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Abstract. Pseudo *-autonomous lattices are non-commutative generalizations of *-auton-
omous lattices. It is proved that the class of pseudo *-autonomous lattices is a variety of
algebras which is term equivalent to the class of dualizing residuated lattices. It is shown
that the kernels of congruences of pseudo *-autonomous lattices can be described as their
normal ideals.
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1. INTRODUCTION

x-autonomous lattices (briefly *-lattices) were very intensively studied by F. Paoli
in [8], [9], and [10]. They are an algebraic counterpart of the propositional linear logic
without exponentials and without additive constants. The class of x-lattices contains
as proper subclasses many classes of algebras, e.g. the classes of commutative Girard
quantales, MV-algebras and Abelian lattice ordered groups.

In the present paper we introduce pseudo x-autonomous lattices (briefly pseudo
«-lattices) which are non-commutative generalizations of x-lattices. As special cases
of pseudo *-autonomous lattices one can view not only all x-autonomous lattices
but also all (i.e. Abelian and non-Abelian) lattice ordered groups and pseudo MV-
algebras (i.e., non-commutative generalizations of MV-algebras [4], [11]).

We describe properties of pseudo *-lattices and prove that they form a variety of
algebras which is arithmetical. We compare the notion of a pseudo x-lattice with that
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of a residuated lattice and prove that the class of pseudo *-lattices is term equivalent
to the class of dualizing residuated lattices.

Furthermore, ideals and normal ideals of pseudo *-lattices are introduced and it is
shown that normal ideals are exactly the kernels of congruences of pseudo *-lattices.

2. PSEUDO *-AUTONOMOUS LATTICES

Definition 1. A pseudo x-autonomous lattice (or, briefly, a pseudo *-lattice) is
an algebra o/ = (4,+,0,7 ,”, A, V) of type (2,0, 1,1,2,2) such that
(P1) (A,+,0) is a monoid;
(P2) (A,A,V) is a lattice;
(P3) forany z,y € A, xVy= (- Ay )~ = (2~ Ay™)";
(P4) for any z,y € Awehave z <y iff 0~ <z~ +y if 0~ <y + 27,

where “<” denotes the induced lattice order of the reduct (A, A, V).

Example 1. x-autonomous lattices were investigated by F. Paoli in [8], [9] and
[10] as algebras & = (A, +,—,0,A,V) of type (2,1,0,2,2) such that (A4,+,0) is a
commutative monoid, (A4, A, V) is an involutive lattice and for any x,y € A we have
x <y iff —0 < —z +y. The *-autonomous lattices are algebraic models of linear
logic without exponentials and without additive constants. It is easy to check that
x-autonomous lattices are special cases of pseudo x-autonomous lattices where “+”

is commutative and “~” and “~” coincide with “—”.

Example 2. GMV-algebras (or pseudo MV-algebras) were introduced and stud-
ied by the second author in [11] as well as by G. Georgescu and A. Iorgulescu in [4]
as non-commutative generalizations of MV-algebras. A GMV-algebra is an algebra
o = (A, ®,~,~,0,1) of type (2,1,1,0,0) such that (A, ®,0) is a monoid and for
any x,y € A,

rdl=1=16ux;

—1=0=~1;

(v 2@ ~y) =~ (2 © y);

@Yo ~z)=ys (20 ~y)=(yor)dy=("T0Y) O ;
(rz®y) Ox =y (x® ~y) (where 2 Oy =~ (- & ~y));
~ L =T,

If we put = < y if and only if -z @ y = 1 then “<” is an order on A. Moreover,
(A,<) is a bounded distributive lattice in which 0 is the least and 1 the greatest
element in /. Clearly, if we put z +vy = 2 ® y, = := -z and 2" :=~ z, then
(A,4+,0,7,~,A,V) is a pseudo *-autonomous lattice.

By [7], GMV-algebras are an algebraic counterpart of the non-commutative
Lukasiewicz propositional logic.
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Example 3. Let 4 = (G,+,0,—,A,V) be an arbitrary ¢-group (i.e. ¢4 need not
be commutative). Then one can easily verify that ¢ has the properties of the pseudo
x-autonomous lattice where “~” and “~” coincide with “—” and —0 = 0.

Lemma 1. Let & = (A,+,0,7,~,A,V) be a pseudo x-lattice and z,y,z € A.
Then the following conditions are satisfied:

(i) 2=~ =z~ =z

(il) 0~ =07,
(i) e<y+ziffz- <z 4+yiff y~ <z+z~;
(iv) <y iffy~ <a” iff y~ <25

(V) (@Vy)" =" Ay~ (zVy)~ =2~ Ay;
(vi) (zAy)

Proof. (i) Dueto (P3) wehavez =axVa=(x" Aax" )=z ", z=zVz=
(™ ANz™)” =2~

(ii) According to (P4) and (i) we obtain 0~ < 0~ iff 0- < 0™~ +0~ = 0,
i.e. 0~ < 0. Analogously we can show that 0~ < 0™; thus 0~ =0~

(i) s<y+2ziff 0~ <az” +(y+2)=(z~ +y)+ 2 "~ iff 2~ <z~ +y. Similarly,
r<y+2ziff 0" < (y+2)+z~ =y~ +(z+27) iff y~ <z 427

(iv) The assertion follows from (iii) for y = 0 and z = 0 respectively.

(v) The identities (P3) and (i) yield (x Vy)~ = (= Ay~ )~ =2~ Ay~ . Analo-
gously, (z Vy)~ =z~ Ay™.

(vi) Using (i) and (P3) again we get (zAy)” = (z~~ Ay~ ™) =z~ Vy~ . Similarly
we can prove the second part of the assertion.

