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Abstract. We consider a model for transient conductive-radiative heat transfer in grey
materials. Since the domain contains an enclosed cavity, nonlocal radiation boundary con-
ditions for the conductive heat-flux are taken into account. We generalize known existence
and uniqueness results to the practically relevant case of lower integrable heat-sources, and
of nonsmooth interfaces. We obtain energy estimates that involve only the LP norm of
the heat sources for exponents p close to one. Such estimates are important for the in-
vestigation of models in which the heat equation is coupled to Maxwell’s equations or to
the Navier-Stokes equations (dissipative heating), with many applications such as crystal
growth.

Keywords: radiative heat transfer, nonlinear parabolic equation, nonlocal boundary con-
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INTRODUCTION

Heat transfer processes that take place at high temperatures can be neither mod-
eled nor simulated accurately without taking into account the phenomenon of heat
radiation: the heating of high-temperatures furnaces in metallurgy or in crystal
growth is one typical example of a relevant industrial problem. Models of radiative
heat transfer have recently been studied from the point of view of applied mathe-
matics in different publications: e.g. [16], [5], [4] for modeling and numerics, [11] for
control theory, [7] for analysis.

In the present paper, we study from the analytical viewpoint the time-dependent
heat transfer problem that consists in computing the temperature distribution re-
sulting from the heating of several different opaque bodies separated from each other
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by an enclosed transparent medium. The essential purpose of the paper is to inves-
tigate for which regularity of the heat sources the problem admits weak solutions.
In industrial applications, the heat sources are often obtained from coupled physical
problems’ so that regular right-hand sides hardly can be expected.

Problem description
We consider a finite number of bounded domains Q, ..., 2, C R3 (m > 1) such

m —_
that the set (J €); is a simply connected Lipschitz domain and
i=0

(0.1) dist(2;,9Q;) >0 for 4,j=1,...,m and i # j.

JE— m —_
The computation domain 2 C R? is defined by Q = |J Q;, where Q1,...,Q,,

represent opaque materials. Note the important feature til_a%c if m > 2, the set 2 is
disconnected. The domain )y represents a transparent cavity.

We further assume that the transparent cavity g is enclosed in €2, that means,
the geometry satisfies the enclosure property

(0.2) R3\ Q is disconnected.

We define ¥ := 09 to be the boundary of the transparent cavity, where nonlocal
radiation effects have to be modeled. We define I' := 9Q \ ¥. We assume that the
surface ¥ is at least pieciwise C!, and we in addition make the restriction that

(0.3) dist(I', ) > 0.

A typical geometrical situation is depicted in Fig. 1.

Figure 1. A typical geometry with the opaque bodies Q1,...,€Q4 and the enclosed trans-
parent cavity €.

! In the typical case of inductive heating, Maxwell’s equations have to be solved.
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We consider the problem

00

5 div(k(0)VO) = f in [0,T] xQ; fori=1,...,m,
(04) —mwgng—J on [0,7] x %,
0=10, on [0,T]xT
where 6 is the absolute temperature, K = k; (¢ = 1,...,m) denotes the temperature-

dependent heat conductivity of the medium ;, R is the outgoing radiation (ra-
diosity), J is the incoming radiation, 6, is the given temperature distribution, and
f denotes the given heat source density. For i = 1,...,m, the unit normal pointing
outwards to 0€; is denoted by 7i.

The second relation in Problem (0.4) states that the conductive heat flux outgoing
from each body has to balance the difference between the heat quantity brought to
its surface by radiation, denoted by .J, and the heat quantity leaving its surface
due to radiation, denoted by R. Since R and J are in general unknown, additional
relations are needed to close problem (0.4).

First, R and J are connected by the relation
(0.5) R=col|0?0+ (1 —¢)J on [0,T] x %,

where the emissivity € is a given function that takes values in [0, 1], and o denotes
the Stefan-Boltzmann constant. The relation (0.5) simply states that the outgoing
radiation has to be the sum of the radiation emitted according to Stefan-Boltzmann’s
law, and of the reflected part of the incoming radiation.

Another constitutive relation between R and J is needed. If two points z,y € 3
are in each other’s range of vision, then the radiation incoming at z from y, denoted
by j,(2), is given by the inverse square law

i(z) - (y—2)ily) - (z —y)
m— R(y),

Jy(2) =

where 7 is a unit normal to ¥. The total radiation J(z) is obtained by summing
over the whole surface. For points pairs (z,y) € ¥ x X one introduces a view factor
w: ¥ X X — R by setting

i(z) =2 =y o .
(0.6) w(z,y) = wly — z|* O(z,y) if z#y,
0 if z=y,
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where O is the wisibility function that penalizes the presence of opaque obstacles:

1 if ]z, y[ € Qo,
(0.7) O(z,y) = {
0 else.
Here we have used the notation |z, y[ := conv{z,y} \ {#,y}. Observe that the view

factor w is obviously well defined and nonnegative if the surface ¥ has C'-regularity.
This can be generalized to the case of a piecewise C'-boundary (see for example [3],
[15], [2]).

The second constitutive relation between R and J is then given by

(0.8) J=K(R) on [0,T] x %,
where
(0.9) (K(R))(t, 2z) = /Zw(z,y)R(t,y) ds, for (t,2) €[0,T] x X.

The relations (0.5) and (0.8) are equivalent to an integral equation of the second
kind, the radiosity equation

(0.10) (I —(1-¢)K)(R)=¢ecl0?0 on [0,T] x X,

where the symbol I denotes the identity mapping, and the functions €, 1 — ¢ in
connection with integral operators simply mean multiplication.
The integro-differential problem

% —div(k(9)VE) = f in [0,T] xQ; for i=1,....m,
B
0.11) KOs = ([~ K)R)  on [0.T]x,
(I — (1—e)K)(R) =eal00 on [0,T] x 3,
0=20, on [0,T]xT

is well-defined and closed.
In a large class of applications, the formulation of (0.11) can be simplified. If the

solution operator (I — (1 — €)K)~! of the integral equation (0.10) is well-defined

(cf. Lemma A.2(3)), it is possible to eliminate the unknown R. Introducing the
linear operator

(0.12) G:=1—-K)(I—-(1-¢gK) e,
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we see that the problem (0.11) is equivalent to

% —div(k()VO) = f in [0,T] xQ; fori=1,...,m,
(0.13) (P) _R(Q)% = G(ol0]20) om [0,T) x %,
7
0=0, on [0,T] xT,

which only involves the one unknown 6. Throughout the paper, we focus on cases
where the last formulation (P) is valid.

State of the research

The papers [15], [14] were devoted to the stationary equations corresponding to
the problem (P). The existence of weak solutions was proved in the case that the
transparent medium g is not enclosed. In [10], a result was stated for the time-
dependent problem under the same geometrical restriction.

The crucial point of the existence proof, the coercivity on a suitable Banach space
of the nonlinear operator A defined by

(AB,) ::ane.vw+/EG(a|9|39)w,

turns out to have an elementary solution in geometries such that (0.2) fails.

In [7], new coercivity properties were established for the operator A, allowing to
extend the previous results concerning the stationary problem to enclosures. Since
the coercivity inequality proved in [7] relies on smoothing properties (compactness)
of the integral operator K, the surface ¥ has to be at least of class C1'® for some
a > 0. In the same paper [7], a paragraph was also devoted to the time-dependent
problem, and an existence result was stated for f € L2(]0,T[ x {2) in the case of a
C1® boundary.

In the present paper, we prove the existence of weak solutions to (P) in geometrical
situations allowing for enclosures. Our main results nontrivially generalize the results
of [7] in the following respects:

(1) We consider right-hand sides f € LP(]0,T[ x €2), with arbitrary 1 < p < oo (see
Theorem 2.2 and Theorem 4.1).
(2) We include in our considerations the case of a piecewise smooth surface ¥ (see
Theorem 2.1).
(3) We propose new methods for proving existence in the case that f € L?(]0, T[xQ)
(see Theorem 2.1).
The points (1) and (2) are especially relevant for the high-temperatures industrial
applications mentioned at the beginning of the introduction. The main result of
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our paper, the existence of weak solutions for f € L(]0,T[ x ), is also of interest
for the theory of parabolic problems with L' right-hand side (see [1] and related
publications), since the type of nonlocal nonlinearity introduced by the radiation
boundary conditions have not yet been considered.

The paper is organized as follows. In the first section, we introduce the functional
setting of the problem (P). The second section is devoted to existence results for
the case that f € LP(]0,T[ x Q) with p > 1 arbitrary. We then briefly address some
regularity and uniqueness properties of weak solutions. The last section is concerned
with the proof of existence in the case that f € L'(]0,T[ x Q). In the appendix, we
have gathered some auxiliary results needed throughout the paper.

