z,y € R we denote the transla-
tion operator by T, f(z) = f(z — y) and the modulation operator by M, f(z) =
f(x)e®™¥® while for all p € R and ¢t # 0 we denote the dilation operators by
DY f(z) = t=/Pf(t~'z) and D;f(x) = D°f(x) = f(t~'x). These operators show
certain symmetries when the Fourier transform acts on them. In particular, the
transform of a translation is a modulation, (T, f)" = M,yf, the transform of a mod-
ulation is a translation, (M, f)" = T, f, and the transform of a dilation is its dual
dilation, (DY f)" = sign(t)Dfilf.

For the dilation operator we trivially have that || D} f||,.q = [t|'/27Y7|| f|lp.q- Some-
times we will also use the notation K. for the change of scale normalized to the L'
norm, that is, K.(z) = e 'K (e7'z) = D! K (z).

The bilinear operators we are going to work with can be seen as generalizations of
convolution operators. Thus, as in the case of the convolution of a distribution and
a function, they can be defined functionally and distributionally. We will work only
with the functional definition.

Definition 2.1. Let u be a distribution. For every oo € R and every f,g € C§°
we define the function

Hu:a(-ﬂ g)(x) = (ua D*lea:f : Dfa—lezg)

for all x € R. We will say that H, , is a generalized bilinear Hilbert transform
associated to v and « or just a BHT for short.

In this way, if K is a locally integrable function, for instance, this definition leads
to the expression

(1) Hk o(f,9) /fa:—t (x —at)K(t)dt

which is well defined for all a, z € R and for any bounded functions f, g such that at
least one of them has compact support if & # 0 or f has compact support if a = 0.
We give the following
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Definition 2.2. Let o € R and u be a distribution. Let 0 < p; < 00, 0 <
g < 00,1 =1,2,3. We say that H, o is (pi, ¢;)i=1,2,3 bounded if it can be extended
to a bounded operator from LPv%' x [P2:92 into LP%9. This is possible if there
exists a constant C' > 0 depending of u, « and p;, ¢; such that |Hy o (f, 9)|lps.qs <
Cl fllp1.gi 19|l ps.q0» for all f and ¢ in some appropriate dense subspaces.

In the same way that convolution and linear multiplier operators are intimately
related, so are the operators previously defined and the following ones:

Definition 2.3. Let m be a bounded measurable function in R?. For every
z € R and f,g € S we define the operator

Bulf.)a) = [ FOatmm(ene= 7 acan,

Let p; > 0.

We say that m is a (p1, p2, p3) multiplier or just a bilinear multiplier if the operator
can be extended to a bounded operator from LP' x LP2 to LP3. We denote by
| - l.#B,, 4y, the minimum constant that satisfies the inequality || By (f,g)lps <
Cl fllpillgllp, for all functions f,g € S.

The relationship between both kinds of operators is the following: if K is, say, an
integrable function then

[ 1=t - ekt~ [ fOamRis+ameemacay

and so both operators can be regarded as generalizations of convolution operators or
as generalizations of linear multiplier operators.

We finally state several of their properties related to invariance under traslation,
commutativity and duality:

(2) HT::/“,@(f? 9) = Hu,a(Tyﬁ Tayg)a
(3) Hu,a(f7 g) = Sign(a)HDiu,ofl (97 f)a
(4) <h7Hu,a(fvg)> = <HD—1U71*Ot(hag)af>'
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3. THREE CONDITIONS FOR BOUNDEDNESS

We introduce three results on boundedness which can be summarized as follows.
We first give a necessary condition obtained when we study the operator acting over
Gaussian functions. Then we also give a sufficient condition which is the generaliza-
tion of the Young inequality to this class of non-convolution operators. The third
one is another sufficient condition for the second class of operators we have defined.

3.1. Gaussians looking for necessary conditions. We use the fact that the
BHT over Gaussian functions has a particularly easy expression in order to get
necessary conditions for its boundedness when the kernel is a temperate distribution.
We get in this way two conditions for boundedness: one on the spaces between which
the BHT can be bounded and another one on the kernel itself. We work with Lorentz
spaces just for the sake of generality. We begin with a technical lemma.

Lemma 3.1. Let G € S be such that G(0) = 1. Let (G:)e>0 be an approximate
identity with G. = D!G. Then for all ¢ € S, (G * p).>0 converges to o in the
topology of the Schwartz class Is.