(vi) cAy=(zAy)~~ = (z~ Vy )~ by (i) and (vi). O

Definition 2. We introduce the following abbreviations for the pseudo *-lattice
d = (A’ +’ 077 ’N 7/\7 \/):

1:=0" =07,

r—y:=x +vy, T~y i=y+a;
~z:=(r+1)7, oz = (1+x)7;

o1(z,y) = ((x = y) ~ 0) VO, o2(2,y) = ((z ~y) = 0) V0;
o1(x,y) :=o1(z,y) V or(y, x), d2(z,y) := oa(z,y) V o2(y, 2);
ey = (2" +y)7, oy = (y+27)".
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Lemma 2. Let o = (A,+,0,7,”,A,V) be a pseudo *-lattice and a,b,c,d € A.
Then the following conditions are fulfilled:
(i)l<a—a,1<a~a;
(a—>b)~—>b,a\(a->b)—>b;
(b—>b) a, (b~b) —-a<a;
d =a+c<b+d;

(i) a
(i)
(iv) a
(v) a—l—(b/\c) (a+bd)A(a+c), bAe)+a=(b+a)A(c+a);
(vi) (a+b)V(a+ec)<a+(bVe), (b+a)V(ic+a)<(bVe)+a;
( 1) <b= b < —1a, —9b < —20;
(viii) —1(a Ab) = —1a V —1b, 72(a A b) = —2a V —2b;
(X) - (a\/b) —1a A b, —|2(a\/b) < —9a A —ob;
(x) 0< 1a+a, 0< a+ g0
(xi) 712a < a, 9a < a;
) o1(a;a) = o(a,a) = 0;
(xiii) @ < b < 01(a,b) =0 < o2(a,b) =0;
(xiv) a =b < d1(a,b) = d2(a,b) = 0;
)

a—b=b"~a ,a~>b=0b"—a".

Q

(xii

(xv

Proof. (i) It follows from (P4) and the reflexivity of “<”.

(ii) Due to (i) we have 1 < (a= 4+ b) ~ (a= +b) = (a= +b) + (a= + b))~
a” 4+ (b+ (a= +b)~). Hence by (P4) we obtain a < b+ (a= +b)~ = (a — b) ~ b.
Analogously, a < (b+a~)" +b=(a~b) —b.

(iii) Using (ii) and (i) we get ((b — b) ~»a) — a >b — b > 1. Thus (b — b) ~»
a < a by (P4). Similarly for the second part.

(iv) Suppose that a < b. Then according to Lemma 1 (iv) and Lemma 2 (ii) we
have b~ < a™ < (¢~ — ¢) ~ ¢. Further, a+c¢ <b+ciff b~ < c+(a+¢)~ =
(a4+¢c)~c=(a""+c¢c)~c= (a” — ¢) ~ ¢. Hence a < b implies a+c¢ <b+c.
Analogously, if ¢ < d then d= < ¢~ < (¢7 ~ b) — b and since b+ ¢ < b+ d iff
d-<(b+c¢)—b=(c ~b — bwe get that ¢ < d implies b+ ¢ < b+ d. Using
transitivity the proof is completed.

(v) From b A ¢ < b,c we obtain by (iv) a + (bA¢) < (a+b) A (a+ ¢). Suppose
now that © < a+b,a+c¢ ie. 1 <2~ +a+b, 1 <z~ 4+ a+ c. This implies
(7 +a)"<b+17"=b4+0=b, (z7 +a)” <c+ 17 =c Thus (z~ +a)” <bAcg,
which yields 1 < (z7 +a)+ (bAc) =2~ 4+ (a+(bAc)) and z < a+ (bAc). Altogether
we get a+ (bAc) = (a+b)A(a+c). Similarly we can prove (bAc)+a = (b+a)A(c+a).

(vi) bye < bVcimplies a+b,a+c¢ < a+ (bVe), hence (a+b)V(a+c) <a+(bVe).
Analogously for the second inequality.

(vii) Let @ < b. Thena+1 < b+1and b= (b+1)" < (a+1)" = —ya. Similarly
for the second implication.
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(viii) Using (v) and Lemma 1 (vi) we get —=1(a Ab) = ((aAb)+1)” = ((a+1) A
b+1) " =(@+1)"V({d+1)~ =-1aV —1b. Analogously for “—y”.

(ix) According to (vi) we have =1(aVb) = ((aVd)+1)” < ((a+ 1)V (b+1))” =
(a+1)" A(b+1)” = 71aA—1b. Analogously we can show that the second inequality
also holds.

(x) a+1<a+1implies 1~ < (a+1)" +a,ie. 0< —a+a. Analogously for the
second part.

(xi) From1+a<14+aweget 1”<a+ (1+a)”. Thusa™ < (1+a)~+ 17 =
(I14+a)~+1 and finally =1—9a = ((1+a)~+1)” <a™~" = a. Similarly, 7270 < a.

(xii) Clearly, (a= 4+ a)™~ < 0, hence o1(a,a) = (¢~ +a)~ V0 = 0. Analogously,
oz2(a,a) = 0.

(xiii) Let a < b. Then 1 < a= + b and (a~ + b))~ < 0, which yields o1(a,b) =
(a= +b)~ V0 = 0. Conversely, assume o1(a,b) = 0. Then (¢~ + b)~ < 0, thus
1< a” +banda <b. Similarly for o2(a,b).