1. FUNCTIONAL SETTING AND DEFINITION OF A WEAK SOLUTION

‘We use the notation
Qt = ]O,t[x Q, St ::]O,t[x 27 C‘ft = ]O,t[xf

We write @ instead of @7, S instead of 87, etc. For 1 < p, ¢ < oo we use the notation

LP(Q) = {u e LY(Q): / </ |u|? dx>p/q dt < oo}

and for p = oo,

L>9(Q) = {u c LY Q): esssup(/ |u|qu) < oo}
t€]0,T

Analogously, one can define the spaces LP9(§). We write LP(Q), LP(8) instead of
LP?(Q), LPP(8). For 1 < p < oo we use the function spaces (see [6] for a general
description)

Wpl’O(Q) ={u e LP(Q): Juy, € LP(Q) for i = 1,2,3}

and

W, (Q) = {u e W,°(Q): 3w € L(Q)},

P

where the partial derivatives ug,, u: are intended in the weak sense. The space

V,7(Q) consists of all u € W, (Q) such that esssup Jo u(t, x) dz < co. We define
t€]o,T[

VPa(Q) = {u € WHP(Q): y(u) € LUX)},
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where 7 is the trace operator. For such p and ¢ that the Sobolev space W1P(Q) is not
embedded in L%(X), the norm on VP ?is || - |lw1.r(q) + [|7(-)||a(n). The subscript I'
will indicate subspaces of functions that vanish on the surface I'. We set

VP9(Q) = {u € Wy (Q): v(u) € LI(8)},
VEUQ) = {u e WyQ): v(u) € LU(8)}.

Using the subscript C, we denote the subspaces of functions that vanish on the surface
10, T[ x T'. Throughout the paper, we assume that there exist positive constants sy,
Ky such that

(1.1) 0 <k <K(S) <Ky <oo forallseR for i=1,...,m,
and a positive constant ¢; such that
(1.2) 0<e <e(t,z) <1 for (t,2)€]0,T[ x X.

The last hypothesis ensures that the operator G introduced in (0.12) is well-defined
(see Lemma A.2(3)). We note that for a real number s > 1, we denote throughout
the paper by s’ the conjugated exponent s/(s — 1). By convention, the numbers 1
and oo are conjugated.

With these preliminaries, and with help of Lemma A.2, we can show that the
following definition is meaningful:

Definition 1.1. We call § a weak solution to (P) if there exists 1 < s < co such
that 6 € \78’4(Q), if 0 = 0, almost everywhere on C, and if the integral relation

-/ 02 | orvs-vo [ Galopor = [ oo+ [ go

is valid for all ¢ € VEI’OO(Q) such that ¥(T') = 0 almost everywhere in Q.

Remark 1.2. Since the data 8,60y only play a subordinate role in applications,
we restrict ourselves in the paper to the simplifying assumption

(1.3) 04 = const = 6,

which allows not to burden the proofs with technical details.
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2. EXISTENCE OF SOLUTIONS

The main difficulty in proving the existence of weak solution to (P) is the strong
growth of the term #* on the boundary 8. In this section we show that the regularity
of the right-hand side f and of the surface 3 are the two key-points to decide whether
or not this term can be controlled.

(1) In the case of a piecewise smooth interface X, the existence of weak solutions
to (P) has not yet been proved. That is the object of Theorem 2.1 below.

(2) In the case of a C1'®-boundary ¥, the existence of weak solutions for right-hand
sides f less regular than f € L?(Q) has never been studied. That is the object
of Theorem 2.2 below.

Theorem 2.1. Let ¥ € C! piecewise. Assume that f € L51%2(Q), where s1, s €
[1, 0] are such that

P
S
3(52 — 1) 2
1€ p 2 3
S2 2
59> 2
}3(52—1)’252—3} R

Let 64, 6y satisfy (1.3), let k satisfy (1.1), and let ¢ satisfy (1.2).
Then the number q := (55152 — (3s1+252))/(3s1 + 252 — 251592) satisfies § > 2, and
there exists a weak solution 6 to (P) such that |0|(9t1)/2 € V;*°(Q). In particular,

we have
Vo e [L*(Q)°, 6* e LUtD/3(s),

with s := min{5(g+1)/(q + 4),2}.
We can deal with less regular right-hand sides if we assume that ¥ € C1<.

Theorem 2.2. Let ¥ € C“ for some o > 0. Assume that f € L*52(Q), where
s1 € [1,00] and sq € [1,3/2] are such that

252 :|

Sle}m"”

Let 64, 6y satisfy (1.3), let k satisfy (1.1), and let ¢ satisfy (1.2).
Then the number q := (55182 — (3s1 + 252))/(3s1 + 2s2 — 2s182) satisfies ¢ > 0,
and there exists a weak solution 6 to (P) such that |0|(71/2 e V;"°(Q). In particular,

we have
Vo € [L*(Q)]?, 6 e LIT(8),

with s :== min{5(q+ 1)/(g+4),2}.
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The remainder of the section is devoted to the proof of Theorem 2.1 and of The-
orem 2.2. We start the proof by constructing suitable approximate solutions in
Proposition 2.3. In Propositions 2.5 and 2.6, we derive uniform estimates. Passage
to the limit and existence proofs are given at the end of the section.

Proposition 2.3. Let the assumptions of Theorem 2.1 or of Theorem 2.2 be
satisfied. For 6 > 0, define f1%1 := sign(f) min{|f|,1/6}. Let p > 5 be arbitrary.

Then there exists § € LP(0,T; W'?(2)) such that ¢ € L¥' (0,T; [W'P(Q)]*), § =
84 in LP(C), (0) = 6y in LP(Q?) and

T T
(21)  (0.0)+6 / /Q (101726 — 16,726, )0 + / /Q (OIVO1"2 + 5(6)) V0 - V)

+ [ T/Z Glolo'oy = [ T/Q £y

for all ¢ € LP(0,T; WpP(Q)). In addition, § € L™(Q).
Proof. We first introduce some notation. We define

V, = LP(0, T; WEP(Q)), LE:=¢,
D(L) :={¢ € LP(0,T; WP(Q)): 3¢ € LY (0, T; [WEP(2)]%); £(0) = 0}.

The symbol £ denotes the distributional time derivative of £. By classical results
that can be found, for example, in [9] (see Ch. 3, Lem. 1.1), the operator L is a
densely defined, maximal monotone linear operator from the linear subspace D(L)
of V, into the dual Vj.

For arbitrary £ € V,, we define £ := £ 4+ 0, and we introduce an operator

T
acw) =3 [ [ (Er-2e= 10,20,
+ T/Q OIVEP + r@)VE- Vo + | T/E G(oléP ey,

where the symbol (-, -) denotes the duality pairing between V,, and its dual V.
We can show that A is a well-defined, bounded operator from V), into V. Observe
that thanks to Lemma A.2

T
/O/ZG(U|§|3§W‘ < HG(U|§|3€)||L5/4(0,T;L5/4(z:))||¢HL5(0,T;L5(E))

<Gl eesa5/00 160250 7:L50n 1911 L5 0,152 ()

119



where we use the notation (A.1). Since p > 5, we can use Holder’s and Young’s
inequalities to obtain that

T
[ Glolelé| < e+ 1ty v 1o lsno mavt o

Estimating the other terms in A in a similar way, we verify that

(2.2)

< es(L+lENg Y.

To prove the existence result, we show that there exists £ € D(L) such that for
all ¢ in V,

(2.3) (€) + (A, ) = //f% //89-"

Then the function § := £ + 6, satisfies (2.1) and is the desired solution.
To prove that the mapping F given by

s [ 1%

is a well-defined element of V;; is routine. Of course, under the assumption (1.3), the
second term on the right-hand side is even zero.

Observe then that £ € D(L) satisfies (2.3) if and only if the equation (L+.A){ = F
takes place in V. Due to the theory of elliptic regularization (exposed for example
in [9, Ch. 3, Th. 1.2]), it is sufficient to prove that A is coercive and pseudomonotone
with respect to D(L) to ensure the surjectivity of the operator L+ .4 from V), into V;.