Proof. Weneed to prove that for every n,m € N, lim+ HGex@)n,m—n,mlloc =
e—0

0 where we define @, ,,(x) = 2"@™ (). If ¢, 1, denote the combinatorial number n
over k then for x € R and € > 0 we have

2" (Ge )™ () = 2"(Ge ™) (2) = /R(x — )" Ge(t)p"™ (@ — 1) dt

=> cuk / t*DIG(t)(x — )" F o™ (z — 1) dt
k=0 R
n
= Z Cn,kgk(D; (Gk,O) * @n—k,m)(x)
k=0
Thus,

(Gex0)nm (@) =0nm(@)] < [(Gexonm) (@) =@nm @)+ cn ke 1Groll1l9n—rmll
k=1

and for a = max (n,m), ¢r(¢) = sup |[[onmlle

m,n<r

[(Ge*@)nm — Pnmlloo < Ge* Pnm — @nmlloo +((e+1)" 1) Org?fa |Gr0ll10a(e).

This proves the result by the main property of an approximate identity.
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Proposition 3.1. Let a < 0 and p;,q; > 0 for i = 1,2,3. Let u be a non null
tempered distribution. If H,, . is bounded from LP"9" x P> jnto LP*% with norm

[Hu,oll then 0 < 1/p1+1/p2 —1/ps < 1.
2 ’
In this case, if G(xz) = e ™" and 1/p = 1/p1 4+ 1/p2 — 1/p3 we have that 4 * DY G
is a uniformly bounded family of functions with

sup [|@ % DX Glloo < C||Huoll
A>0

where C' is a constant that depends only of o, p; and q;, i = 1,2, 3.

Remark 3.1. When 1/p; + 1/p2 = 1/ps the assertion says that @ is a bounded
function with ||i]lcc < C||Hy,o|l which is a known fact for linear multipliers (see

).

Proof. Letw e R, A>0,a € R\{0,1} and define N = (1 + |a]) 7' A%, Let
ft) = eXriwte=N= and g(t) = e~ (N/IeD™*  An easy computation shows that for
a < 0 we have f(x —t)g(z — at) = f(z)g(x) f(—t)g(—at). Thus

Hu,oz(fv g)(l‘) = f(x)g(x)Hu,oz(fa g)(O)

which says that the BHT of these Gaussian functions is the product of both functions

times a constant. Since

|Hu,a(fa 9)(0)|Hf9||p3,q3 = ||Hu,a(fv 9)”1)37(13 < HHu,aH”prwnH9||p27(I27

we just need to compute norms in order to get the desired condition:

—1/(2
£ lprar = 1Mo Dy =1 /2Gllprgr = NGl

—1/(2
19lpasae = 1D 1apy-172Cllpsae = N~ 72|V @) |G| g,

~1/(2p3) 1\ —1/(2p3)
1£9llps.as = [MwDy—1/2141 0y -1/2CGllps.gs = A7 (1 + m)

qi 1/q: ¢ 1/qi 1 4 \1/(2p:)
Gl = ()0 () ()
2p; 2p; q;iT

where I" denotes the Gamma function of Euler (see Remark 3.2 below). So

1Glps a5

with

|Hu,o(f,9)(0)]
< ||Hu,aH HG”phlZl ”GH;Dz#Zz |Oc|1/(2p2) (1 + i)1/(2p3))\/7%(1/;01+1/p271/p3)
1Glps a5

|

_ ||Hu OéH |G||1|01C,;1|1|||G|p27Q2 |a|%(1/p271/p3)(1 + |a|)%(1/p1+1/p2)/\71/p —Oo\Up
P3,43

for all A > 0 and w € R.
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Now we work a little bit on the expression H,, o (f,¢)(0). Since
F(=t)g(—at) = o 2miwt o —(I+|aDN'nt? _ (—2niwt—A*nt? _ M_,Dy-1G(t)
we have, using the fact that G=Gand D_1G = G, that
() Hya(f,9)(0) = (u, M- Dx-1G) = (4, T, D3G) = (i * DAG)(w),
and we can rewrite the previous result for all A > 0 and w € R as
(4% DYG)(w)| < CA™/P,

a) If 1/p < 0 we prove that u = 0 by showing that the family of functions my(w) =
(6 D}G)(w) converges pointwise to zero and distributionally to @ when A tends to
Z€ero.