(xiv) Suppose a = b. Then o1(a,b) = 0 and o1(b, a) = 0 by (xiii), hence 61 (a,b) =
0V 0 = 0. Conversely, let d1(a,b) = 0. Then o1(a,b) V o1(b,a) = 0, which implies
o1(a,b) < 0, o1(b,a) < 0. The first inequality yields (¢~ 4+ b)~ V0 = 0, thus
(a=+b)~<0,1<a +band a < b. Analogously, o1(b,a) < 0 implies b < a.
Altogether we obtain a = b. Similarly for da2(a, b).

(xv) By Definition 2 and Lemma 1 (i) we have a - b=a" +b=a" + b~ =
b~ ~~ a~. Analogously, a ~» b= b~ — a”™. O

Lemma 3. Let o = (A,+,0,7,”,A,V) be a pseudo *-lattice and a € A. Then
a”™ is the least element ¢ € A such that a +c¢ > 1 and a~ is the least element d € A
such that d +a > 1.

Proof. Let1<a+cie (a+c)Al=1,that means (a+c¢)~ V0= 0. Then we
get by Lemma 2 (ii) a™ = (¢ + (™~ 4+ ¢)~)Aa™ = (c+ (a+¢)~) Aa™. By virtue of
(a+¢)~ < 0we have x = c+(a+c¢)~ < c. Therefore ™ = (c+(a+c)~)Aa™ = zAa”™,
i.e. a~ < z < c¢. Similarly it can be shown that a~ is the least element d € A such
that d +a > 1. ]

Lemma 4. Let & = (A, +,0,7,~,A,V) be a pseudo *-lattice. Then </ satisfies
the following conditions:
(1) (A,+,0) is a monoid;
(2) (A, A, V) is a lattice;
(3) (= +2)”V0=0,(x+2~)"VO=0 for any x € A;
(4) (y+ (@ +y))re==z (y+27)” +y) Az =z for any z,y € A;
(5) avy=(x~ Ay )~ = (™ Ay™)" for any z,y € A;
6) 2+ (yAz)=(x+y)AN(x+2), (YAz)+z=(y+z)A(z+x) for any x,y,z € A.
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Proof. Let & = (A4,+,0,7,”,A,V) be a pseudo x-lattice. Then we get the
conditions (1), (2) and (5) immediately from Definition 1. The condition (3) follows
from Lemma 2 (xii), the condition (4) from Lemma 2 (ii) and (6) is an immediate
consequence of Lemma 2 (v). O

Lemma 5. Let & = (A,+,0,7,~,A,V) be an algebra of type (2,0,1,1,2,2)
satisfying the conditions (1)—(6). Then in </ the following assertions hold:

i) e~ =2~ =ux;
(i) (xVy)~ =2" Ay~, (zVy)~ =2~ Ay~;
(iil) (xAy)”" =z~ Vy, (e Ay)~ =z~ Vy~;
= (z~Vy~)7;

)

)
(iv) zAy=(z~ Vy )~
(V) ze<yiffy <z~ iff y~ <z™;
(vi) a<bc<d=a+c<b+d.

Proof. (i) Dueto (5) wehavex =axVae = (" Az" )" =z ~,z=zVa=
(™~ ANx™)” =2~

(ii) The identities (5) and (i) yield (zVy)~ = (z~ Ay~ )™~ =z~ Ay~ . Analogously,
(xVy)~ =z~ Ay~

(iii) Using (i) and (5) again we get (zAy)” = (x=~ Ay~ "~)” =z~ Vy~ . Similarly
we can prove the second part of the claim.

(iv)zAy=(zAy)™™ =(z~ Vy~ )~ by (i) and (iii).

(v) Clearly by (ii), s <y iff e Ay =z iff 2~ Vy~ =2~ iff y~ < 2~. Analogously,
<y iff y~ <z~

(vi) Suppose a,b,u € A with a < b. Then u + (a Ab) = u + a and using (6) we
obtain (u 4+ a) A (u+b) = u+a, i.e. u+a < u+b. Analogously, a < b implies
a+u<b+u Now,let c,d € Awithe<d Thena+c<b+c¢,b+c<b+dand
a + ¢ < b+ d by transitivity. [l

Lemma 6. Let & = (A,+,0,7,~,A,V) be an algebra of type (2,0,1,1,2,2)
satistying the conditions (1)—(6) and a € A. Then o™ is the least element ¢ € A such
that a +c¢ > 1 and a~ is the least element d € A such that d +a > 1.

Proof. Letl1<a+gc, ie (a+¢)Al =1, that means (a+¢)~ V0 =0 by
Lemma 5 (iii). Then we get a™ = (c+ (™ +¢)”)Aa™ = (c+ (a+¢)~) Aa”™
by the identity (4) and Lemma 5 (i). By Lemma 5 (v) we have (a + ¢)~ < 0, thus
x = c+(a+c)~ < caccording to Lemma 5 (vi). Therefore a™ = (c+ (a+¢)~)Aa™ =
rAa™,ie a™ < x < c Similarly it can be shown that a™ is the least element d € A
such that d +a > 1. O
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Theorem 1. Let o7 = (A,+,0,7,~,A,V) be an algebra of type (2,0,1,1,2,2).
Then < is a pseudo *-lattice if and only if it satisfies the conditions (1)—(6).

Proof. According to Lemma 4 it remains to prove the converse implication.

Let of satisfy (1)—(6). Clearly, it suffices to prove (P4).

Suppose z,y € A, © < y, i.e. x = x A y. Then due to (3), (6) and Lemma 5 (iii)
we obtain 0 = (z~ + )" V0= (2" +(zAy)~"VO=((z7 +2)A(z” +y))~ V0=
(z=4+x)" V@ +y)~)Vo=((z" +2)”VO)V(z~ +y)~ = (¢~ +y)~ V0. Thus
0" =(z~ +y)~ A0 by (5) and Lemma 5 (i), i.e. 0~ = (z~ +y) A0~ and we have
0~ <z~ 4 y. Similarly we can get 0~ < y + z™.

