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Abstract. Let m be an infinite cardinal. We denote by Cum the collection of all m-
representable Boolean algebras. Further, let C% be the collection of all generalized Boolean
algebras B such that for each b € B, the interval [0,b] of B belongs to Cm. In this paper

0 . . . . .
we prove that Cy, is a radical class of generalized Boolean algebras. Further, we investigate
some related questions concerning lattice ordered groups and generalized MV -algebras.
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1. INTRODUCTION

In the present paper we deal with some types of radical classes of generalized
Boolean algebras, lattice ordered groups and generalized MV -algebras.

Let m be an infinite cardinal. The m-representability of Boolean algebras was
investigated by Chang [1], Scott [16], Pierce [14], Smith [17] and Sikorski [18], [19];
cf. also the monograph Sikorski [20].

The notion of radical class of generalized Boolean algebras was studied by the
author [9]; for the analogous notion concerning lattice ordered groups cf. the author
[8], Conrad [2], Darnel [4] and Ton [21]; for M V-algebras cf. the author [10].

The collection of all m-representable Boolean algebras will be denoted by Cl,. Let
C? be the collection of all generalized Boolean algebras B such that for each b € B,
the interval [0, b] of B is an element of Cl,.

This work was supported by Science and Technology Assistance Agency under the con-
tract No. APVT-51-032002.
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In the present paper we prove that C% is a radical class of generalized Boolean
algebras.

For dealing with the m-representability of Boolean algebras in Theorem 29.3 of
[20], several equivalent conditions concerning a Boolean algebra 2 and the infinite
cardinal m have been considered. Each of these conditions is necessary and sufficient
for the m-representability of 2.

Only two from these conditions (namely, (r1) nad (rz)) are expressed in terms of
elements of 2; the other conditions deal with filters of 2 or with topological notions
related to the Stone space of 2.

The detailed definitions of (r;) and (r2) are given in Section 2 below. According
to the mentioned result of Sikorski, we have

(1) (11) < (r2)

for each Boolean algebra 2.

The conditions (r1) and (r2) can be applied also for generalized M V-algebras. We
prove that (1) is valid for projectable generalized M V-algebras. This is a generaliza-
tion of the mentioned Sikorski’s result, since each Boolean algebra is the underlying
lattice of some projectable MV -algebra; cf. Section 6 for a more detailed description
of this fact.

We prove that the collection of all generalized M V-algebras satisfying the con-
dition (r1) is a radical class. The analogous assertion concerning (rs2) fails to be
valid.

Some related questions concerning lattice ordered groups are studied.

2. PRELIMINARIES

For Boolean algebras we apply the terminology and the notation as in Sikorski
[20] with the distinctions that 0 and 1 denote the least and the greatest element of
a Boolean algebra, respectively, and that symbols A,V are used for denoting lattice
operations.

We recall some definitions which will be frequently used in the sequel. Let m be
an infinite cardinal.

A Boolean algebra 2 is m-representable if it is isomorphic to a quotient algebra
§/A, where § is an m-field of sets and A is an m-ideal of F.

We remark that the classical result proved independently by Loomis [13] and
Sikorski [18] can be formulated as follows:

(LS) Each Boolean o-algebra is o-representable.
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It was remarked in [20] that in the case m = Ny, Theorem 29.3 (dealing with the
conditions (r;) and (rz)) yields the following generalization of Theorem (LS):

(LSo) (Cf. [20], 29.4.) Every Boolean algebra is o-representable.