On the one hand, we see that m) are bounded functions (and so locally integrable)
with |[maflee < CA™YP < C for A < 1 and iig%)m)\(w) =0 for all w € R.

On the other hand, since (D}\G) A>0 Is an approximate identity we have proven in

Lemma 3.1 that {D}G x )} 10 converges to ¢ in the topology Js. Thus, by the
continuity of @& we have for all p € S

T (un, , 0) = lim (i + DG, ) = lim (i, DG # ) = (i1, )
With both facts and the Dominated Convergence Theorem of Lebesgue we have

7 =1 =1 :
(10 = Jimy(1my. ) = Jimy [ mr(@)p(w) dw = 0
b) If 1/p = 0 we still know that m) define a family of bounded functions with
[lmalloe < C for all A > 0 that converge distributionally to & when A tends to zero.
We use this fact to show that @ must be a bounded function and that, actually, the
convergence is also pointwise. From the above,

|@mqg4mww;\hwmmmlmm

for all ¢ € S and thus @ is a distribution associated to a bounded function. Moreover,
by the property of approximate identity, we have that

lim m (w) = lim (@ DyG)(w) = it(w)

almost everywhere (at all Lebesgue points of @).
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c) If 0 < 1/p < 1 our condition says that |(a * D’){G)(w)| < C for all A > 0 and
w € R which is the main statement of the proposition.

We still have that my = @ * D{G define a family of bounded functions that
converges distributionally to @ and satisfies ||my[lcc < CA™YP for all X > 0.

d) If 1 < 1/p we prove directly that w = 0. The previous condition can be written
as

(@ % DAG)(w)] < CAVY?" with p' < 0. Moreover, since H, . is bounded and
translation invariant by the property (2), we have that Hr,, . is also a bounded
operator with the same constant and thus it satisfies |(’fy7¢ * DAG)(w)] < CAV?' for
every y,w € R. With this we can write

I T,D\G)| = lim |(T_,u, Dy-
lim |(u, 7, DYG)| = lim |(T 1, Dy+ )
= lim |(T_. . < i -1/v" — .
lim |(T g1+ Dy-1G)(0)] < Jim CA=/7 =0
Thus for every ¢ € S we have by the Dominated Convergence Theorem
(u,p) = }\in})(u, o* D)G) = ;ir%/ ©(y)(u, T,D)G) dy = 0.
— — R

Now we deal with the case of & > 0. If @ > 1 and ps > 1 the duality formula (4)
with 1 — a < 0 allows us to apply the former result to Hp 41— in the following
way: if f, g, h are some properly chosen Gaussian functions then

<h7 Hyo(f, g)> = <HD_1u,1—a(h79)7 f> = HD_lu,l—a(h79)(0)<hgv f>

which, if we assume the operator to be bounded, implies

”f”pl,lh ”ngz,qz HhHPS,qg
|(hg, )]

[Hp_yu1-a(h,9)(0)] < [[Huoll = O

Thus by (5) and using D_1(f *g) = D_1f* D_19, D_11 = ﬁ we have
(@ DYG)(—w)| = |(D_1u * DG)()| = [Hp_,u1-alh, )(0)] < CATV/2.

From here the same ideas lead to the same conclusion.

Finally, if 0 < a < 1 and p3 > 1, the commutativity formula (3) with a=! > 1
and the duality formula (4) with 1 — a~! < 0 allow us to apply the same ideas to
Hp_,piu1-a-1 to get the same conclusion:

<haHu,a(f7 g)> = <h7HDiu,a_1(gvf)>
= <HD,1D{1)u,17a_1(ha f)vg> = HD,lD}yu,lfa_l(ha f)(0)<hfvg>;
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which implies

Hprh(Il ||9sz7q2Hth-’37q§
[(hf.9)|

|HD_1D(£U,1—04_1(ha f)(0)| < ||HU,OCH = C}\—l/[).

Now, using the fact that Do (f % g) = DLf * D g we get by (5)

(it DLAG) (—aw)| = [ D1 (it * DLDAG)(~w)| = (Dot * DYG)(~w)]
= (D1 Dhus DYG)@)| = [Hp_, et (b £)(O)] < OA77

and we finish by the same ideas as before.