Conversely, let 0~ < 2~ +y. Then according to (3), (6) and Lemma 5 (iii) we have
(7 +(xAy)~V0=0, hence (7 + (x Ay))A0” =0",ie. 0 <a” + (xAy). By
Lemma 6 we know that x=~ = x is the least element z € A such that x= + 2 > 0.
Thus x < z Ay, which gives = 2 Ay and = < y. Analogously we can prove that
0~ < y+ ™ yields z < y. O

Due to the previous theorem it is evident that the class of all pseudo *-lattices
forms a variety (we will denote it by &2.Z); moreover, it is possible to show that the
variety is arithmetical, i.e., it is congruence permutable and distributive [2].

Theorem 2. The variety P.¥ is arithmetical.

Proof. Let di(z,y,2) = ((z — y) ~ 2)Vz, mi(z,y,2) = di(z,y,y) A
d1(y,z,2z) Ndi(z,z,2). Then mq(x,z,2) = di(z,z,z) Ndi(z,2,2) ANdi(z,z,2) = x
because di(z,x,x) > x, di(z,2,z) > x by Lemma 2 (ii) and di(z,z,2) = x
by Lemma 2 (ii), (iii). Similarly, mi(xz,z,2) = di(x, 2z, 2) Adi(z, 2z, 2) Nd1(z, 2, x) = z,
m(z,z,x) = di(x, z,2) Ndi(z,2,2) ANdi(z,z,z) = z. It means that mq(z,y,2) is a
majority term and the variety &.% is distributive. Note that another majority term
of 2L is ma(x,y, 2) = da(x,y,y) Nda(y, 2, 2) Nda(z, z, x) where da(z,y, z) = ((x ~
y) — z)Vz.

Further, let p1(z,y,2) = di(z,y,2) Adi(z,y,2). Then p1(z,x,2) = di(x,z,2) A
di(z,z,z) = z and pi(x,z,2) = di(z,2,2) A di(z,2z,2) = x. Thus pi(z,y,2) is
Malcev’s term and the variety is permutable. Another Malcev’s term is pa(z,y, z) =
da(z,y,2) Nda(z,y, x). O

Definition 3. A residuated lattice is an algebra ¥ = (L, *,—1,—2,/A\,V,e) of
type (2,2,2,2,2,0) such that (L,A,V) is a lattice, (L,*,e) is a monoid and the
following residuation laws are satisfied for all a,b,c € L: axb < ciff a < b —4 c iff
b<a—ic

Definition 4. By a dualizing residuated lattice we mean an algebra 2 =
(D, *,—1,—2,A,V,e,d) of type (2,2,2,2,2,0,0), where (D, *,—1,—2,A,V,e) is a
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residuated lattice and d is a dualizing element of 2, ie. (a —1 d) —2 d = a,
(a —2 d) —1 d = a holds for any a € D.

Remark 1. Let us recall some well-known properties of the residuated lattices
(see e.g. [1], [3] and [6]) which will be useful for our subsequent investigation of the
pseudo *-lattices. For example, for any residuated lattice & = (L, %, —1, —2, A, V, €)
and a,b,c € L we have
() (axb) =1 ¢c=b—1 (a—1¢), (bxa) =2 c=b—3 (a —2c);

(8) a—1 (b—2c¢) =b—2 (a—1 )
(7) (avd) =1c=(a—=1¢c)A(b—1¢), (aVb) —=2c=(a—2c)A(b—2c).

Lemma 7. 2 = (D,*,—1,—2,A,V,e,d) be a dualizing residuated lattice with a
dualizing element d. Then ((a —1 d) * (b —1 d)) =2 d=((a =2 d) *x (b —2d)) =1 d
for any a,b € D.

Proof. Applying Remark 1 («), () we can compute: ((a —1 d) * (b —1 d)) —2
d:(a—>1 d) —9 ((b—>1 d) —9 d):(a—>1 d) —9 ((b—>2 d) —1 d):(b—>2 d) —1
(@ =1 d) =2d) = (b —2d) =1 ((a =2d) =1d) = ((a =2d) % (b—2d)) =1 d. O

Lemma 8. Let & = (A,+,0,7,~,A,V) be a pseudo x-lattice and z,y € A.
Then x>, y is the least element uw € A with the property y+ u > x and x> y is the
least element v € A with the property v +y > x.

Proof. Clearly, we have y+ (x>1y) = y+ (2~ +¥)~ > = by Lemma 4 (4). Now,
suppose y + u > . Then using Lemma 2 (iv), i) we get 2~ + (y +u) 2 2~ +x > 1.
Thus 1 < 27 +y+u = (27 +y)~~ + u and therefore we obtain (z7 +y)~ < u
according to Definition 1 , i.e. z>1 y < u. Similarly we can show that x >, y is the
least element v € A with the property v +y > =x. O

Lemma 9. Let o = (4,4+,0,7,”,A,V) be a pseudo *-lattice, x,y € A and
define x -y := (y~ + ™)~ . Then x ~» y is the greatest element u € A with the
property u - x < y and x — y Iis the greatest element v € A with the property
T v <Y.

