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Abstract. This paper concerns an obstacle control problem for an elastic (homogeneous)
and isotropic) pseudoplate. The state problem is modelled by a coercive variational in-
equality, where control variable enters the coefficients of the linear operator. Here, the role
of control variable is played by the thickness of the pseudoplate which need not belong to
the set of continuous functions. Since in general problems of control in coefficients have
no optimal solution, a class of the extended optimal control is introduced. Taking into
account the results of G-convergence theory, we prove the existence of an optimal solution
of extended control problem. Moreover, approximate optimization problem is introduced,
making use of the finite element method. The solvability of the approximate problem is
proved on the basis of a general theorem. When the mesh size tends to zero, a subsequence
of any sequence of approximate solutions converges uniformly to a solution of the continuous
problem.

Keywords: control of variational inequalities, optimal design, minimization, pseudoplate
with obstacles, cost functional, thickness, G-convergence, coercive variational inequality,
approximate optimization problem, finite element
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INTRODUCTION

The paper is devoted to an optimal control problem for an elastic pseudoplate
(a plate with small bending rigidity). The bending of the pseudoplate is described
by means of a shear model, the plate is deformed only by shear force (see [2]). In
classical elasticity theory a pseudoplate is a plate offering resistance to bending when
only a shear is acting. We assume that a homogeneous and isotropic pseudoplate
occupying a domain €2 x (—e, e) of the space R? is loaded by a transversal distributed

* This work was supported by Grant 1/3312/06 of the Grant Agency of Slovak Republic.
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force q(x1,x2) perpendicular to the plane Oxyx2. The pseudoplate is supported uni-
laterally by a finite number of rigid obstacles (punches). The role of control variable
is played by the thickness of the pseudoplate. The control variable has to belong to
a compact subset of Lo, (£2). The cost functional represents a norm of the deflection
function. The state problem is modelled by a variational inequality, where the con-
trol variable influences the coefficients of the linear monotone operator. Existence
of an optimal control is proven on the abstract level for a class of extended optimal
control. We prove the continuous dependence of the solutions of state variational
inequalities with respect to the G-convergence of the operators involved.

Next the optimal control problem has to be solved approximately. We restrict
ourselves to a pseudoplate-beam problem. We employ the simplest kind of finite
elements, namely piecewise linear functions over beam elements. In this way the
space of state functions and the set of admissible control variables are discretized.
We prove that approximate control problem has at least one solution on the basis of
the general theorem for discretization problem. Finally, we study the convergence of
approximate solutions when the mesh size tends to zero.

1. SETTING OF THE PROBLEM

Let us assume that the midplane of the pseudoplate occupies a given bounded
and simply connected domain Q C R? with regular boundary 9Q). We denote the
standard Sobolev function spaces by H*¥(Q2) = Wk(Q), & = 1,2. Let the norm
in H'(Q) be denoted by || - || g1 (), where [|[v]| g1(q) == ([o,([v]* + |grad v|?) dQ)l/Q.

Here H*(2), k = 1,2 is a Hilbert space with the scalar product:

(v, 2) w2 = Z / D D%zdQ, |a|=a1+a2, D*= 8‘“'/80‘1x18°‘2x2.
Q

lo| <k

Further we denote H}(Q) = {v € H*(Q): v = D% = 0 on 95 for |a| < k — 1}, the
Hilbert space with the following scalar product: (v, z)gr(q) == > Jo D0 D*zdQ2.
|| =k
The expression |v|grg) == | > [,[D*v]? €, defines the seminorm in H*(1).
la|l=k
In the following Lo () and L (€2) denote the space of square Lebesgue integrable

functions on 2 and the space of measurable essentially bounded functions on £2,
respectively. The functional || - ||;__ (o) defined by || - |1 () := esssup |v(z1,z2)| is
a norm on Leo (). [o1,22] €62