For proving coercivity, we first verify that

/G = (1= [[H|l gezsra(s),L5/4(8)) / &° >

where we use Lemma A.2 (4). It follows that

<A£a£> = <A£7£_ 09>
=6 [ (IVE]P +|EP OIVEP + | G(alE]PE)E — (A€, 0,
/Q(|£I+I£|)+/ &)|ve| / EPE)E — (Ac.6,)

5 /Q (IE17-2E0, + (0,720, — |6, [7)
> B2 0 oy — |(AE0)] — 8 /Q IEP118,] + 16,71 1€] + [6,17):
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Using Holder’s and Young’s inequalities, we obtain from the inequality (2.2) that

5. _

(AE,€) > 5”5”’;,,(01%1,,)(9)) —cs(1+ Hf”'{;p1)H9g||Lp(0,T;W1,p(Q))
- 56"99”2P(O,T;W1*T’(Q))
5 .

2 1 HfHIEP(O,T;WLP(Q)) — Cs,

with a constant Cy that depends on § but whose precise value is not needed. This
proves the coercivity.

We now prove that A is pseudomonotone. Let { — £ in D(L). We assume that
1i£n sup( A&k, & — &) < 0. The weak convergence in D(L) means that

— 00

(2.4) k=&Y, & —¢& inV.

Applying the well-known compactness result of [9, Ch. 1, Th. 5.1], we can find a
subsequence, still denoted by {&x}, such that

(2.5) & — ¢ in LP(0,T; LP()).
The inequality
(2.6) llull esy < Yllullwie) + ey llull e

holds for any u in WP()) and arbitrary small v > 0. Therefore, from (2.4) and
(2.5) we obtain the existence of a (not relabelled) subsequence such that

& — & in LP(0,T; LP(X)).
Using the monotonicity of the p-Laplace terms, the property
lim inf (AL, & — ) > (AL~ )

is readily verified for all 9 in V,, completing the proof of existence.

We finally prove the global boundedness of the solution § := ¢ + 6,. Fix an
arbitrary t; < T and consider an arbitrary 0 < h < T — t;. Using the properties of
the Steklov averaging operator, recalled in the appendix, we can prove the validity
of the relation

90 h b _ _
(2.7) / #ww/ /{If’l” 20 —1041P %05} ¥
0 JQ 0 JQ

t1 2 - . t1 . 3
+ / /Q ((GIV6P2 + w(6))V8) ) - Vb + / / (G(010]%0)} gy

- e
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for all ¢ € LP(0,T; WEP(Q)) For every number k > max{esssupp,esssupf,}, the
Q e

function (0 — k)T belongs to V, and can be used as a test function in (2.7).
Observe that

/t1 89(h) g(h) + B /tl/ Q(h) g(h) _ k‘)+
=5 [ (6~ 17" @F = 5 [ (60— 1 O,

Our choice of k implies that (6 — k)*(0) = (fp — k)™ = 0 almost everywhere in .
On the other hand, observe that D(L) C C(0,T; L*(Q)). By the properties of the
averaging operator (-)(s), we thus have for all t € [0,T] that 0, (t) — 6(t) in L*(Q)

as h — 0. Thus, as h — 0,
1
e AN
Q

b 90,
I
Passage to the limit with the remaining terms in (2.7) is an easy exercise. Observe
that
/Q VP2V -V (0 — k)t = /Q |VOP2|V(6 —k)T)? >0,
t1

and that, due to the choice of the parameter k,

t1

/Q (161720 — 0,7-260,) (0 — k)" > 0.

ty

So we obtain, for all ¢; < T, the relation
1
3 [O=mter+ [ w@NE-1'E+ [ Glolbloe -1
Q Qty 8¢y

< | Pe-k)t
Qtq

In view of Lemma A.4 we have fs G(c|0130)(0 — k)* > 0, which implies that

t16[07T]

max /Q[(Q—lc)*(t1)]2+/Q/<;(9)|V(9—k:)+|2 <2‘/Qf[5](9—k)+

The results of [6] or of [13] prove the existence of an upper bound for  in Q. A lower
bound is obtained in the same way, by considering (k — )~ for k¥ < min{ess Qinf 0o,

esseinf 04}. It follows for all r > 5/2 that

(2.8) 1611 .~ (@) < max{[|6,]l L= (e). 10l (@)} + Crll £l e ) -
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Remark 2.4. The approximation method of Proposition 2.3 corresponds to the
regularization of the problem (P) with a nonlinear Fourier-law for the heat flux. For
§ small, the term 6(|0[P~20 — |0,|P~26,) can be interpreted as a penalization of the
heat sources at high-temperatures.

The next point consists in obtaining uniform estimates for sequences of approxi-

mate solutions.

Proposition 2.5. Let the assumptions of Theorem 2.1 be satisfied, and define
numbers ¢ and s as in that theorem. Then for any sequence of solutions {05} ac-
cording to Proposition 2.3 we have

(2.9) 1V 8s1l2s @e + 116817 2 lly10 ) + 165l Liasnsss) < C.

where the constant C' depends continuously on || f||zs1.2(q), on [|0o| a+1(q), and on
10411 () -
Proof. In the sequel we write for convenience 6 instead of 6s. For the family

of parameters 0 < g < oo, we first prove that

(2.10) ﬁ / 10(t1)|o+

4q 2 _
+/ RONCISGRE +/ aG(|0]20)|017 10
Qtl(qH)Q()III \ (101°0)|0]

t1

< f[é]gq—lg_f_i/ 9o lat1.
ey AL

The inequality (2.10) can be obtained by testing the approximate equation (2.3) with
the signed powers (|0]9716 — |6,]7716,). This part of the proof is technical, and the
reader will find it in Lemma C.1 below (see the appendix).

Define w := |0](*1)/2. Since according to Lemma A.2, G = I — H with a positive
operator H, we have

/ G(a|600)6]7 16 > / G(o]0]*))0)9 = / G(owd/ (1) )24/ (a+1)
Sty Sty S,
Rewriting (2.10), we obtain that

(2.11) /wQ(tl) _|_/ IVw|? + G(ow®/(a+ D)2/ (a+D)
Q Q

t1 Sty

gcq(/ |90|q+1+/ |f[5]|w2<1/((1+1)>.
Q Qg
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We use Holder’s inequality to conclude that

t1
(2.12) / / TR
0 Q

2 —+1
oo @ [0l 355D,

where

(2.13) Bri=2s1q/(g+1), B2:=2s5q/(¢+1).

Note that, in view of Proposition 2.3, we have § € L°°(Q), which ensures that
lwll £o1.62 () is finite.
With help of (2.11), we first obtain that

(2.14) ess}sup[/ wQ(tl) < ¢ (/ |90|(1+1 + [ fllLsro2 (@ llw Hiqﬁ/l ‘}j;r(lQ))
t1€]0,T[JQ Q
and reusing (2.11), it follows that
2q/(g+1
215) o) < 26 < / 601" + 11£1 L51152<Q>|w||L%‘,%2<5>>'

Assume now that the numbers 1, B2 can be chosen such as to satisfy the conditions
of Lemma B.1 for the continuity of the embedding V,"*(Q) — LP#2(Q). It then
follows, from Young’s inequality, that

ol o020y < ( [ il 41

which can be inserted in (2.15) to obtain that

gt1 >
L@ )

(216) Hw”%/;vO(Q) < C(Qa ||00||L‘1+1(Q)a ||f| LSI’SZ(Q))'

Recalling the definition of w, we have obtained the estimate

(2.17) 11212 100y < O B0 a0, 1]

L2 (Q)):

The idea is now to control §* on the boundary with help of Lemma B.1. Since
V,'Y(Q) — L¥3(8) with a continuous embedding, we now obtain a uniform bound

6% ea+nrs(sy) < C(a, 110l Lavr(y, |1 £llLoro2 (),
which makes sense provided that (¢ +1)/3 > 1.
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Finally, we verify that if s1, s satisfy the hypothesis of Theorem 2.1, the choice

. 5s189 — (381 + 252)
n 351 + 259 — 25159

ensures that ¢ > 2, and that the continuity of the embedding V,"°(Q) — LA%2(Q)
is valid.
We reuse the estimate (2.17) to obtain an estimate on V. If r < 2, we can write

r |V9| 1—q)r/2
/'W| - / oz 910

2\7/2 (2—-71)/2
() ()
—q

(1 (g+1
< V|6 (a2 6] (a+1 /2||L2(1q):)/ et )7)(<1+1))(Q)

2o

In view of estimate (2.17) and of Lemma B.1, we see that if the relation

2(1 —q)r < 13—0(2 -r)(g+1)

is satisfied and r < 2, then V6 will be uniformly bounded in [L"(Q)]?. This is true
exactly for the range 1 < r < s. O

Proposition 2.6. Let the assumptions of Theorem 2.2 be satisfied, and define
the numbers ¢ and s as in that theorem. Then for any sequence of solutions {60s}
according to Proposition 2.3

(2.18) 1185 T+D72 |10 ) + 1V85 e @5 + 165l Lavss) < C,

where the constant C' depends continuously on || f|
10all L (@)

Lo1s2(Q)s on ||0ol|1+a(q), and on

Proof. We can of course use the same reasoning as in the proof of Propo-
sition 2.5. However, we obtain an additional estimate thanks to the regularizing
properties of the operator K on smooth surfaces.