Proof. We compute (x ~y)-z= (" +(x~y)”)" =@~ +y+z~)) =
(x™ 4+ (y~~ +x~)~)". Applying Lemma 4 (4) we obtain 2™~ + (y~~ + ™)~ > y~
and therefore we have (z ~ y) -z < y~~ = y. Now, assume u -z < y. Then
(z™~ 4+ u™~)” <y, which implies 2™ + «™ > y~ and v~ > y~ >y 2™ due to Lemma 8.
Hence u < (y~ 1 2™) 7, ie. u < (¥~ +2~)~" =y + 2™, which implies u < z ~ y.
Analogously it can be proved that © — y is the greatest element v € A such that
rz-v<y. O
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Let us denote the class of all dualizing residuated lattices by 2%Z.Z.

Theorem 3. .7 is term equivalent to DXL .

Proof. Let & = (A,4,0,7,~,A,V) be a pseudo *-lattice and = -y := (y~ +
x™)~. Then we shall show that & = (4, -, —,~, A, V, 1,0) is a dualizing residuated
lattice with the dualizing element 0.

Clearly, the residuation laws are satisfied due to Lemma 9. Further, for an arbi-
trary a € A we have (a - 0) ~0=04+(a” +0)"=a "~ =a (a~0) -0 =
(0+a~)”+0=a~" = aand 0 is the dualizing element of &/ *. Now, let us show that
(A,-,1)is amonoid. We compute (z-y)-z = (y~+z~) -z = 2+ Yy~ +z~)" ™) =
(4 (g~ +a™)" = (™ +y™) +3%) " = (=¥ +y™) "~ +2)" =-(y-2). Finally,
x-1=(1"4+2~) " =0+2z") " =zand l-z2= (2~ +17)" =(2~+0)” ==z

Conversely, let (D, *,—1,—2,A,V,e,d) be a dualizing residuated lattice and let
—d, ~d_ 4+, be such that for any a,b € D we have a™® = a —9 d, a™¢ = a —1 d,
a+¢b=((ad =1d)*x(b—1d) —=2d (= ((a =2d)*(b—2d)) —1 dby Lemma 7).

Then we can prove that 2 = (D, +4,d,” 4,4, A, V) is a pseudo *-lattice. Indeed,
according to Remark 1 () we have a +4b = ((a —1 d) % (b —1 d)) =2 d = (a —
d) —2 (b =1 d) =2 d) = (a —1 d) —2 b. Similarly, a +4b = ((a —2 d) * (b —2
d)) =1 d=(b—2d) =1 ((a =2 d) =1 d) = (b =2 d) —1 a. Due to this argument
and Remark 1 () we can write for a,b,c € D: (a +4b) +q¢ = (c =2 d) —1 ((a =1
d) —=2b)=(a —1d) —2 ((c =2d) =1 b) =a+4(b+aqc).

Further, applying Remark 1(a), a +4d = ((a —1 d) * (d —1 d)) —2 d = (a —1
d) =2 ((d—1d) —=2d)=(a—1d) —m2d=aand d+4a = ((d —2 d) * (a =2 d) —1
d=(a—2d)—1((d—=2d) —1d)=(a—2d) =1 d=a.

To prove (P3) we compute using Remark 1 (7): (a " Ab™ )~ = ((a —2 d)A (b —2
d)) =1 d=((aVb) —2d) —1d=aVhb. Analogously, (a~¢ Ab™4)"¢ =q Vb

Using the properties of the residuated lattice again we verify (P4): We have a < b
iff (a4 =2 d) =1 d < (b—1d) =2 diff (6@ 52 d) —1 d)x(b —1 d) <diff
d—od< (((a—2d) —1d)*x(b—1d) —2diff d ¢ < a"?+440. Analogously we
can prove the second part of (P4).

Finally, it can be seen that < coincides with (&), and 2 coincides with ().

(I

Lemma 10. Let & = (A,+,0,7,~,A,V) be a pseudo *-lattice and x -y :=
(y~ +2~)~. Then
(i) @ -y7)” = (" y7);
(i) (z7+y7 )" =" +y~)".
Proof. (i) According to Theorem 3 we can use the properties of the dualizing
residuated lattice & = (4,-,—,~,A,V,1,0), especially the condition («) from
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Remark 1, and we can write (z~ -y~ )~ = ((t = 0) - (y = 0)) ~ 0= (x — 0) ~
(4= 0) = 0) =2~ — .

Analogously, (z™ - y~)~ = ((z ~ 0) - (y ~> 0)) = 0= (y ~ 0) = ((z ~ 0) = 0) =
Yy~ — x.

~

Due to Lemma 2 (xv) we have 7 ~» y =y~ — x~
(@™ -y™)".
(ii) Clearly, x -y = (y~ + ™)~ yields (z-y)~ =y~ + 2™, hence x +y = =~ +

=y~ —x,le (7 y )" =

—~

y~~ = (y~ -x7)~. By virtue of (i) this implies (z=~ +y7 )~ = (y~=~ -z
(") Y=y = " YY) O

e

Definition 5. A coresiduated lattice is an algebra & = (L, e,>,<, A, V, n) of type
(2,2,2,2,2,0) such that (L, A, V) is a lattice, (L, e, n) is a monoid and the following
coresiduation laws hold for all a,b,c € L: a <beciff arb < ciff cca < 0.

Definition 6. A codualizing coresiduated lattice is an algebra € = (C, e,1>, <, A,
V,n,c) of type (2,2,2,2,2,0,0) where (C,e,>,<, A, V,n) is a coresiduated lattice and
c is a codualizing element of €, i.e. ¢>(c<a) =c<(c>a)=a for any a € C.

Lemma 11. Let & = (A,+,0,7,~,A,V) be a pseudo x-lattice. Then @/++ =
(A, +,>1,>2,A, V,0,1) is a codualizing coresiduated lattice.