Remark 3.2. Since G is even and non-increasing in [0, 00), we know that G* =
DyG and so we can compute ||G[|7 -~ as follows

an /Oo ja/pg-tant 4t _ a1 (i)ql/@pl) /Oo pr/2pn) gt 4
P1 Jo U 2pi\qim 0 t
_ @ ( 4 )ql/@m)F( il )
2p \qim 2p1 /)’
3.2. Bilinear Young inequality. The next result is the generalization of the
Young inequality to our bilinear non-convolution operators. We pay now special
attention to the dependence of the constants on the parameter .. In order to deal

with a more general and symmetric operator, we change a little bit its definition.
For the next proposition we let BHT be the operator

Hicaop.0)(@) = [ fo=atlgle = 0K (0
defined for all o, 8,z € R and f,g € S.

Proposition 3.2 (Bilinear Young inequality). Let po > 1. If K € LP° then
Hp o p is a bounded operator from LP* x LP? to LP® with p; > 1 for i = 1,2,3 and
Pty 4 pyt =1+p3 !, and all o, 3 € R\ {0} such that o # (3. Moreover,

1H.0,5(fs 9)llps < Coppo.0102 K o] f 11 |92

Remark 3.3. Notice that pfl—f—pgl—pgl = p{)*l € [0,1] as Proposition 3.1saysit

must be. See also that this condition can be rewritten as pfl —l—p;l —l—pg =14p, -t

and so the point (pl_l,pgl,pg_l) € R3 belongs to the plane z +y + z = 1 + p}, !

with 14 p) =" € [1,2].
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Proof. Letp>1, f,g,h, K €S and

I= /Rh(x)/Rf(x —at)g(x — t)K (t) dt dz|.

We denote here f, (z,t) = f(ax+bt). By the Holder inequality and some changes of

variables I < || f1,-ag1,-sllzr@2) [ Ko,1h 0l o g2y = la=B17Y2 Fllpllgllpl K [l Al
ie.

(6) 1H k.0 (f, Dllp < la = BI7Y2Ufllp g ol N

I < | Koag1,-pll e @)l f1,-ahvoll o pey = lad =P 1 f gl 1K Al e
(7) 1Hka5(f )l < lal =P 11l gl 5 11

I< | fr~aKoallzo@2)lgr.-shioll o ey = 18172 I fllpllgllo | K ol ie.
(®) 1H ka5 (£, 9o < 18177 1 £ Ipllgllp 1K -

We associate each bound of the operator from LP* x LP2 to LP® to the point
(pfl,pgl,pgfl) € R?in the plane x +y + 2z = 1 +p~ L.
the values p = 1 and p = oo in each of the three previous inequalities we consider
the extremal points (1,1,0), (0,0,1) (from the first one), (0,1,0), (1,0,1) (from
the second), (1,0,0) and (0,1,1) (from the third). In this way, by using trilinear

interpolation between two spaces iteratively we get the bounds on the surface of the

In this way and taking

convex hull of the previous six points, that is, on the surface of the octahedron drawn
in the following diagram

1

7N\
VARERN

/ \
|oo|~V/Pr| |1 /P2
/7 - \

jof ! A 18!
la|~V/Po ---4-X-> / : R O e [ et
a| VP2 | g /P o — Bl 1/Ps
/ . \

< / : \

Q/\ / \N\N
v L
/N o N
e -2
i /

2 ~ &Q\
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where we write the constants of boundedness in each vertex and each face. We
show how to get one of them: from (7) and (8) we know that |Hg o.8(f, 9)|lcc <
a7 I Fllallglloo I K oo, and [[Hra,6(fs 9)lloo < BT [ fllocllglli] K lloo; s0 we have

1Hr.5(f: 9o < 1d 21872 [ fllpll gl 1K -
In the same way, from (7) and (6) [|Hka5(f.9)llsc < a7 fll1llglloc]l K]loc and

[HK,0,5(f;9)lco < [fllcollgllocll Kl we get

1Hx,0.(F,9)lloe < |l ™21 fllplglloc K 11y

Interpolating both cases we get

1H0(F,9)lloe < 1ed 72181724 | £l gllqy 1K ] g

o - -1 . . _
with g ' +¢; ' =p'"". Using again (6), | Hx.a,5(f,9) |1 < la— 87 [ fl1gll1]1 K |oo,
we finally have

1Hx,0,8(F, 9)llps < =22 1BI7P2 o = BI7721 192 | K Nl o

where p3 ' =0, p; = (1—0)p ' +0,p; ' = (1 —0)g;* +60 and py' = (1 —0)gy ",
which is the stated result since p; ! +pyt +pg ' =1+ p3 "