We reconsider the relation (2.11). We apply Lemma A.3 with ¢ := w?3/(@+1),
r:=4/q, and s := (g + 1)/2qG, and we obtain that

(2.19) / / G( UwB/(qH w2/ (@+1)

- " 2q+)/(7+1)
> ch/ / LHa+D/(@+D) _CM/ (/ w) .
0 JX 0 >

125



In view of Lemma B.1, the embedding V,"°(Q) «— L°>*/3(8) is continuous. We
obtain that

g Sar/ary 2(g+4)/(q+1) 2(g+4)/(q+1)
w < T|wll g e < Tefjwl] ),
/0 </E > Lo 1(8) A8 ())

< TC'(Q, ||90||La+1(§2)v Hf|

Le1e2(Q))s

in view of (2.16). We now obtain from (2.19) that

(2.20) 10175, s < C-

Unlike in the proof of Proposition 2.5, we are not bound to the condition § > 2 to
control §* on the boundary. Therefore, a larger choice of the parameters si, sy is
possible. 0

In order to pass to the limit with the approximate solutions, we state in the

following lemma an additional estimate.

Lemma 2.7. Let the hypotheses of Proposition 2.3 be satisfied with p > s1, and
assume that the hypotheses either of Proposition 2.5 or of Proposition 2.6 are valid.
Then the sequence |\93||L1(0’T;[er,p(m]*) is uniformly bounded.

Proof. The proofistechnical. The reader will find it at the end of the appendix.
O

Proof of Theorem 2.1 and of Theorem 2.2. Thanks to the a priori estimates of
Proposition 2.5 (or of Proposition 2.6) and of Lemma 2.7, the compactness theorems
of [9] generalized in [12], imply the existence of a subsequence § — 0 and of a
function 6 such that

(2.21) Vls — V0 in [L5(Q)]3, 65— 60 in L*(Q), 65— 6 ae. in Q.
By means of the inequality (2.6), we also find subsequences such that
(2.22) 05 — 0 in L°(8), 6Os — 6 a.e. on 8,

with s := min{2,5(g+ 1)/q + 4}.
In addition, we see that there exists a u € L"(8) such that

(2.23) 05|05]> —u in L"(8)

with r := (§+ 1)/3 > 1 in the case of Theorem 2.1, r := (§+ 4)/4 > 1 in the case
of Theorem 2.2. The fact that » > 1 implies that the weak limit © must be identical
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with the pointwise limit, if it exists. Then the convergence properties (2.22) imply
that u = 0]0|>.
We test in (2.1) with an arbitrary ¥ in C>°(Q) that vanishes in {T'} x 2 and on €.

We can write

_ [ 2% . _ o
/Qeé ot /QW&)W& v + /S G(ol65]*05)0 = /Q 05(0):(0) + /Q 1P,

) represents the terms involving the p-power. Passing to the limit in the

where (...
last relation, we can easily show that

(2.24) —/Qa%—f+/Q/<;(9)v9-w+/sc:(a|9|39)w—/9901/)(0)+/wa.

3. SOME ADDITIONAL PROPERTIES OF WEAK SOLUTIONS

In order to state the first result, we introduce the notation

W(ts, b2, t3:9) == { € WH(Q): Vo € [L"(Q), ¥ € L™(Q), (¥) € L"(D)}.

As usual, the subscript I' indicates vanishing on the surface T'.

Lemma 3.1. The weak solution 6 constructed in Theorems 2.1 and 2.2 has a
distributional time derivative 8’ € L"(0,T;, Wr(t1, ta, t3;Q)]*), where in the case of

Theorem 2.1,

.{5(q+1) g+1
g+4 ' 3

and in the case of Theorem 2.2,

.{5(q+1> q+4

11 — ) 751 )

qg+4 4

g+ 4

tri=s", tai=sy, t3'=—q—’_—-
q

Proof. For ¢ € C(0,T;C>(Q2)) such that ¢ = 0 on I we can write

% 3
[ %< [ envari+ [iceniol+ [ i
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We further estimate the right-hand side using the properties stated in Theorem 2.1
or Theorem 2.2. The proofs being quite similar to each other, we consider the case
of Theorem 2.1. First, we have

/Q ROV < kI VOl e IVl o
/S|G(U|9|3|9|)||¢| <Gl ((g+1)/3.a+1)/3) 10 L (s [ ¥ | Larn /a2 s)

JNIE
Q

Thus, defining the numbers r, t1, t2 and t3 as in the lemma, we obtain that

Love2(Q) 1Y L*12(Q)”

o
}/Q@E S IVl o @ye T 119l e (@) + 19N Lot s))-
The claim follows. (]

Lemma 3.2. Let f € L"(Q) for a r > %, and let 6y € L*>®(Q)), as well as

0, € L>°(C). Then the weak solution 6 of (P) constructed in the Theorems 2.1 and
2.2 is bounded in (), and we have

101l Lo (@) < max{[|0y]|z= () I0ollL=()} + CllfllLr(@)-

Proof. The statement follows directly from the estimate (2.8) on the approxi-
mate solutions. (]

In the case that k; = const in ; for ¢ = 1,...,m, the uniqueness of weak solutions
in the class V5'*(Q) has been proved in [7], together with an interesting comparison
principle. The next lemma is not new but it extends the validity of this result to
larger classes of weak solutions, and to the temperature-dependent heat conductivity,
with an elementary method of proof.

Lemma 3.3. Assume that k; is globally Lipschitz continuous for i = 1,...,m.
Let f1, fo € L*»%2(Q) be such that fi > fo almost everywhere in Q).

Then, if 6; € V(Q)A(Q) N C(0,T; LY()) is a weak solution to (P) corresponding
to f; (j = 1,2), we have 61 > 02 almost everywhere in (). Consequently, the weak
solution to (P) is unique in the class V*(Q) N C(0,T; L'(£2)).
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Proof. Under the assumptions of the lemma, the difference 1 — 65 vanishes
on G, and the relation

31 - /Q(el - 92)%—15 + /Q(ﬁ(el)vel — 1(62)V62) - Vi
" /S G(o[[01%0: — 102[20:]) = /Q (1 = f2)

is valid for all ¢ € VE’W(Q). For parameters v > 0 we consider the function g,: R —
R defined by

(3.2)

L) = g%“) min{|t],7}.

and we denote by F, the primitive of g, that vanishes at zero. Note that g, is
monotonely increasing and globally bounded by 1. We apply Lemma B.2 with v :=
(61 — 02)~, u =0 and we obtain for all t; < T that

(3.3) /Q L ((61(1) — 0s(t2))")

+/ (/<;(91)V91 — /<;(92)V92) . Vgry((gl — 92)7)
Q

t1

+ G(a611%61 — |62[°02]) g~ (61 — 62)7) < 0.
S,

We write

/Q (5(6:)V6; — 5(62)V62) - Vigo (61 — 62)7)

t1

= /Q K(01)V (01 — 02) - Vg ((61 — 02)7)

t1

" / (5(61) — #(62))Vba - Vo (61 — 62) 7).
Q

t1

Observe that

/Q 15(01) — £(02)] V02|V g4 (61 — 62)7)]

t1

1

Y /{(t,ac)le,1 1 0<[(01—02)~ (t,z)|<v}

|K(61) = w(02)[[ V||V (61 — 62)" .

Pointwise in @4, we have the estimate

1
XU(t)eQy 0<[(61—02)~ (t,2)| <~} (01) — K(02)] < Ly,
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where L,, is a Lipschitz constant of x. Due to the dominated convergence theorem,
we thus see that

/Q [K(01) = K(02)[|V02][Vg, ((61 = 62)")] — 0 as v — 0.

t1

Since g, monotonely increases, we have almost everywhere in () that
V(6 — 62) - Vg, (01 — 02)7) = [V (01 — 02) " [*g.,((61 — 62)7) > 0.