Proof. To verify the coresiduation laws we suppose that a,b,c € A and a < b+c.
By Lemma 1 (iii), (iv) we have a < b+ciff ¢~ <a”+biff (a” +b)~ < ¢, le.amb < e
Analogously we can show that a < b+ ciff c>oa < 0.

Further, 1> (1pga) =1p1 (a+17)" = (1" +a" )" =a "~ =a, I1bg(I1>1a) =
1po (17 +a)™ = (a™+1%)" = a~~ = aand 1 is the codualizing element of &/**. [

Lemma 12. Let € = (C,e,>,<,A,V,n,c) be a codualizing coresiduated lattice
and define x7¢ ;= c<x, ™ := c>x. Then €4y = (C,e,n,7 ¢ > A, V) is a pseudo
x-lattice.

Proof. To prove (P3) we will use a property of the coresiduated lattices which
is analogous to the condition () of Remark 1: (x7°Ay~°)~ = ((c<z)A(cqy))™~ =
e ((eaz) A(eqy)) = (e>(c<x)) V (ex(cdy)) = zVy. Similarly, (™ Ay~e)"e =aVy.

Now, we will prove (P4). Applying Definition 6 we have = < y iff ¢> (c<z) < y iff
c¢< (c<z)ey. Clearly, can =c¢, thus n™e < 7 oy. Further, c <y iff cby < cpz
iff c < ye(c>x) and since c>n = ¢ we obtain n™° < y e x™e. O
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3. IDEALS

Definition 7. Let &/ be a pseudo *-autonomous lattice, x € A. By an absolute
value of x we mean an element |z| := §2(x,0) =z V =12 V0.

Lemma 13. For an arbitrary pseudo *-lattice & and a,b € A the following
conditions hold:

() 0<lal, a < laf, ma <lal;

(i

(iii) a=0<|a|] =0;

<a=la|=a,a<0=|a| =a;

(v) la Vbl <lal Vv bf;

) 0
)

(iv) [lall = laf;
)

(vi) laf V16| < laf + 1b]-

Proof. (i) It evidently follows from Definition 7.

(ii) For any a € A, 0 < a we have a VO = aq, ie. |a| = aV —1a. Further,
1=041 < a+ 1, which implies (a + 1)~ < 0, thus —a < 0 and using transitivity
we obtain 14 < @ and |a| = a V —1a = a. Similarly, for any a € A, a < 0 we have
0 = —10 < —ya. Hence |a| = —a.

(iii) Clearly, a = 0 implies |a| = 0.

Conversely, if |a| = aV =14V 0 = 0 then a V —1a < 0. Consequently, a < 0, which
implies 0 < —1a, thus —1a = 0 and a = 0.

(iv) We have |a| > 0 for any a € A due to (i) and according to (ii) we obtain the
claim.

(v)lavb=(aVb)V-1(avb)VO=(aVbVO)V-1(aVd),|a|lV|b=(aV-1aV
0)V(bV-1bVv0)=(aVbVO0)V (-1aV —1b). Using Lemma 2 (ix) we are done.

(vi) With respect to Lemma 2 (vi) we have |a| < (Ja| +b) V (|a| +—1b) V (Ja| +0) <
la| + (bV =15V 0) = |a| + |b|.

Analogously we can show that |b| < |a| + |b|. These two inequalities give the
proposition. O

Definition 8. Let &/ be a pseudo x-autonomous lattice and # # J C A. Then
J is called an ideal of A if for any a,b € A the following conditions are satisfied:
(I1) a,b e Jimply a+b € J;
(I12) a € J implies —1a € J;
(I3) ac J,be A, |b] <|a| imply b € J.
The set of all ideals of &7 will be denoted by .7 ().
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Lemma 14. In any pseudo *-lattice </ :
(i) {0} is the smallest ideal of A;
(ii) if J € # (/) and a € A then a € J iff |a| € J;
(iii) if J € (&) then J is a convex sublattice of (A, A, V).

Proof. (i) Due to Lemma 13 (i), (iii) we have |0] < |a| for an arbitrary a € A.
Thus 0 € J for any J € . (/) by (I3). Evidently, {0} satisfies (I1)—(I3), i.e. {0} is
the smallest ideal of A.

(ii) Let @ € J. Then |la|| = |a| < |a| according to Lemma 13 (iv) and by (I3) we
get |a| € J.

Conversely, if |a| € J then |a| < |a| = ||a|| and using (I3) again we obtain a € J.

(i) Let J € .# (&), a,b € J. Then |aV b < |a| V [b] < |a| + [b] = ||a| + [b]| due
to Lemma 13 (v), (vi) and by virtue of |a| + |b| > 0. Clearly |a| + |b| € J by (ii) and
(I1). Hence (I3) givesa Vb € J.

Further, according to Lemma 2 (viii) we have [a Ab| = (a AbD)V —1(a Ab) VO =
(aAb)V (71aV—1b) VO < (aVb)V(aV—b)V0=]|(aVb)V(-1aV—-1b)V0|. Thus
aAbe J by (I3) and we conclude that J is a sublattice of (4, A, V).

To prove the convexity of J we suppose that a,b € J, x € A and a < x < b. Then
x V0 < bVO0 and taking into account bV0 € J and [z V0| =2zV0 < bVO = |bV0| we
get x VO € J by (I3). Further, |z] = (zV0)V a2z < (xV0)V 1a=|(xV0)V —al.
Since (z V 0) V —1a € J we obtain z € J. O

4. HOMOMORPHISMS AND CONGRUENCES

Definition 9. An ideal J of a pseudo *-lattice &7 is said to be normal if it
satisfies the following condition for each a,b € A:

o1(a,b) € J iff o9(a,b) € J.