We shall denote by C™ () the space of m-times continuously differentiable real

valued functions for which all the derivatives up to order m are continuous in  and
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the space C{"(Q2) given by
Cy Q) := {v € CJ*(): supp(v) is a compact subset of Q}.
The Lipschitz boundary 9f) is decomposed as follows:
00 = 0Qaisplacement U OQcontact

where 0Qgisplacement and  0Qcontact are open, non-overlapping parts of 02,
Oisplacement 7# 0, OQcontact 7 0. On each part of 9Q different boundary con-
ditions will be prescribed. On 0€Qgisplacement the kinematic condition is given

Mv =0 on 89displacement;

where 4 is a linear, continuous and compact trace operator: H*(Q) — Lo(0€) such
that ygv = v|gq for v € C(Q).

Moreover, the pseudoplate is subject to contact with friction on a part 0Qcontact
of the boundary 0%, with friction bound .%#: 0Qcontact — RT. The transversal
displacements v belong to the space

V(Q) :={ve H(Q): yov =0 on dNisplacement }-
For derivation of the load-deflection relation we consider a vertical equilibrium of a
“shear element” cut out by the surfaces [x1,z1 + dz1] and [z2, 22 + das] as shown in

Fig. 1.

x3 (z) 8Qcontact

IQ( 1,22) 0 () TN2e(r1,22)
/5,}:'\ "_-_€+

L

270N
—° \_ ngx;;

~ anisplacement

Figure 1. Geometry of a pseudoplate with curved boundary.
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Let v(z1,22) and [7u,24 (21, Z2), Twgzs (T1, 2)] denote arbitrary transversal dis-
placement and stress field in the pseudoplate. We consider Hookean elastic material.
For stress-strain relations we have the following relations

1 ov(xy,x
Toyas (X1, 22) 1= KGey, 24 (21, 22) = —KGM7

2 8x1

1 ov(xy,x
Tagws (X1, 22) 1= KGeyyp, (X1, 22) = —KGM7

2 8x2

where the term K is shear correction factor (positive constant) and G is a constant
elastic shear modulus.
Then shear forces per unit length of the pseudoplate are given by

elone2) ov(zy,
Veres (T1,2) := / Toyas (1, 72) dzg = KGe %,
_e(xth) 1
e(r1,z2) P
Veses (T1,T2) := / Tayzs (71, 72) dzg = KGe %
76(1’17732) o

The equilibrium equation for a pseudoplate (see the figure) without any internal
obstacles has the form

aVI1I3 (xlv xQ) + aVI2I3 (xlv xQ)
81‘1 8])2

0 ov(xy, z2) 0 Ov(zy,x2)\]
= KG|:(9—£L'1 (6(1‘17332)78%1 ) + 8—1_2(6(1‘1;1‘2) Oy ) = Q(xlaxQ)'

+q(r1,22) =0 in Q

Then one has
KGe(0v/On) = V,z, on 09,

where n is the unit outward normal to 9§ and 9/9n is the normal derivative, V5, =

2
i=1
Now on the part 0Qcontact We prescribe a slip limit .# and the following friction

conditions: If the reaction force |V,;,| = KGe|0v/In| is below a certain value, the
friction is not overcome and there is no displacement v; if it reaches this value, there
is a displacement in the direction opposite to the force

|Vnz3| < y =v=0o0n aﬂcontact,
F

|[Vias| = F = there exists A > 0 such that v = —=AV,,;, (v) for some A > 0.

This condition is the friction condition. At each point of 0Q¢ontact €ither the surface
force KG|Ov/0On| is less than the friction bound .# and then the pseudoplate remains
in its original position because of friction, or K Ge|0v/0n| = #, the force is limiting,
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the pseudoplate may slip and the new equilibrium position is in the opposite direction
to the friction force. The part of 9Qcontact, where KGe|Ov/dn| < % is called the
stick region and the other part where K Ge|0v/On| = F is the slip region.

We consider several unilateral inner obstacles on € as follows.