From (3.3) we deduce the relation

1im{/QF7((91(t1) —62(t1))")

’y—)O

+ [ Gloliofor ~ 1oz, (02 - 92>—)} <0,

We next observe that g ((61 — 602)7) — —X{(t,2)es: 6,<6,} almost everywhere on 8
as v — 0. We obtain the inequality

L 16ae) = 0a(e0) 71+ [ Glolr0) = 0210 (~xqmres: 0 <o) <0
t1
Now expressing G = I — H, we conclude

- /S (o101 01 — 182 02])x (1005 02<0m)

- / 0116161 — 162°62)

t1

+ / H(o[|0 01 — 1020 X (0,015 61.<00)
S

t1

> / 0116161 — 162°62)
S

t1

+ H (o (1011201 — 02]°02) )X {(t,0)€8: 02<62)

Sty
> (= [Hleaw) [ oll6af0r - 662)" >0
Stl
Thus, [q, [(61(t1) — 62(t1))7| < 0 for all ¢; € ]0,T, and the claim follows. O

Remark 3.4. Under the assumptions of Theorem 2.1, we can introduce for
fixed 6y, 0, with (1.3) the nonlinear solution operator S: L?*(Q) — V22(Q) to the
problem (P) defined by the correspondence f +— 6. Since § € C(0,T;L?(Q2)) is
an easy consequence of Lemma 3.1, Lemma 3.3 shows that S is well-defined and
monotone.
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4. L -ESTIMATES

The result of Section 2 shows two cases such that the nonlocal radiation term G (64)
can be controlled to obtain a weak solution in the sense of Definition 1.1. In The-
orem 2.1, we consider a nonsmooth surface 3, and obtain the result by requiring a
certain regularity of the right-hand f. In Theorem 2.2, right-hands f € L'*¢(Q) for
¢ arbitrarily small are admissible, but we have to compensate this lack of regularity
by using the smoothing properties of the operator K, valid only on regular surfaces.

In this section we will be interested in the limiting case that f € L*(Q). As in the
stationary case, we can prove the existence of weak solutions only if the surface X
is sufficiently smooth (cf. [2]). In addition, we obtain uniform estimates only in the
case of a nowhere vanishing reflexivity, that is

(4.1) t—e(t,z) € C([0,T]) forall z€ X,
Vte[0,T], e(t,z) <1 forall ze€X.

For technical simplicity, we restrict ourselves in this section to the case that
(4.3) f >0 almost everywhere in Q.

Theorem 4.1. Let ¥ € CY* (o > 0), and let ¢ satisfy (4.1) and (4.2). Let
[ € LY(Q) satisty (4.3), and let 0y, 0, satisfy (1.3). There exists a weak solution
0 N VEHQ) N LY(Q) to (P) in the sense of Definition 1.1. In addition,

1<p<?
essinf @ > 0,,.

Q

As to the structure of this section, we start the proof of Theorem 4.1 by construct-
ing approximate solutions. Uniform estimates are derived in Proposition 4.3 and in
Proposition 4.4. The proof of the main result 4.1 then follows.

Proposition 4.2. Let ¥ belong to the class C! piecewise. Assume that f € L'(Q),
and that 0y, 0, satisfy (1.3). For § > 0, we define fl% := sign(f) min{|f|,1/4}.

Then there exists a unique 05 € \7(2)’5(62) N C(0,T; L*(Q2)) such that 65 =6, on €,
and

(4.4) —/Qeé%—f+/Qﬁ(95)vea-w+/SG(a|95|395)¢

= [+ [ £

for allvy € \7%’5(@) such that ¢(T') = 0. In addition, we can assume that 05 € L>°(Q),
and that there exists a distributional time-derivative 85 € L*(0,T; [Vi>"*()]*). Under
the additional assumption (4.3), we can show that 85 > 6, almost everywhere in Q).
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Proof. Existence in \7(2)’5(62) follows from Theorem 2.1. The additional regu-
larity follows from Lemma 3.1 and Lemma 3.2. Note that 5 € C(0,T;L?(2)) is a
well-known consequence of the existence of 65 € L*(0,T’; [VZ°(Q)]*). The uniqueness
is then derived from Lemma 3.3. Under the additional assumption (4.3), we can use
Lemma 3.3 to verify that 05 — 6, = S(fl°) — S(0) > 0 almost everywhere in Q. O

Proposition 4.3. Let the hypotheses of Proposition 4.2 be satisfied. For the
sequence of approximate solutions {0s} that satisfy (4.4), the following uniform es-
timates are valid:

(1) There exists a positive constant Cy such that [|0s]| 1) < Ci.

(2) For all 1 < r < 2, there exists a positive constant Co = Ca(r) such that
[83llw20(g) < Co.

(3) There exist a positive constant C3 and a number 1 < ¢ < oo such that for all
i=1, e m 105 Lo rqwiauyye) S s

The constants C; (j =1,...,3) depend continuously on || f||11(q), on [|6o]|11(q) and

on |0y (q), but are independent of J.

Proof. For the sake of notational simplicity, we write 6 instead of 8s. For a
parameter v > 0, we consider functions g = g.,, F = F,, € C(R) given by

v,
- if s < —»,
2

1. . s :
g(8) == ; sign(s) min{|s|, v}, F,(s) = g if —y<s<n,

gl .
s— = if s> 7.
B Y
Clearly, F is the primitive function of g that vanishes at zero. We are allowed to

test the relation (4.4) with ¢ := g(6 — 6,). Applying Lemma B.2 with u := 6 — 6,
we get the relation

[ 0w =00+ [ wo)v0-Va,0-0)+ [ GlloP0),0-0,
Q Qty 8ty

- / Fy0o— 0+ [ 1,0 0,).
Q Qi

Since g, is nondecreasing and 6, is constant, we have V6 - Vg, (0 — 6,) > 0 almost
everywhere in Q.
In view of Lemma A.4, we verify that

G(0]01*0)g, (0 — 0) > 0.
Sf,l
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Letting v — 0 in the previous relation, we obtain the inequality

(4.5) / 18(t1) — 6,1 < 80l 21 + /1121 ().

This proves the estimate (1).
For the next estimate, we follow the techniques of [8]. For n € N we consider the

functions
-1 for t<—(n+1),

t+n for t€[—(n+1),—n]|,
gn(t):=< 0 for ¢t € [-n,n|,
t—n for ¢t €[n,n+1],

1 for t >n+1,

and define F,, as the primitive function of g,, that vanishes at zero. Observe that g, is
continuous, nondecreasing and bounded, and we are allowed to test the relation (4.4)
with 9 := ¢,,(6 — 6,). Applying Lemma B.2 with u := 6 — 6, and @ := 0, we obtain
for all t;1 < T that

/ Eo(0(t1) - 6,) + / w(0)[VOP0(0 — 0,) + | Go]0]*0)gn(6 — 0,)
Q Q

t1 Stl

= / F (6 — 0,) + 9,6 —0,).
Q Qty

Recalling Lemma A.4, we verify that [ G(0|0]°0)gn(0 — 0,) > 0. Letting t; — T
t1
yields the inequality

46 [ o= 0mOITOR < [ b0 =00+ [ 10,0 0,) < 1l
where we have also used the fact that 6y = 6,. As in Proposition B.3, we introduce
B, :={(t,x) € Q: n<|0(t,z) — 04| <n+1}.

Relation (4.6) amounts to saying that
/| KOO -0 < ISl
Now, Proposition B.3 applies. Combined with (1), it gives (2).

Finally, we want to estimate the time derivatives. The relation (4.4) is equivalent
to

a7 (0w, = / K(0(1) V(1) - T — / G(ol0120(t) + / 19ty
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for almost all ¢ € ]0,7[ and all ¢ € VFQ’E’(Q). Here (-,-) is the duality pairing
in V25(Q).
m
We recall that Q = (J ©;. In (4.7) we can choose any test function ¢ € Wol’q(Qi)
i=1

(¢ > 5) that we extend by zero to the rest of Q. For this test function it follows that

@ 0.0 == [ wo0vo0 o+ [ .

i

We obtain

[0 (0), )] < cIVODl L () + I D1 @) [P llwaq,)-

Thus,
10"z < VOO L @,y + 1F OllLr i)
In view of the previous result (2), it follows for ¢ > 5 that
16l 0w w2y < AT VOl par @uyps + 1 llz2(@)
<O, T, 1fllzr@)-
This is the last claim that we had to prove. (I

In the next proposition we state two additional, technical estimates and derive the
uniform estimate that will allow to control the surface integral.

Proposition 4.4. Let the hypotheses of Proposition 4.2 be satisfied, and assume
in addition that ¥ € C1'®, a > 0, and that ¢ satisfies (4.1) and (4.2). Let {05} be
the sequence of approximate solutions that satisfy (4.4).