The set of all normal ideals of &/ will be denoted by N(A) and the set of all congru-
ences on A by Con(A).

Lemma 15. If J € A (&) then for each a,b € A we have

Si1(a,b) € J iff 53(a,b) € J.

Proof. LetJ e A (&) and d;(a,b) € J. Then o1(a,b) Voi(b,a) € J and since
0 < oi(a,b),01(b,a) < o1(a,b)Voi(b,a) we get o1(a,b),01(b,a) € J by the convexity
of J. Hence also o2(a,b),o2(b,a) € J by the normality of J and d2(a,b) € J. The
converse is analogous. O
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Definition 10. Let ./, Z be two pseudo *-lattices and let A be a homomorphism
from < to 2. The set Kerh = {a € A; h(a) = 0P} is called the kernel of h.

Lemma 16. Let h: A — B be a homomorphism of pseudo *-lattices </ and 4.
Then for each a,b € A the following assertions are valid:
(i) h(a) <P h(b) iff o (a,b) € Ker h;
(ii) Kerh = {04} iff h is an injection;
(iii) Kerh € A ().

Proof. (i) According to Lemma 2 (xiii) we have h(a) <Z h(b) & o1(h(a),
h(b)) = 08 but o1 (h(a), h(b)) = h(o1(a,b)) and we are done.

(ii) Let h be an injection from &7 to %. Then obviously Ker h = {04}.

Conversely, let Ker h = {04} and let a,b € A be such that h(a) = h(b). Then by
Lemma 2 (xiv) we have §1(h(a), h(b)) = 07, i.e. h(61(a,b)) = 0B and 6;(a, b) € Ker h.
Hence 81 (a,b) = 04 and using Lemma 2 (xiv) again we get a = b.

(iii) To check (I1) we suppose that a,b € Kerh, i.e. h(a) = h(b) = 0P. Then
h(a+b) = h(a) + h(b) = 0% + 0% = 08 and a + b € Kerh.

Further, for a € Kerh we have h(—1a) = h((a +1)7) = (h(a +1))” = (h(a) +
h(1))” = (0B + h(1))~ = (h(1))” = h(17) = h(0%) = 0B, i.e. 71a € Kerh.

Now, we will prove the condition (I3). Let a € Kerh, b € A and |b| < |a|. Then
h(b) V =1h(b) V h(0) = h(bV bV 0) < h(aV —1aV 0) = h(a) V ~1h(a) V h(0).
Consequently, |h(b)| < |h(a)| = 0. This implies |h(b)| =0, h(b) =0 and b € Ker h.

It remains to prove that Ker & is normal. For this purpose we compute o1 (z,y) €
Kerh & h((z7+y)~V0)=0< (h(z)” +h(y)"V0=0%& (h(z)” +h(y)” <0
hz)™ +h(y) =2 1 & hz) < hy) < h(y) +h(@)” > 1< (h(y) +h(2)7)” <0
(h(y) + h(z)~)"VO=0<h(y+2~)" VO=0< oz(z,y) € Kerh. O

Definition 11. Let J € .#(&/). The binary relation fi1(J) C A x A is defined
as follows: (a,b) € fi1(J) iff 41(a,b) € J.

Lemma 17. Let o/ be a pseudo x-lattice and J € # (/). Then the following
conditions are equivalent for any a,b € A:
() (ab) € f1());
(b) there exists c€ J, ¢ > 0 such that a < b+ cand b < a+¢;
(c¢) o1(a,b) € J and o1(b,a) € J.

Proof. (a)= (b): Due to Lemma 2 (ii) we have a < (a = b) ~»b=0b+ (a~ +
b)Y <b+ ((a” +b)~VvV0)=b+o01(a,b) < b+ d1(a,b). Since (a,b) € f1(J) we have
d1(a,b) € J. Similarly we can show that b < a + d1(a,b).
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(b) = (c): Let @ < b+ ¢ where ¢ € J, ¢ > 0. Then ¢~ < a~ + b, which implies
(e~ +b)~ < c and consequently o1(a,b) = (a™ +b)~ V0 < c¢V0 < |c|. Applying (I3)
we obtain o1 (a,b) € J. Analogously one can prove that b < a+c entails o1 (b, a) € J.

(¢) = (a): This implication follows immediately from Lemma 14 (iii). O

Remark 2. Analogously we can define the relation fo(J) € A x A such that
(a,b) € fa(J) iff d2(a,b) € J.
Then we can get equivalent conditions similarly to the previous lemma:
(a)" (a,b) € fo(J);
(b)* there exists d € J, d > 0, such that a < d +b, b < d + a;
(c)* o2(a,b) € J and o2(b,a) € J.
Obviously, we can take d = da2(a, b).

Remark 3. Clearly, if J € A4(«/) then we have (a,b) € f1(J) iff (a,b) € f2(J)
iff there exists 0 < u = d1(a,b) V d2(a,b) such that a < b+u, b < a+u, a <u+b,
b < u+ a. It means that for J € A4 (&) we have fi1(J) = f2(J) and therefore we
will denote this relation simply by f(J).

Lemma 18. Let J € #(&/). Then fi(J) and fo(J) are equivalence relations
on .