The detailed formulations of the conditions (r1) and (rz) concerning a Boolean
algebra 20 and an infinite cardinal m are as follows:

(r1) If (at,s)teT,ses is an m-indexed set of elements of A (i.e., card T' = card S = m)

such that
(1) there exist all joins \ a; s and the meet A V ays,
seS teT seS
and if
(2) /\ V Qt,s # 07
teT ses

then there exists a function ¢ € ST with
(3) A at,p@) # 0 for each finite subset 7" of T'.
teT”

(r2) If (ar,s)ter,ses is an m-indexed set of elements of 2 such that (1) is valid and
if
4 AV as=1,

teT ses
then for each a € 2 with a # 0 there exists ¢ € ST such that

(5) aN N aguu) # 0 for each finite subset T” of T'.
teT”

Theorem 2.1 (Cf. [20], 29.3.). Let 2 be a Boolean algebra and i € {1,2}. Then
2 is m-representable if and only if the condition (1) Is satisfied.

Lemma 2.2. Assume that 2 is a Boolean algebra satisfying the condition (r1).
Let b1,by € A, by < by. Then the interval [by, ba] of 2 also satisfies the condition

(r1).

Proof. From the definition of (r1) we immediately obtain that if x € 2, then
the interval [0, z] of 2 satisfies the condition (r1). Let bs be the complement of by
in 2. Then the interval [by, bo] is isomorphic to the interval [0, by A b3]. Thus [b1, bo]
satisfies (7). O

Lemma 2.3. Assume that 2 is a Boolean algebra which does not satisfy the
condition (r1). Then there is b € 2 such that

(%) ifb' €10,b], ¥ > 0, then the interval [0,b'] does not satisty (r1).

Proof. Inview of the assumption there exists an m-indexed system (a¢ s)seT,ses
of elements of 2 such that (1) and (2) are valid and, moreover, there does not exist
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any function ¢ € ST satisfying (3). Hence for each ¢ € ST there exists a finite
subset T of T such that

(3/) /\ at7¢(t) = 0

teT’

Weputb= A V a5 and
teT s€s

a;,s =V Aays foreachteT,s€S,

where o' € [0,0], b' > 0.
Since 2 is infinitely distributive, for each ¢t € T' we have

b//\<\/at,s>—\/b//\at9 \/atsa

sesS SEs seS
W=t Ab— (/\ \/atq):/\\/@fmt,,g):/\\/a;s.
teT sesS teT seS tet seS

Moreover, according to (3') for each ¢ € ST

0= bl A\ (AteT/at,@(t)) = /\ (b A ay R t) /\ \/ Clt o)

teT” teT’ seS

Thus the interval [0,d'] does not satisfy the condition (ry). O

3. GENERALIZED BOOLEAN ALGEBRAS

A lattice L with the least element 0 is a generalized Boolean algebra if for each
x € L, the interval [0, z] of L is a Boolean algebra.

For a generalized Boolean algebra L we denote by .# (L) the system of all ideals
of L. This system is partially ordered by the set-theoretical inclusion. Then .# (L)
is a complete lattice.

If {L;}ics is a nonempty system of elements of & (L), then

a) A Li= (L

iel i€l
and
b) V L; is the set of all € L such that there exist i(1),...,i(n) € I and
iel

Ti(1) € Li(1)7 cs Zi(n) € Li(n) with z = Zi(1) V.-V Ti(n)-
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Definition 3.1. A nonempty collection C' of generalized Boolean algebras is a
radical class of generalized Boolean algebras if it satisfies the following conditions:

(i) C is closed under isomorphisms;
(ii) if L € C and L; is an ideal of L, then L; € C;
(iii) if L is a generalized Boolean algebra and {L;};c;r C #(L) N C, then \ L;
iel
belongs to C.

Let m be an infinite cardinal and let CY, be as in Section 1.

Proposition 3.2. CQ is a radical class of generalized Boolean algebras.

Proof. It is obvious that CQ is closed with respect to isomorphisms. If L € C%,
and if L; € (L), then in view of 2.2 we obtain L; € C2. Hence the conditions (i)
and (ii) from 3.1 are satisfied.