(1) Let H denote the positive operator introduced in Lemma A.2(6). For every
nonnegative h € C}(R) we can find a positive constant C(h) that depends on
the data and on h, but is independent of §, such that

/aﬁ(aa§)h(95) <C(h).
8
(2) There is a constant ¢ independent of ¢ such that for all A > 0

esssup{meas({z € 2: 05(t,2) > A})} < ¢/VA,
t€]0,T|

(3) There exists a constant C' independent of § such that ||03| sy < C.
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Proof. (1) We first prove a preliminary estimate. For ¢ € C(R) we denote by &
the primitive function of £ that vanishes at zero, and introduce the notation M :=
J57 1€(s)> ds. We show that if M¢ < oo, then there exists a positive constant Cg
such that

(4.8) IVE(0s)l1r2(q)2 < Ce.

We introduce the function g = g¢: RT — R* defined by g¢(t) := fot |€(s)|? ds, which
is nonnegative and continuous, nondecreasing, and vanishes at zero. We denote by
F = F; the primitive of g that vanishes at zero. Since g is globally bounded by the
number Me, its primitive F' has at most linear growth at infinity. Starting from (4.4),
we apply Lemma B.2 with u := 65 and @ := 6. For all ¢; € ]0,T[ we can derive the
identity

(4.9) /Q F(0s(t)) + / k(0)V05 - Va(05) + [ Clol6s[*6s)9(05)

Qtq 8¢y
= [ 9(65)+ [ Feo)+ .
Qty Q
where
D= [ k(6:)V05- V(6 + [ GlolosI*0s)a(6,) +9(6,) [ (6(t) ~ 65(0))
Qtq Sty Q

Under the simplifying assumption (1.3) we see that

ID[ < g(0g)[105 | <1 (q).

which remains bounded in view of Proposition 4.3. On the other hand, Lemma A.4
can be used to verify that [, G(065)g(f5) > 0. Thus, we can conclude that
t1

[ POste)+ [ (69985 Val6s) < € s (@60 Mo)
Q Q

ty

We denote by £ the primitive function of ¢ that vanishes at zero. Obviously,

J

proving (4.8). For allh € C}(R), both € := h and £ := /|| satisfy Mg < oo. Setting
h(t) := fot V| (s)| ds, we obtain from (4.8) for every h € C}(R) the existence of a
constant C'(h) independent of § such that

(6)V05 - Vg(0s) = /Q 15(605) [V E(05) 2,

t1

(4.10) IVA(08) 2@y + IV R(05)ll 22y < C(h).
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To prove (1), we apply Lemma B.2 to the relation (4.4) with g := h, u := 65 and
@ := 0y, and as in (4.9) we can deduce that

(4.11) /Q}_L(Q(s(h))-f—‘/Q h/(gg)ﬁ(95)|veg|2+/s G(U|95|395)h(95)

).

where D, as in the case of (4.9), is uniformly bounded with respect to 6. On the
other hand, due to (4.10) we have

fOIR(6s) + / F(by) + D,
Q

t1

B (05)k(05)| V5|2

< / (65)|Vi(65)2 < C(1).

“1

‘ Q,

Note also that h(t) = fg h(s)ds is globally bounded. Thus, decomposing G =
(I — H) according to Lemma A.2 (6), we deduce from (4.11) that

(4.12) / eH(00)(65) < C(h) + / cobBih(0s)
8 8
<C

(h) + o meas(8)( max |s|*)(max |h(s)|),

sesupp(h) sER

proving the claim (1).
(2) For A > 0 we consider the function g = g given by

gx(s) = sign(s) min{|s|, A}.

We denote by F) the primitive of g that vanishes at zero, that is

)\2
As| — 5 if |s| > A,

Fy(s) = g2

For all t; €0, T[, with help of Lemma B.2 we can derive the identity

(4.13) /QF,\((%(U)) +/ Ii(ea)vea . Vg)\((%) + G(U|95|395)g)\(95)

Qtq 8¢y
/Q

FPga(65) + / Fu(6) + D,
Q
D= / /<;(95)V05 . Vg)\(f)g)
Q

t1

)

t1

where

G(010520)9(0) + 9(6)) / (05(t1) — 03(0)).

t1
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Under the simplifying assumption (1.3), we see that

D] =

0,) [ O5(00) = 5(0) | < ABoll=0c0
On the other hand, we observe that

G(a|05[°05)gx(85) > 0,
S,

due as usual to Lemma A.4. Observing that F)(s) > g3(s)/2 for all s € R, we deduce
from (4.13) that

3 [ A+ [ Va6

Qt,
S A llzr @) + 0o meas(Q) + [[05]] 1(q))-
2

Vl,o(
on §. Now, using the result of Lemma B.1, we obtain that

Using also Proposition 4.3, we see that ||gx(605)]| < ¢, where ¢ does not depend

(4.14) 192 (05)117.1(s) < che,

where ¢ is the embedding constant of V,"°(Q) < L>>(8). For almost all ¢ € 0, T,
note that

Ameas({z € D 65(t.2) > A}) < llgr (66) (0|2
and therefore

A (esssup{meas({z € ¥: 05(t,2) > A})})? < (esssup [lgr(05) ()| 1 (z))* < cheA,
t€]0,T| te]0,T|

in view of (4.14). This proves (2).
(3) For 65, according to Proposition 4.2 we are allowed to introduce the solution Rs
of the radiosity equation (0.10),

Rs:=(I—(1—¢)K) ' (c0b3).

In view of Lemma A.2(3), we have Rs € L°*(8), and Rs > 0 almost everywhere
on § due to the positivity of the operator (I — (1 —¢)K)~ .

On the other hand, by Lemma A.2(6) we have the identity K(Rs;) = H(c?).
Using the result of Proposition 4.4 (1), it follows for all h € C!(R) positive that

(4.15) /SEK(R(;)h(L‘)(;) :/Seﬂ'(aﬁgl)h(@g) <C(h).
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Almost everywhere on 8§ we have
(4.16) Rs — (1 —€)K(Rs) = eobi.

Multiplying (4.16) by the function h(6s) and using the estimate (4.15) we can verify
that

(4.17) [|Rsh(06)]l 2 (s) < oll03h(0s)l| (s + (1 = )| K (Rs)h(Bs)l| 1 s)

1 —
< ameaS(S)( max |s|4) (maX |h(s)|) + il
sesupp(h) sER

—C(h).

We start again from the relation (4.16) valid for almost all (¢,2) € 8. For a fixed
parameter k > 0 we can choose a function hy € C!(R) with the following properties:

hi(s) =1, s € [0, k],
12 hi(s) 20, selkk+1],
hi(s) =0, s€lk+1,00]

and we can multiply (4.16) by the function hy(65). We obtain for almost all (¢, z) € §
that

(418)  (1—e(t,2)helbs(t. 2)) / W(zsy) Rty ) Sy < hu(Ba(t, 2)) Rt 2).

We integrate the inequality (4.18) over X, and using Fubini’s theorem together with
the positivity of w, we obtain that

(4.19) /Z:R(s(t, ) (/2 w(z,y)he(05(t, 2)) (1 —e(t, 2)) dSZ) dSy
< |hi(0s(8) Rs(t) || 11 ()

Note that for fixed k the right-hand side of (4.19) is uniformly bounded in L' (0, T) in
view of the estimate (4.17). On the other hand, we can write for almost all ¢ € ]0, T
that

meas({ € X: 05(t,&) < k}) = meas(X) — meas({€ € X: 05(t,€) > k})
> meas(X) — ¢/VE,

where we make use of the uniform estimate in Proposition 4.4 (2). We deduce that

(4.20) izg}soi’%f[{meas({g € 05(t,€) <k})} > meas(X) — ¢/VE.
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We introduce
£ ) = / Wz y)x(ees: oy .6y <y W)(1L — £(t,2)) -

Defining dp as in Lemma A.6, we can in view of (4.20) choose a ko > 0 independent
of ¢, § such that

es]so'r%f[{meas({f €3 05(t,8) < ko})} > measX) — .
t€]o,

We conclude from Lemma A.6 that

essinf essinf f9 > 3.
S te]O,T[ka’t(y) = Bo

It now follows from (4.19) that

42) o [ Ro(t)dS, < [ Ro(t) 6,.06) S, < sy Os(0)Rs(0) 1103
) )
We integrate over |0, T'[ to obtain

BollRsllzr(s) < o (05) Rl L1 (s) < C(ko),
due to (4.17). Since 0§ < Rs/(0e;) uniformly on § due to (4.16), the claim follows.
O

Proof of Theorem 4.1. Applying Proposition 4.3, we first find a sequence such
that

(4.22) 05 — 0 in WO(Q) for 1<r< Z.