Now in order to get bounds in the interior of the octahedron we use interpolation
between six spaces. In this way, each point p = (pl_l,pgl,pg_l) can be written as
the convex linear combination of the six vertices in the following way

p=2+p3t —p31)(1,0,0)+ (A1 +p3t —prH(0,1,0) + (P51 — A1 — A2)(0,0,1)
+A1(1,0,1) + A2(0,1,1) + (p7 " +p3 " —p3 ' — A — A2)(1,1,0),

for every i, A2 € [0,1] such that max(p;* —pgl,O) < A, max(py ' — pgl,O) < Ao
and A1 + A2 < min(pg_l, pf)_l). We denote by D such non empty triangle (notice
that pfl —pgl < pfl +py!t —pgl = p{fl <1 and max(pf1 —p3,0) + max(p; ' —
P31, 0) < min(pf{l,pffl)). Also notice that this decomposition implies this other
one for p = (pl_l,pgl,pgl)

p=e+p;" —p3)(1,0,1)+ (A +p3t —pr")(0,1,1)
+ (1= p5 A+ X22)(0,0,0) + A1 (1,0,0) + X2(0,1,0)
+ o+ st A= A)(1,1,1)

in order to interpolate. So, using Theorem 2.1 we get

1H0,8(F, 9)llpa < ld ™ [B1722 e — BI /P22 £l gl L€

1055



for every A1, Ao € D, and we want now to minimize. Since D is a convex domain and
F(z,y) = (la|la - B]7)~*(|8||a — B|~1) 7Y is a convex function in D, the minimal
constant is attained in one of the three vertices of the triangle:

(maX(pfl - p517 0 amin(p/171apglapgilapi)il)%

)—

(max(p; ' —p3 ', 0), max(p; " — p5',0)),
(min(p; ', p5 ', 5t ph )i max(py !t — p3t,0))

that is,
HHKﬂﬂ(fa g)Hps < 00(757;017;027;00Hf“legHmHKHpov

where Coy 8.1 ps,po 18 the minimum of the three quantities:

la|~ maX(pflfpg_l,O)Wr maX(pz_lfp;l,O)m -8 milﬂ(pfl,112_17133_1,1)6_1)7

|a|—max(pfl—pgl,o)lﬁl—min(p'l_17p§17p§_17pf)_l)|a _ B|—max(p§1—p'1_170),

| min(py tpstps T pe Y 18]~ max(p; ' —p3 ',0) lo— B~ maX(wal—pé_l),
which, on the surface of the octahedron, are the same bounds as we already had (in
fact, the three bounds coincide on each face).

3.3. The third condition. The last result gives a sufficient condition for bound-
edness of bilinear multipliers. It gives a condition on the symbol of the operator
instead of the kernel.

Proposition 3.3. Let m € LY(R?) with 1 < q < 4. Then m is (p1,p2,p3)-
multiplier for all exponents such that 1 < p1,p2,ps < min(2,q), ¢ ¢ {p1,p2,p5} and

pit+py !t +py =1+2¢7". Moreover, |m|.xp < [lmllg-

P1,P2:P3

Proof. By duality it is enough to prove that for every f,g,h € S

I—\ [ F@am(E (= ) g dn| < CoullF gl 1,

If ¢ = 1 then I < [[ml|1lfllsolldlloclBlloc < [lmll1 ]l £111llgll1lIP]l1-
If ¢ > 1, we define p = (p1, P2, Ps) by

s ol o ma-1) o pla—1)

1 s 2 y P3 = T
q—Dp1 q—Dp2 q—DP3
which satisfy:
/
I - ;. N p3 1 1 1
1<P17P27P§<007 p;;:_’,bvz:172a p3:_,7 ~_/+~_/+~_:2
q q b1 Py D3
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Then, by the Holder, the Young and the Hausdorfl-Young inequalities we have

1/q’
1<l [ 1FOF a0l i€ - i agan)
= (1 317+ %))
< U1 = 117 145 g1 g 1 11 )17

= llmllgll fllz,q 19750 1oll5sa = llllgllfllp 1911y [12llps < llmllgl[ fllpslg]lp2 7]l

Remark 3.4. Although K € LP for some 1 < p < 2, none of the functions
m(€,n) = K(af + fn) belongs to LI(R2) for 1 < ¢ < 4. So, this result is neither a
generalization nor a special case of Proposition 3.2.
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