By way of contradiction, assume that the condition (iii) from 3.1 fails to be valid.
Hence there exists a generalized Boolean algebra L and a system {L;}ier € #(L) N
CY such that \/ L; does not belong to CQ. Then there exixts 0 < x € \/ L; with
[0,2] ¢ Chn. Tﬁijs there is 0 < b € [0, z] satisfying the condition (*) from Z2€§

In view of the relation b € \/ L; there are i(1),...,i(n) € I and x;4) €
Liqy, -+ Tin) € Ljn) such thatzebl = Tj1) V ... V Ti,). Without loss of gener-
ality we can suppose that z;;) > 0,..., %) > 0.

Since z;(1) € L;1), by applying 2.2 we obtain that [0, z;(1)] satisfies (r1). Since (x)
is valid for b, we arrived at a contradiction. ]

4. LATTICE ORDERED GROUPS

The group operation in a lattice ordered group will be written additively, though
we do not assume the commutativity of this operation. Let G be a lattice ordered
group. As usual, we set Gt = {g € G: g > 0}.

Let m be an infinite cardinal.

Definition 4.1. We say that a lattice ordered group G satisfies (r}) if it fulfils
the same conditions as in (r;) with the distinction that instead of 2 we have now
the set G™T.

Let u € G*. The element u is a weak unit of G if for each g € G with g > 0 the
relation g A u > 0 is valid. If for each g € G there is a positive integer n such that
g < nu, then u is a strong unit of G. Every strong unit is a weak unit.
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Definition 4.2. Assume that u is a weak unit of a lattice ordered group G. We
say that G satisfies (r5) if it fulfils the same conditions as in (r) with the distinctions
that

1) instead of 2 we have the set GT;
2) the condition (4) is replaced by

(4') the element A \ at s is a weak unit of G.
teT ses

Proposition 4.3. Assume that G is a lattice ordered group having a weak unit.
Then (r}) = (r5).

Proof. Suppose that (r}) is valid. By way of contradiction, assume that (r})
fails to hold. Then there exists an m-indexed set (a¢,s)ter,ses of elements of G such
that (4") is valid; moreover, there exists 0 < a € G having the property that for each
pe ST,

(5") an N a¢u@) = 0 for some finite subset 7" of T.

teT

Put a9 = a Au. Then ag > 0. Further, for each t € T and s € S we set
ay s = ag A ay 5. Consider the m-indexed set (a} ,)ier ses-

All elements a; ; belong to G*. In view of the infinite distributivity of G and
according to the condition (1) in (r1) we conclude that all the joins \/ a; ; and the

ses
meet A\ V a,,existin G. Putu= A V as. From (4') we obtain
teT ses teT ses
O<uAag= /\ \/(at,s/\ao) = /\ \/ ai,s~
teT seS teT seS

Applying (r}) to the m-indexed system (a; ;)ieT,ses We conclude that there exists
v € ST with

(+) A a; ) # 0 for each finite subset 7" of T'.
teT

But according to (5") we have

uAaA /\ sty =0 for some finite 7" C T,

teT’
whence
/\ a2_¢(t) =0 for some finite T C T..
teT’
In view of (+), we have arrived at a contradiction. 0
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For X C G we put
X’ ={yeG: |z|Aly| =0 foreachzc X};

X% is a polar of G. The lattice ordered group G is projectable if for each x € G we
have a direct product decomposition

G = {z}% x {z}°.
In such a case, x is a weak unit of the lattice ordered group {x}‘s‘s.

Proposition 4.4. Assume that G is a projectable lattice ordered group having
a weak unit. Then (rh) = (r}).

Proof. Suppose that (r}) is valid. By way of contradiction, assume that (r})
does not hold.

Thus there exists an m-indexed set (a¢s)ier ses of elements of Gt such that
(1) all the joins \/ a5 exist in G;
SES

(if) thereisv € Gsuchthatv>0andv= A V as;
teT s€S

(iii) for each ¢ € ST and for each finite subset T’ of T we have

/\ ut7¢(t) =0.

teT”
Since G is projectable, the relation
(6) G = {v}* x {v}’

is valid; moreover, v is a weak unit of the lattice ordered group {v}°°.