We now want to prove additional convergence properties. For the number ¢ given in
Proposition 4.3 (3), we have

W (Q,) — L7() — [Wy (%))

We introduce the notation Q; :=10,T[ x Q; and S; :=]0,T[ x 9€Q;. From Proposi-
tion 4.3 (3), and the generalized Lemma of Aubin-Lions, we get for alli =1,...,m
that s — 6 in L™(Q;). In view of the inequality (2.6), we also find a subsequence
such that 65 — 6 in L"(S;) and, after extracting subsequences, even

(4.23) 05 — 0 in L7(Q), 65— 0 in L7(8),

fs — 6 pointwise a.e. in () and on S.
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In order to pass to the limit with the surface integrals in (4.4), the uniform bound de-
rived in Proposition 4.4 (3) is not sufficient. Though we can prove the convergence in
general settings, we can use the simplifying assumption (4.3) to significantly shorten
matters. Under (4.3), observe that £ / f almost everywhere in Q as § \, 0. In
view of the positivity property of Lemma 3.3, we see that 65 " 6 almost everywhere
in @ as § \, 0. Then the monotone convergence theorem and Proposition 4.4 (3)

/94:11m/9§<c
38 N0 Jg

Therefore, §* € L1(8), and we have even

imply that

(4.24) 03 — 6* in L(8).

Thanks to (4.23) and (4.24), we can elementarily pass to the limit in (4.4) and get
(4.25) / 9— + [ k(O)VO -V + / G(a0" ) = / 01 (0 / fe

for all ¢ € VE>(Q) (¢ > 5) such that ¢ =0 in {T} x Q. O

APPENDIX A. ESSENTIAL PROPERTIES OF THE RADIATION OPERATORS

Throughout this section we assume that Qq, ..., ,, (m > 1) are bounded domains

m j—
such that U (), is simply connected, and such that the condition (0.1) is satisfied. As

1=0

in the introduction of the paper, we set Q := U Q;. We denote by ¥ the boundary

of the transparent cavity 09, and by I' the exterlor boundary 92\ X.
The following lemma has been proved in [3] for polyhedral surfaces, in [14] for
piecewise C! —boundaries.

Lemma A.1. Let ¥ € C!' piecewise. Let w: ¥ x ¥ — R denote the view-
factor (0.6). Then, for almost all z € ¥,

/ w(z,y)dS, < 1.

b

In addition, the equality is valid if and only if the enclosure condition (0.2) is satisfied.
For 1 < p, g < oo, we introduce

(A.1) L(p,q) := LLP(S), L7(8)),

the space of all linear continuous maps from LP:9(8) into itself. The following lemma
states easily derived, but essential consequences of Lemma A.1.
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Lemma A.2. Let the hypotheses of Lemma A.1 be valid.

(1) For each 1 < p,q < oo the operator K extends to a bounded linear operator
from LP9(8) into itself, and the norm estimate || K||z(p,q) < 1 is valid.

(2) The operator K is positive, in the sense that K (f) > 0 almost everywhere on 8
whenever f > 0 almost everywhere on 8. Moreover, K is positive semi-definite
and selfadjoint in L*(8).

(3) Ife: 8§ — R is such that

0<e <e(t,z) <1 on |0,T[x X,

then the operator [I — (1 — €)K| has a positive inverse in L(LP1(8), L?9(8))
having the representation

o0

I-(1-9)K]™'=) (1-¢) K"
=0

(4) The operator G is positive semi-definite and selfadjoint in L*(8). The operator
H := I — G is positive, selfadjoint in L*(8), and satisfies for all 1 < p,q < 00
the norm estimate || H ||z, q) < 1.

(5) Assume in addition that (0.2) is valid. Then the kernel of the operator G
consists of the functions constant almost everywhere on X..

(6) The operator H := I — G/ has the representation H = K[I — (1 — ¢) K] 'e.

Proof. Denote by S the surface measure on 3. We can prove that the mapping
(z,y) — w(z,y) is S x S-measurable on ¥ x ¥ provided that ¥ is a Lipschitz surface.
This will ensure, for f € L(8), that the mapping

(t,z,y) — w(z,y) f(t,y)

is A1 X S x S-measurable on [0, T] x ¥ x 3. Thus, by Fubini’s theorem, we can easily
derive the assertions of the lemma from the properties that were established in [15],
[10], among others, for the stationary operators. (Il

We also need to recall two auxiliary lemmas.

Lemma A.3. Let ¥ € C1'® (a > 0). Let r,s > 0 be two real numbers such that
s < r+ 1. There exists a positive constant c, s such that for all ) € L™(%),

(r+1)/s
Leturtome ([wr) = el
b)) >

Proof. The proof in the case that (0.2) fails is trivial (see [15]), and valid
even for nonsmooth boundaries. For the case that €2 is an enclosure, a proof is given
in [2]. O
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The next two statements are proved in [2].

Lemma A.4. We assume that (0.2) is valid. Let F': R — R be a nondecreasing
continuous function such that F(0) = 0 and |F(t)] < Co(1 + |t|?) as |[t| — oo
(0 < s < 0). Let 0 < r < oo be an arbitrary number. Then, for all ¢ € L™T5(%),

LG@W*WFW»ux

Lemma A.5. Let ¥ € CY* (o > 0). For p > 1/a, the operators K and H
(Lemma A.2(6)) are compact from LP(X) into C(X).

Lemma A.6. Let ¥ € C1® (o > 0) and assume that the emissivity e according
to (1.2) satisfies (4.1) and (4.2). Then there exist positive constants By > 0 and
do > 0 such that for all measurable A C ¥ with meas(A) > meas(3) — d9 we have
Jaw(zy) (1 —e(t,y))dSy > By for all (t,z) € [0,T] x X.

Proof. Assume that the claim is not true. Then there exists a sequence
{4, }nen of measurable subsets of ¥ such that x4, — 1in LP(X) (p < oo arbitrary),
and a sequence {(t,, z,)} C [0,T] x ¥ such that (¢,, z,) — (t*,z*) for some (t*, z*) €
[0,7] x ¥ and

(A.2) K(xa, (1 —e(tn)))(zn) < 1/n.

Since the function ¢ is continuous in time and globally bounded, we can show that
Xa, (1 —e(ty)) = (1 —e(t*)) in LP(X) (p < oo arbitrary). In view of Lemma A.5, it
therefore follows for a subsequence that K (x4, (1 —&(t,))) — K(1—&(¢*)) uniformly
on X. Passing to the limit in (A.2) and using the positivity of the function K (1 —
g(t*)), we obtain that

K(1—¢e(t")(z*) =0.

Since K (1 — €(t*)) is a continuous function due to Lemma A.5, the statement of

Lemma A.1 is valid everywhere on X, and we obtain that
/Zw(z*,y)e(t*,y) ds, = 1.
Writing
1= [ u et ) as,

= / w(z", y)e(t*, y)dS, + / w(z*,y)dS,
{yex: e(t*,y)<1}

{yex: e(t*,y)=1}

we clearly obtain a contradiction in view of (4.2) and Lemma A.1. (]
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APPENDIX B. AUXILIARY RESULTS
The following embedding result is well known.

Lemma B.1. Let Q C R? be such that 9Q € C%'. For T > 0, let Q :=]0,T[ x .
If r, q satisfy

1 3 3
7’6[2,00], q6[2a6]a ;+2_q21’

then there exists a positive constant c, 4 such that

||u| Lma(Q) < CHU'HVQLO(Q)'

If 7, G satisfy

4 1 1 3
~€27 ) ~6|:_a4:|a = ==
Felodl dey Ft7T1
then there exists a positive constant ¢ ; such that
||U||Lfvfi(]o,T[xaQ) < 5HUHV2LO(Q)~
Proof. See [6, Chapter II, §3]. O

For functions defined in @), we can introduce for all h € ]0,T'[

1 [th
upy(x,t) = E/ u(zx, 7)dr.
t

The function u;) is called the Steklov averaging of u, and belongs to Wa(Qr—1)
whenever u belongs to W, %(Q). Its fundamental properties are listed in [6, Chap-
ter II, $4]. The notation

1 t
u(ﬁ)(q;,t) = E/t hu(l‘,T) dr

makes sense if we extend u, for instance by zero, to the interval [—h, 0]. For functions
u,n: @ — R such that n vanishes in the intervals [—h,0] and [T — h,T], and such
that fQ undz dt < oo, the relation

(B.1) /un(ﬁ) dxdt:/u(h)ndxdt,
Q Q

is valid. We now give a lemma that helps us to shorten some technical arguments.
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Lemma B.2. Let & € LY(Q), & € LY(8), and suppose that &3 € [LP(Q)]? for
some p > 1. Denoting as usual by p’ the conjugated exponent to p, suppose that
u € Wpl,’O(Q) NC(0,T; LY(Q)) satisfies

(B.2) —/Quég—f_/Q&l/J-F&s'Vi/)-f'/gle/J

for all ¢ € C°(0,T;C*(Q)) such that ¢ =0 on C.