For mutually disjoint subdomains ﬁo(i) C Q, ﬁo(w N ﬁo(;‘) =0 fori# j,1=
1,2,..., N, we introduce the set of admissible transversal displacements (the closed
convex subset of H'(£) associated with the Dirichlet data on dQaisplacement and the
unilateral inner obstacles)

(1.1) H(Q) :={veV(Q): v(z1,r2) >0 for a.e. [x1,72] € Loy,
i=1,2,...,N}.

Now we describe the optimal control problem considered here. First, let % (Q) =
L (€2) (control space) and consider the set of admissible control functions, given by

(1.2) Upa(Q) :={e €% (): 0 < My < e(x1,22) < My for a.e. [z1,22] € Q}

with given positive constants M; and Ms.

Here %,q(Q2) is nonempty, convex, bounded and weakly star (and hence strongly)
closed in (). Then %.a(Q2) is a compact subset of Lo () with respect to the
L-weakly star convergence.

For an arbitrary fixed e € %,q(Q2) let the state function of the control system be
given by solution of the nonlinear elliptic boundary value problem

Z(e)u > q in the space of measures .Z (),
u=0 on 0 qisplacements
(in H'2(0qisplacement ),

u =0 a.e. on Qopy, 1 =1,2,..., N,
(1.3)

(Z(e)u—qu=0 a.e. on Qopy, 1=1,2,..., N,

|Ou/On| < .F on I contact,

|Ou/On| < F = u =0,

|Ou/On| = F = u=—Xou/On for some A > 0,
where

Z(e)v = —div(KGe grad v).

When no more regularity that H'(f2) is available for the solution u, the normal
derivative Ou,/0n does exist in H~/2(0Qeontact) as ¢ € L2(Q) (since Z(e)u € Ly(Q)),
but cannot be expressed pointwise.
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We turn to the variational formulation of (1.3). We define the friction functional
®: HY(Q) — RT by

(1.4) B(v) = / F v dS,
aﬂcontact

where .Z € L,(09),2<p< o0, F > 0.

Since the traces of functions in H'(Q) are in H'/2(0Qcontact), the functional ®(v)
is well defined. Let v € V(£2), V*(Q) be the dual space, (-,-)y/(q) the dual pairing
between V() and V*(£2). We associate with %,4(€2) the bilinear form af(e, -, -) by

(1.5) ale,v,z) := /QKGe[(ﬁv/ﬁxl)(az/aml) + (0v/0x2)(0z/022)] dQ
for all [v,2] € V(Q), e € a (), or
(1.6) ale,v,2z) = /Q (KGe[Eyj] - grad v, grad z) . dQ,

where [Ejj]; j=1,2 is the unit 2 x 2 matrix. Moreover, we introduce the functional
L € V*(Q) by means of

(1.7) <L7U>V(Q) = (g, U>L2(Q) )

Denote by A(e) € L(V(2),V*(2)), e € Za(£2), the elliptic operator is associated
with the bilinear form af(e, -, ), i.e.,

(1.8) (A(e)v, 2)y (o) = ale,v,2) for all v,z € V().
On the basis of the virtual displacements principle, we may define the state problem:

Given any e € %,a(Q?), find u(e) € £ () such that

(1.9) (Ale)ule),v —ule))y (q) + ®(v) — ®(u(e)) = (L,v — ule))y(q)
for all v € ().

We introduce the cost functional of the type
(1.10) L) = / [t — za]2dO,
Q

where z,q € L2(Q2) is a given element.
Here we define the following optimal control problem: Find

(1.11) e = ArgMin 2 (u(e)),
€€ Uaa ()

where u(e) denotes the solution of the state problem (1.9).
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2. EXISTENCE OF A SOLUTION TO THE OPTIMAL CONTROL PROBLEMS

First of all, we consider a general class of nonsmooth optimal control problems.
Let % () denote a Banach space and let %,q(2) be a subset of Z(f2). Let a
Hilbert space V'(£2) be given with a norm || - [ly(q) and (-, )y, (q) the duality pairing
between V() and V*(Q). Next let £ () be a convex closed subset of V(§2) and
0 € Z(Q). Moreover, the space V() is considered in a real Hilbert space H({),
where the inclusion from V(Q) into H () is compact and H () is identified with its
own dual.