For each z € G we denote by z({v}%) the component of z in the direct factor
{v}%% of G; the meaning of z({v}°) is analogous.

In particular, for z = v we have

v({v}?) = v, v({v}?) =0.

For each t € T and z € S we put a;, = v A ays. Then, in view of the infinite

_ /
b= AV

teT seS

distributivity of G, we obtain

Since 0 < a} , < v, we get

ay ({v}*) = a. a;({v}°) =0.

,S
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For each t € T and s € S we denote
al, = aj ,+u({v}).
Then we have

ai ({v}°) = ai o, af J({v}°) = u({v}*).

This yields that there exist all joins \/ ay; and
seS

(7) AV al, = v+ u{o}?).

teT seS

Let u be a weak unit in G; we infer that u({v}°) is a weak unit in the direct factor
{v}%. Moreover, v is a weak unit in the direct factor {v}°’. Therefore in view of (6)

and (7), A\ V df, is a weak unit of the lattice ordered group G.
teT seS
Looking at the m-indexed system (a; ;)ier.ses and at the definition of (r3) we

conclude that for each a € G with a > 0 there exists ¢ € ST such that

(8) a /\ ay (1) # 0 for each finite subset T of T.
teT

From the definition of a} , and from (iii) we infer that for each ¢ € ST and for
each finite subset T” of T the relation

) AN
teT’
is valid.

Since a; , € {v}% and u({v}?°) € {v}?, we get

a; s Nu({v}’) =0
hence
ays = a; vV (u({v}?)).
Also, v A (u({v})) =

In view of v > 0 we can take a = v in (8) and we obtain for each finite 7" C T,

a/\/\amp(t:”/\/\ a‘t(p(t {”}))

teT’ teT’
= N (WAa o) V@A) = A\ A e
teT” teT’
=vA N dlpn =0
teT’

for each finite 77 C T (according to (9)). In view of (8), we have arrived at a
contradiction. g
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From 4.3 and 4.4 we obtain

Theorem 4.5. Assume that G is a projectable lattice ordered group having a
weak unit. Then (1)) < (1}).

5. THE RADICAL CLASS C}

For a lattice ordered group G we denote by ¢(G) the system of all convex {-
subgroups of G; the system ¢(G) is partially ordered by the set-theoretical inclu-
sion. Then ¢(G) is a complete lattice. If {G;}icr is a nonempty subset of ¢(G),
then A G; = [\ G;. Further, \/ G; is the set of all ¢ € G such that there exist

il il il
Z1,...,Tn € |J G; with g =21 + ...+ z,,. If; moreover, g > 0, then without loss of
i€l
generality we can suppose that 1 >0, ..., x, > 0.

Definition 5.1. A nonempty collection X of lattice ordered groups is a radical
class if it satisfies the following conditions:

(i) X is closed with respect to isomorphisms;
(if) if Gh € X and G2 € ¢(X), then G; € X;;
(iii) if G is a lattice ordered group and 0 # {G,;}icr C ¢(G)N X, then \/ G; € X.
icl
Let m be an infinite cardinal. We denote by C} the class of all lattice ordered
groups which satisfy the condition (r}).
The following assertion is easy to verify; the proof will be omitted.

Lemma 5.2. Let G be a lattice ordered group and let Gy € ¢(G).

(i) Let {x;}icr € Gy and p,q € G1. If the relation p = /\ x; is valid in G, then
this relation holds also in G. Similarly, if ¢ = \/ a:Z 61{9 valid in G, then the
same holds in G. “

(ii) Let {yi}ic1 C G,y € G. If the relation A yi=yisvalidin G, theny € GT
and the mentioned relation holds also inzé‘ll.

Lemma 5.3. Let G and Gy be as in 5.2. If G satisfies the condition (1), then
G satisfies the condition as well.