Let g: R — R be globally Lipschitz continuous and bounded, and let F' denote the
primitive function of g that vanishes at zero. Then, if i € W1(Q) N C(0,T; L*(Q)),
s = max{p,p'} is such that u = @ on C in the sense of traces, we have for all t; < T
the identity

/ Flu(t)) = / F@) + [ &lgt) - ga)
Q Q Qg
4 /Q & - V(g(u) — g(a)) + /S &0 - 9(a)

_/Q 3%(t)+/Qu(t1)g(u(t1))—/QU(O)Q(U(O))-

t1

If the function g is not globally bounded but u,u € L°°(Q), then the assertion
remains valid.

Proof. We denote by C2°(f2) the set of all functions that are smooth in 2
and that vanish on I". We consider ¢; < T arbitrary, and choose a positive number
h < T —t;. For an arbitrary ¢» € C2°(0,t;; C2°(12)) that we extend by zero to [t1, T]
and [—h, 0], the test function ¢ := 1[)(@ can be used in (B.2).

It is checked elementarily that

_ / L _ [ Ouay b
o ot J, ot

Using also the fact that the Steklov averaging operator commutes with derivative

with respect to space, we transfer for each integral the Steklov averaging according
o (B.1), and we obtain that

(B.3) / i j - / (&) + / )y - Vi + / (62) 0

for all ¥ € C°(0,t1; CR2(Q)).
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By assumption, the function g(u)) — g(@m)) belongs to the space W ’ G(Qtl)
and can therefore be approximated in the norm of W ; C(Qtl) by a sequence {wk} C
C(0,t1; C(R)). We insert ¢y, in (B.3).

Passing to the limit & — oo and observing that (u)/0t)g(uy)) = (0/0t)F (up),
we obtain that

/Q Flugy(ty) = / Fugn(0)) + / (€0 o09) ~ 9(700)

“1

ou
+/t1 8(1fh)g(l_t(h))+/c2t (&) - Vglum) — 9(um)))

1

+ /S () (9(ugny) — g(am)-

Stq

Using integration by parts again, we have

8U(h) _
9(tny)

1 og(u
= _/ u(h)%+/Qu(h)(t1)g(ﬂ(h)(t1)) —/Qu(h)(o)g(ﬂ(h)(o))-

Since u € C([0,T]; L'(£2)), we have for all t € [0,T] and h — 0 that u,(t) — u(t)
in L*(€). Since the function g is globally bounded, its primitive F has at most linear
growth at infinity, which implies that

F(ugy(t)) — F(u(t)) in L'(9),

for all t € [0, T]. The convergence of the right-hand side as h — 0 is checked easily.
This proves the claim. ([

To obtain a-priori estimates in the L'-case, we will need two further auxiliary
results.

Proposition B.3. Forn € N and u € W}°(Q) N L>*(Q), define
B, :={(t,x) €[0,T] x Q: n < |u(t,z)] <n+1}.
Suppose that there exists a positive constant C such that sup fB |[VulP da dt < C,.
neN "

15
Ifp < 7,

depend only on , q, p, such that for s = (p — q)/3q

then for all 1 < g < p — —, we can find positive constants ¢y, co that

s 1
IVl Loy < €1+ callullf o) O/

Proof. Similar results were proved in [1]. We can also follow the argumentation
of [8]. O
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APPENDIX C. TWO TECHNICAL PROOFS

Lemma C.1. Assume that 6 satisfies Proposition 2.3. Then, for all 0 < ¢ < oo,
the estimate (2.10) is valid.

Proof. For a number ¢ > 1 we consider the functions g = g4, F = F, € C(R)

given by
1

g+1
The function F' is the primitive function of g that vanishes at zero.

We want to test the relation (2.3) with the function ¢ := g(6) — g(6,). Observe
that |[Vg(0)| = q|0]9~1|V8|. Since § € L>(Q) according to Proposition 2.3, it follows
that g(#) € LP(0,T; W'P(€)). Since in addition ¢ = g(6) — g(6,) vanishes on C, the
function ¢ is admissible in (2.1).

g(s) :== |5|q*157 F(s): |s|q+1.

Applying Lemma B.2, we can derive for all t; < T the identity

p—2 P . q—1 o 3 q—1
(C.1) /QF(O(tl))—i—/Qt1 (0|Vo + k(0))VO - V(]0] 9)—1—/&1 G(o0l0]°0)|0|17 6
= f[5]|9|q*19+/ F(6(0)) + R,
Qty Q
where

Rim = [ (107720~ lo,p=20,)101"0 ~ I, 1",

1

+/ (8|VO[P~2 + k(0))VO -V (|0, 10,)
Q

ty

Q

+ /S G(0]0°6)[64|7 16, +g(09)/(9(t1) —6(0)).

We now want to estimate the absolute value of R. The simplifying assumption (1.3)
that 0, is a constant, though not strictly necessary for the proof, will help us to
shorten matters.

By Young’s inequality we obtain that

1 q+1 q
‘/Q(Q(tﬂ—f)(()))‘ < m/ﬂh‘)(h” + +Cq‘/Q|90| +1,

Due to the fact that G is selfadjoint we have

Glolo0)16, 110, = [ olooG(18,"6,) =0,

Sty Sty
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since GG vanishes on constants. Thus, we obtain that

1
Rl <— o(t, )91 /9 q+1,
R < g [ 100+ e, [ 0o

which together with (C.1) proves the claim for ¢ > 1.
In the case 0 < ¢ < 1, we consider for a parameter a > 0 the functions g = gq,q¢,
F =F,, € C(R) given by

9(s) = (Is| + a)*" s,

(a—t)9t (o —t)?H! adtl
_ - + if ¢+ <0,
F(t) q a(¢+1)  qlg+1)
(a+t)it  (a+t)rt! aitl £t 0
q gla+1)  qlg+1) '
We again test the relation (2.3) with ¢ = g(6) — g(¢,). By similar arguments we
obtain the relation (2.10), this time with 0 < ¢ < 1. O

Lemma C.2 (Lemma 2.7). Let the hypotheses of Proposition 2.3 be satisfied,
and assume that the hypotheses either of 2.5 or of Proposition 2.6 are valid. Then
if p > s, the sequence ||03||L1(07T;[er,p(m}*) is uniformly bounded.

Proof. For the sake of notational simplicity, we write 6 instead of 5. In (2.3)
we test with 6(¢) — 6,, and by usual considerations we obtain the inequality

(O'(£),0(t)) + 110 1.0 </Qf[‘s](t)(f’(t)—9g)+<9'(t),9g>-

We integrate this inequality on ]0,¢1[. We have

/O "0, =0, [ ot —a0)

Therefore, by Young’s inequality, we obtain that

t1 1
‘/ @00\ <7 [ 0P ve [ ool
0 Q Q

Since p > 3, the space W1P(Q) embeds continuously in the space of continuous

functions, and we get

1 *1
10N+ [ 1000
< g1 720) + llf 2o 0,721 ) (101l oo, msw e @) + 118g] Lo o, om0 @2)))-
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Therefore,

5||9||1£p(0,T;W1,p(Q)) < C+cllfllne o5 @) 10l Le o, mwe ()

If ||0] e (o, 7;w1.p()) = 1, then it follows that

5||9||Lp(0TW1p(Q)) C+cllfllpero,ricr@)-

Thus, we get that

(C'2) ”61/ P 1)9||Lp(0 TWie(Q)) S max{5 C+ C||f|

Lo1(0,T:L1 () }-

Starting again from (2.3), for 1 € Wi'" () we can write

@< [ BIveOP + sEe)venve
+ [@wor +56,0r + 50D
Q
G(alot)?0
+ [ |taotia|
< SOOI e [l ey + Rl VOO | oy | 7 oo
170y ma ]+ 000y

Using one more time the continuity of the embedding W ?(Q2) — C(Q), we get

(C3) 18/ ()lwpr - < OUBTE ) + 1061157 ) + V0@ o o)
IOl + 10O Las))-

We have 5||9(t)||%11),p(9) = |61/ =Dt )||W1 » () Which, in view of (C.2), is uniformly
bounded in the space LP (0,T).

With Proposition 2.5 or 2.6 we find that the sequence {||05||‘i4(2)} is bounded in
the space L(0,7). Thus, we get

N

(C.4) 1651 21 0,7, w2 7 1) < €
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