Proof. It is obvious that fi1(J) is reflexive and symmetric. Let us prove
transitivity applying the previous lemma. Suppose that (a,b), (b,c) € f1(J). Then
there exist u,v € J, 0 < u,v suchthat a <b+u, b <a+u,b<c+v,c<b+wv. This
entailsa < aVe < (b+u)V(b+v) <b+(uVv) < (c+v)+(uVo) =c+ (v+ (uV)).
Similarly it can be shown that ¢ < a + (u + (u V v)) and we conclude that there
exists w = (v+ (v Vv)) V (u+ (uVwv)) € J such that a < ¢+ w, ¢ < a+ w. Hence
(a,cy € f1(J) by Lemma 17 and f;(J) is transitive. Analogously for fao(J). O

Lemma 19. Let J € A (/). Then f(J) is a congruence relation on <7 .

Proof. Assume that J € 4 (<) and (a,b) € f(J). Then by Lemma 17 and
Remark 2 there exists ¢ € J, x > 0 such that a < b+ 2, b<a+x,a <z+band
b<zxz+a Thena <b 4z and b <a +x, hence (a”,b") € f(J). Further,

~ <z +b~ and b~ <z +a™. Thus (a™,b~) € f(J).

To prove that f(J) satisfies the substitution property under + and A we suppose
u€A Thenat+u< (z+b)+u=z+(b+u)andb+u < (x+a)+u=z+ (a+u),
ie. (a4 u,b+u) € f(J). Analogously it can be shown that (a,b) € f(J) yields
(u+a,u+0b)e f(J).

Similarly, a Au < (x +b) Au < (2 +b) A (z +u) =z + (bAu) because 0 < x
implies u < x + u. Hence (a A u,b Au) € f(J). Now, let {¢,d) € f(J). Then

<
<
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(a+c,b+c), (b+c,b+d), (anc,bAc), (bAc,bAd) € f(J) and (a+c,b+d), (aAc,bAd) €
f(J) by the transitivity.

Compatibility of f(J) with V follows from the fact that a Ve = (a= Ac¢™)~ and
bvd=(b-Ad ). O

Definition 12. Let O be a congruence on «/. We define g(0) as the coset of 0
modulo O, i.e. g(0©) =0/0 = {z € A; (z,0) € ©}.

Lemma 20. If© is a congruence on </, then g(©) € N ().

Proof. (I1): Let ® € Con(«) and a,b € g(©). Then (a,0), (b,0) € O, thus
(a+b,0) €0, ie. a+beg(O).

(I12): Clearly, a € g(©) implies (a¢,0) € ©, (¢ +1,0+1) € O, {(a+1)",17) € O,
ie. (m1a,0) € © and —1a € g(O).

(I3): Suppose a € g(0),b € Aand |b| < |a|. Then (a,0), (—1a,0) € O, which yields
(av-1aV0,0) € O, ie. (Jal,0) € © and |a| € g(O). Now we have 0 < |b| < |a| € g(O)
and using the convexity of the sublattice (g(0), A, V) we conclude [b] € g(©). We
will show that |b| € g(©) implies b € g(©). Obviously, (bV =10V 0,0) € © entails
(bA(BV (—1bV0)),bA0) € ©, i.e. (b,bA0) € O©. This implies (bV 0, (bA0)V0) € O,
ie. (bV0,0) € © and bV 0 € g(0©). Analogously, bV 0 € g(©) and consequently
—2(=16V0) € g(©). Further, bA0 < b entails b < =1 (bA0) = 16V =0 = —1bVO0.
Now, applying Lemma 2 (xi), we have g(©) 3 —3(—16V0) < 79—1b < b < bVO € ¢(O).
Hence we get b € g(0) by the convexity of g(0).

To show the normality of g(O) it suffices to use Lemma 16 and to realize that g(O)
is the kernel of the canonical homomorphism v: a — a/©. O

Theorem 4. Let o/ be a pseudo *-lattice. Then the lattices A (/) and Con(«/)
are isomorphic.

Proof. Obviously, it suffices to prove the following properties of the correspon-
dences f, g from Remark 3 and Definition 12: (A) g(f(J)) = J, (B) f(9(©)) = 6,
(C) both f and g are order preserving.

(A) Applying Lemma 14 (ii) we get g(f(J)) = {z € 4; (z,0) € f(J)} = {z €
A; do(z,0) e J}={x € A; |zl e J}=J.

(B) Due to Lemma 17 we have f(g(0)) = {{a,b) C A x 4; d2(a,b)/® =0/0} =
{{a,b); there exists ¢ € J such that (¢,0) € ©,a < b+¢, b < a+ c}. First, we
will show © C f(¢(0)). Let (a,b) € ©. Then ((a= +a)~ VO0,(a” +b)~VO0) €
O, i.e. (01(a,a),01(a,b)) € O and since o1(a,a) = 0 by Lemma 2 (xii) we obtain
(o1(a,b),0) € ©. Similarly it can be shown that (o1(b,a),0) € O, thus (d1(a,b),0) €
O and (a,b) € f(9(0)).
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Conversely, let (a,b) € f(g(©)), i.e. there exists ¢ € 0/0 such that a < b + ¢,

b<

a + c. Hence {(c,0) € ©, which entails (b + ¢,b), (a + ¢,a) € © and consequently

a/© = (aN(b+¢))/O = (anb)/O = (bAa)/O = (bA(a+¢))/O =b/O,ie. (a,b) €O
and f(9(©)) € ©.

(

C) Assume I C J and (a,b) € f(I), i.e. 01(a,b) € I C J. Hence 61(a,b) € J,

(a,by € f(J) and we conclude f(I) C f(J).
Finally, let ©,® € Con(«/) with © C ® and let a € ¢g(0), i.e. (a,0) € © C ®.
Thus a € g(®) and ¢g(0) C g(). O
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