Proof. Thisis a consequence of the definition of (r}) and of 5.2. g

Definition 5.4. Let G be a lattice ordered group and g € GT. The interval
[0,g] of G is said to be regular with respect to (r}) if the assertion of (r}) is valid
whenever (a¢ s)ier,ses is an m-indexed set of elements of the interval [0, g].
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Lemma 5.5. Let G be a lattice ordered group which fails to satisfy the condition
(r}). Then there is 0 < b € G* such that

(%) if0 < b €[0,b], then the interval [0, b'] is not regular with respect to (r).

Proof. It suffices to apply analogous steps as in the proof of 2.3. O

Let m be an infinite cardinal. We denote by CJ the class of all lattice ordered
groups which satisfy the condition (r}).

Proposition 5.6. CJ is a radical class of lattice ordered groups.

Proof. Consider the conditions (i), (ii) and (iii) from 5.1. The validity of (i) is
obvious. The validity of (ii) follows from 5.3.
By way of contradiction, suppose that (iii) fails to be valid. Then there exists a
nonempty system {G;}ic; C ¢(G) N C, such that the lattice ordered group \/ G;
icl
does not satisfy the condition (r}). Then according to 5.5 there exists 0 < b e \ G;
icl
such that the condition (x) from 5.5 is satisfied.
The element b can be expressed in the form b = x1 + ... + z,, where z1,..., 2,
are elements of the set |J G;. Therefore all intervals [0, z1],...,[0,x,] are regular
icl
with respect to (r}). Without loss of generality we can suppose that 1 > 0. Then
in view of (*), this interval fails to be regular with respect to (r}); we have arrived

at a contradiction. O

Let us denote by C2 the class of all lattice ordered groups which satisfy the
condition (r%).

C?2 fails to be a radical class since it does not fulfil the condition (iii) from 5.1.
Example: Let R be the set of all reals with the operation + and with the natural
linear order. Let I be an infinite set of indices and for each i € I let R; = R; put

G = ] Ri. For ig € I let Eio be the set of all g € G such that g; = 0 whenever
icl

i € I and i # ig. Then R;, € ¢(G) and R;, € C2 for any infinite cardinal m. But
\/ R; has no weak unit, whence it does not belong to CZ. Therefore the condition
il
(iii) from 5.1 does not hold for CZ..

Let C92 be the class of all lattice ordered groups G such that for each 0 < g € G,
the convex (-subgroup G, of G generated by the element g belongs to CZ. Without

a proof, we present the following result

(x) C22 is a radical class of lattice ordered groups.
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6. GENERALIZED MV -ALGEBRAS

The notion of generalized M V-algebra was introduced independently by Georgescu
and ITorgulescu [6], [7] and by Rachtunek [15] (in [6] and [7], the term ‘pseudo M V-
algebra’ was used).

An MV-algebra o = (A;®,7,~,0,1) is an algebraic system of type (2,1,1,0,0)
such the axioms (A1)—(A8) from [15] are satisfied.

Let G be a lattice ordered group with a strong unit u. The pair (G,u) is called
a unital lattice ordered group. If no misunderstanding can occur we speak about G
instead of (G, u).

Given (G, u), we put A = [0,u] and for z,y € A we define

~

z@y=(x+y)Au, z°=u—2z, z°=-z+u, 1=u

Then & = (4;®,,7,0,u) is a generalized MV-algebra; we set & = T'(G,u).
Dvureéenskij [5] proved that for each MV-algebra &/ there exists a unital lattice
ordered group (G, u) such that the relation

(1) o =T (G,u)

is valid.

Below, when speaking about a generalized MV -algebra & we always assume that
(1) holds.

We consider the partial order < on the set A which is induced by the partial order
on G.

Now we can apply for a generalized MV-algebra o/ the conditions (r1) and (r2)
from Section 2 with the distinction that we take <7 instead of the Boolean algebra 2I.

Thus we obviously have

Lemma 6.1. A generalized MV -algebra «f satisfies (r1) if and only if the interval
[0,u] of G is regular with respect to (r).