For a Hilbert space % () we denote by L(.7°(£), 7 (€2)) the space of all linear
continuous operators from () into J#*(2) endowed with the usual operator norm.
On the other hand for two positive constants [, M] we denote Bz (q)([o, M]) the
set of all symmetric elements IT of L(#(2), 7*(£2)) for which the inequalities

(2.1) 0‘”””@%(9) < <HU7U>%(Q);
<

[0l e+ 0y < M[v]le @)

hold for all v € ().

Definition. Let Q) and Q be in By (q)([o, M]), k € N. We say that {Qr}ren is
G-convergent to @ (in symbols Qy, <, Q) for k — oo if, for any f and g in V*(Q),

i (9, Q )y = (9@ ey

We introduce the system {A(&)} of linear symmetric operators A(&) € L(V(Q),
V*(Q)), O € %a(Q) satisfying the following assumptions

1° {A(0)} ocua@) C Bviolag, Mg)).
2°  Any sequence of linear operators {A(0y)} s, c#,.. () contains a

G-convergent subsequence {A(0n, )} e, cw.. (o) such that

n
A(On) S5 A(Ogy), where Oy € % (S).

3°  For every sequence {0y, }nen (C %a(2)) and {v, }nen (C V()
a sequence {A(0,)vn}tnen (C V*(Q)) is relative compact in V*(2)
strongly.

4° AN On, )Kiy = A™HOg))K (strongly) in H ()
as A(0,) <, A(Ogy) and Ky — K (strongly) in V*(Q),
where [0, , Oq)] € %.a(Q2) and [Ky, K] € V*(Q).
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Let ®: V(£2) — R be a strongly continuous functional such that

(2) { D(v+2) < P(v) + D(z) for all [v, 2] € V(Q),

P(av) < |a|®(v) for all @ € R, and for all v € V(Q).

Then from (H2) it follows that ®(-) is convex and hence weakly lower semi-
continuous. Let us consider the equation

(2:2) A(O)u + Ox.x (0)(u) + 0P (u) 3 L,

where X ¢ (q) is the indicator function of a closed convex set # () (C V(12)), ®:
V() — R, due to (H2) is proper, convex and lower semicontinuous functional on
V() and Ox ¢ (o) (or 0®): V(2) — V*(Q) is the subdifferential of x (o) (or @,
respectively), and L € V*(Q).

As seen earlier, (2.2) can be rewritten as the variational inequality

uw(0) € H (),
(2.3) (AO)u(0), 0 = u(O))y () + B(v) = (u(0)) = (L, v = u(O))y (o)
for any v € £ (Q).

The equation (2.2) (or the inequation (2.3)) itself will be referred to as the state
system or control system. It is well known (see [5]) that for every & € %,q(2) there
exists a unique solution of (2.3).

On the other hand, since A(&,,) € By q)(am, Mgy) for any sequence {0, }nen C
Ua (), we have

(2.4) lim  [(A(On)v,0)y ) + P)]/[[v]lv ) = +oc.

lollv(2)— oo
Indeed, due to the assumption (H2) one has

®(0) =0, ®(v) =0
(25) { (0) ()(I)

|®(v) — ®(z)| < ®(v — 2) for all [v, z] € V(Q).
Thus, by virtue of ((H1),1°) and (2.5) we can write
[(A(Gn)v, v)y ) + @(0)] 2 ag)lvll} o

which gives (2.4).
Let us consider a cost functional

L(O,u(0)): Ua(Q) x V(Q) — R.
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We can define J(0) := £ (0,u(0)), where a state function u(€) denotes the
solution of the state inequality (2.3). Assume that the cost functional .Z(&,v)
satisfies the following condition:

For any minimizing sequence {0, }nen (C Zaa(2))
ie., if O, € %a(Q) for any n:

(E1) lim J(6,) = inf{J(0), O € U%a(Q)},
lim inff(ﬁn,vn) 2 Z(ﬁ@),u(ﬁ(ﬂ))),

as v, — u(0gy) weakly in V(Q).
The optimal control problem (4?) can be set in the following general form:

minimize the cost functional J(&') on the set %,q(12); that is:
(2) find an element Og) € %.q(f2) such that J(O)) = inf{J(0),
O € Ua(Q2)}.

Theorem 1. Let the assumptions (H1), (H2) and (E1) be fulfilled. Then there
exists at least one solution to (£?).

Proof. Consider a minimizing sequences {0, }nen of J(O), i.e.,

On € U () for each n,
lim J(0,) =inf{J(0), O € %a(Q)}.

We can write (in view of (2.5))
(26)  (AWG)U(0) ~ Lu(0n) ~ 0)yq) < B(6) ~ B(u(0,)) < B(0)

for fixed v = 6 in (2.3).
Then due to ((H1),1°) and by the Schwarz inequality we obtain from (2.6) the

estimate

ag lu(@)F ) < 1u(Gn)llv ) [M10llve) + I Lllv- ()]
+ (I L]

ve l0llv () + constant).

Therefore, we deduce that ||u(&y,)| v ) < constant for all n.
This means that {u(&,)}nen is a bounded sequence. Hence, there exists a subse-
quence {u(0y, )}ken and an element u gy € V/(£2) such that

(2.7) u(Op,,) — u@ weakly in V(Q).
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Moreover, one has ug, € () (as #(€2) is a weakly closed set). Thus due to
the assumption ((H1), 3°) there exists a subsequence {A(Oy, u(Oy, )} ren such that

(2.8) A(Op, )u(O,,) — Q strongly in V*(Q) as k — oc.

On the other hand (by virtue of ((H1),1°,2°), the operator A(0g)) is surjective
(where Og) € %.a(S2)) and the class of [A(0)] is G-compact on the set %,4(£2) and

A(0,,) <, A(Omy); that is, there exists an element u, € V() such that
(29) A(O)uo = Q.

It results from (2.8) and (2.9) that
(2.10) A(On, )u(On,) — A(Og))uo  strongly in V*(£2).

Next due to the condition ((H1), 4°) we obtain klingo lu(On,) — vol| H(o) = 0. But
by (2.7) (since the embedding of V' (€2) into H(2) is compact), we have lerI;O |u(On,,)—
@l m() = 0. This means that u, = ug.

Then we may write

(2.11) A(On, )u(On,) — A(Og))u@ strongly in V*(Q).

Hence, we can now pass to the limit in the inequality (due to (2.7), (2.11) and
taking into account a weak lower semicontinuity of ®(-))

<AL u(Ony) = v)y(q) + 2(0) + (A(On )u(Ony), v)y (o -

Consequently, we obtain
(AlO)ug, v = @)y, g + W) = (ug) = (Lo —wg)yq

for any v € ().
As the element v € % (Q) is chosen arbitrary we get u, = u(0g) and

(2.12) u(Op) — u(Og) weakly in V()

(the whole sequence {u(0y)}nen converges to u(0qy) weakly in V(€2)). Thus by
virtue of (E1) and (2.7), (2.12) we obtain (since 0y € %.a(f2))

L(Og),uw(0g)) <lim inf Z(0n,u(0,)) = {inf £L(0,u(0), O € %a(Q)}.
Hence, one has
J(Om)(= Z(0g),u(0g)) ={inf J(O)(= L(0,u(0)), O € %a(Q)}
which completes the proof. (I
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Further, we can apply Theorem 1 to the proof of existence of solutions to the
optimal control problem (1.1).