Lemma 6.2. Let (G,u) be a unital lattice ordered group. The following condi-

tions are equivalent:
(i) G satisfies (1))

(ii) The interval [0,u] of G is regular with respect to (r).

)

Proof. The validity of the implication (i) = (ii) is obvious. Assume that (ii)
holds. By way of contradiction, suppose that (i) fails to be valid.

In view of 5.5, there is 0 < b € G such that, whenever V' € G, 0 < b’ < b, then the
interval [0,d] is not regular with respect to (rj). Put ¥ = b A u. We have 0 < ¥/,
hence the mentioned assertion for b’ holds. Therefore (ii) is not valid, which is a
contradiction. ]
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Proposition 6.3. Let .o/ and (G,u) be as above. Then the following conditions
are equivalent:

(i) G satisfies (r});
(ii) o/ satisfies (r1).

Proof. This is a consequence of 6.1 and 6.2. ([

Proposition 6.4. Let </ be a generalized M'V -algebra. Then (r1) = (r2).

Proof. It suffices to apply the same idea as in the proof of 6.4; we also use the
fact that u is the greatest element of <. O

As above, let A be the underlying set of 7. For a € A we put A, = [0, a] and for
each x1,z9 € A we set

X1 ®gx2 = (r1+22) AN 2" =a—x1, z7°=-x1+a, l,=a.

Then the algebraic structure &, = (A4, ®a, *,~*,0,1,) is a generalized MV-
algebra. It will be called an interval subalgebra of <.

Let a be as above and let b € A such that aAb=0,aV b= 1. For each z € A we
put ¢(x) = (x Aa,z Ab). Then ¢ is an isomorphism of &/ onto the direct product
oty x oty (cf. [11]). In this situation we will write & = &, X .

For ) # X C A we put

X% ={ye A: yAz =0 for each z € X}.
The generalized M V-algebra 7 is projectable it for each x € A, the relation
o = {a}" x {2}
is valid (meaning that {z}°1% has a greatest element a, {z}° has a greatest element
band o = o, X o).
It is easy to verify that there exists a one-to-one correspondence between polars
of & and polars of G. From this and from Theorem 6.4 in [11] we can deduce by a

simple argument

Lemma 6.5. Let o/ and (G,u) be as above. Then & is projectable if and only
if G is projectable.
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Lemma 6.6. Let us apply the notation as above. The following conditions are
equivalent:
(i) G satisfies (r5);
(ii) o/ satisfies (ra).

Proof. The case G = {0} being trivial we assume that G # {0}.

a) The validity of the implication (i) = (ii) is obvious (since v = 1 is a strong unit
of G).

b) Assume that (ii) is valid. By way of contradiction, suppose that (i) fails to
hold. Hence there is an m-indexed set (ars)r.er,ses of elements of G such that

AV e =

teT seS

«) the element

exists in G}
B3) vis a weak unit in G;
7v) there exists 0 < a € G such that for each p € ST,

a /\ ap) =0 for each finite subset 7" of T'.
teT”

We denote by G the convex ¢-subgroup of G generated by the element v. We
have v > 0, thus G; # {0}. For each ¢t € T"and = € S we put a; ; = a¢ s A v. Then
(at ¢)teT ses is an m-indexed set of elements of the interval [0, v] such that

a1) AV oai =,

teT s€S
(1) v is the greatest element of the generalized M V-algebra I'(G,v) = 4.

The underlying set A; of 7 is an interval of the underlying lattice of 7. From this
and from the fact that o satisfies (r},) we conclude that <7 satisfies (r}) as well.

Let0<a€e A Then0O<aAvand aAv € Gy. Put a Av = a;. Since G satisfies
(15), there exists ¢ € ST such that

(1) ar A /\ ay o1y >0 for each finite subset T of T.
teT”

Let the element a be as in 7). We have

a N\ /\ at,@(t) 2 a1 A\ /\ a27¢(t) > 0,
teT’ teT’

which contradicts 71). Therefore (i) must hold. O
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Proposition 6.7. Let o/ be a generalized MV -algebra. Suppose that <f is
projectable. Then the relation (r1) < (r2) holds for &7 .

Proof. In view of 6.5, G is projectable. Hence according to 4.5 we have
(r1) & (rv3). Further, 6.3 yields (r1) < (rf). In view of 6.6, (r3) < (r2). Hence
(1"1) ~ (1‘2). O

Specker groups were investigated by Conrad and Darnel [3] and by the author [12].
For each Boolean algebra B there exists a Specker group Gg such that Gy is a lattice
ordered group having the property that there exists an ideal B! of the underlying
lattice of G with B ~ B!,

We denote by u the greatest element of B'. Further, let G be the convex /-
subgroup of Gy generated by the element u. Put & = I'(G,u). Then without loss
of generality we can assume that B is the underlying lattice of <.

Each Specker group is projectable and abelian; this yields that G is projectable
as well. The condition (r1) for the Boolean algebra B is, in fact, identical to the
condition (r;) for the MV-algebra <f; the situation for (r3) is analogous. Therefore
the equivalence (r1) < (rz) for Boolean algebras (cf. Section 1) is a consequence
of 6.7.

We remark that in the proof of the implication (rz) = (r1) for Boolean algebras
in the proof of 19.3 in [20], Stone’s theorem and arguments of topological character
were applied. In our method, all the proofs are purely algebraic.

7. RADICAL CLASSES OF GENERALIZED MV -ALGEBRAS

The collection of all MV -algebras or of all generalized MV -algebras will be de-
noted by .# or by .#,, respectively.

The notion of radical class of MV-algebras was introduced in [10]. If we modify
the definition from [10] in such a way that instead of elements of .#, the elements
of ., are taken into account, then we obtain the definition of a radical class of
generalized MV -algebras.

For the sake of completness, we present the definition in detail.

Let X be a nonempty subclass of .#, such that the following conditions are sat-
isfied:

(i) X is closed with respect to isomorphisms;
(ii) if & € X, then each interval subalgebra of &/ belongs to X;
(iii) if & € A, and if ai,...,a, € A such that all interval subalgebras
Ly s, , of o belong to X, then the interval subalgebra o7, also belongs
to X, wherea=a1 V...V a,.
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Under these assumptions, X is called a radical class of generalized MV -algebras.

We denote by %, and Z, the collection of all radical classes of lattice ordered
groups or the collection of all radical classes of generalized MV -algebras, respectively.

Let X € Zy. We denote by ¢1(X) the class of all generalized M V-algebras & such
that there exists a unital lattice ordered group (G, u) with (G,u) € X, T'(G,u) = & .

Further, let Y € Ry. The symbol ¢2(Y") will denote the class of all lattice ordered
groups G such that for each 0 < u € G we have I'(G,,u) € Y, where G, is the
convex (-subgroup of G generated by the element w.

Lemma 7.1. For each X € % andY € R, we have p1(X) € %, and p2(Y) €
. The mapping @i is a bijection of %, onto %,; further, 2 is a bijection of %,
onto %y and pg = gpfl.

Proof. It suffices to apply the same argument as in [10] by investigating the
relation between radical classes of abelian lattice ordered groups and radical classes
of MV -algebras. O

Let m be an infinite cardinal and i € {1,2}. We denote by D!, the class of all
generalized M V-algebras which satisfy the condition (r;).

Proposition 7.2. D] is a radical class of generalized MV -algebras.
Proof. This is a consequence of 5.6 and 7.1. ([

On the other hand, D2 fails to be a radical class. We verify this as follows. Put
D% =Y and let ¢2(Y) be as above. Further, let C2 be as in Section 5. Then in
view of 6.6 we have p2(Y) = C2. If Y € %,, then in view of 7.1 we would have
C2 € Z%,. But in Section 5 we observed that C2 fails to be a radical class; hence we
have arrived at a contradiction.
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