Lemma 1. The set J () defined by (1.1) is a nonempty, closed and convex
subset of V(2).

Proof. Since the element v = 0 belongs to £ (Q2), we see that 2 (Q) is
nonempty. The convexity is obvious. If {v,}nen C # () and v, — v strongly in
V(§2), then v, — v strongly in Lo(2), where v € V(). Therefore, we can extract
a subsequence {v,, }xen such that v,, — v a.e. on . Since v,, € HF(Q), vy, =0
a.e. on gy, t = 1,2,..., N. Therefore, v > 0 a.e. on Qp;, i =1,2,..., N. Hence,
v € () which shows that () is closed.

Let O = [0;;] € [Loo(2)]* be a given (2 x 2) symmetric matrix function, i.e.

(2.13) Oij(z1,2) = Oji(w1, 72),

for a.e. [x1,22] € Q, 4,5 =1,2.
Assume that

2
(2.14) My le> < Y O, 22)6:85 < Mgy l€J2,

ij=1
for a.e. [z1,22] € Q and for every { = [£1,82], where M(;y and My are given

2
constants, 0 < My, and [£[> = Y &2
1

7
For [x1,x2] € Q denote by A\ (O, [x1,z2]), A\2(O, [x1,22]) the eigenvalues of the
matrix O([z1, z2]) = [Osj(21,22)]. By virtue of (2.14) one has

(215) M(1> < )\1(0, [1[,’1,:[:2]) < )\2(0, [(El,xg]) < M(2>

The sequence of matrices {A,}nen (An C [Loo(Q)]*), n = 1,2,..., is called G-
convergent to the matrix A in the domain Q (A, <, A), if for any f € H=(Q) the
solution u,, of the Dirichlet problem

div(A, grad u,) = f, u, € H}(Q) satisfy the relations
un, — u weakly in H}(Q),

(2.16) pn = A, gradu, — p = Agradu weakly in [L2(Q)]?,
where u is the solution of the Dirichlet problem

div(Agradu) = f, u € H}(Q).
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We define: UP(Q) = {O € [Loo(Q)]*: O satisfies (2.14)} and the subset (a
bounded closed subset of U7(£2))

U () == {0 e UZ(Q), O =1[04], Oyj(x1,x9) = Oji(1,2)
for a.a. [x1,22] € Q, 4,5 =1,2,
—00 < [Ojjlmin € Ojj < [Oijlmax, and
My < [My Mgy /(My + M) = X0, [21, 22]))]
< A2(O4j, w1, 22]) < Mgy for ace. [x1,x2] € O},

where ([Oj]min, [Oij]max) are given constant symmetric 2 x 2 matrices.

We note that the physical interpretation of the set U5, (2) is given in [14].

On the open set 2 we now define a bilinear form Q(O,-,): V(Q2) x V() —» R
(for all © € UZ,(Q)) by

81} 0z
(2.17) Q(O,v,2) Z / Oij(x1, z2) 9z, 02, dQ  for all [v,z] € V().

3,j=1

We define the operator A(OQ) : V(Q) — V*(Q) for O € US,(Q), [v,2] € V(Q) by
the relation

(2.18) (A(O)v, 2)y () = Q(O,v,2).

Furthermore, we see from (2.17), (2.18), and (2.14) that: A(O) € L(V(Q),V*(Q)).
Moreover, in view of [19] for every sequence {O), }nen (O € UL (), n=1,2,...),
there exists an element O € U5, () and a subsequence {O,,, }ren such that

(2.19) O, <50 i Q.

On the other hand we associate with %,4(€?) (given in (1.2)) the bilinear form a(e, -, )
by the relation

(2.20) afe.v.2) / S ek, x1,lx2) 0z(x1,73) 1)

1=1,2 8$]

for [v,2] € V(Q), e € Za(Q),

where E = [Ej;];=1,2 is the unit 2 x 2 matrix.
Along with (2.20) we denote by A(e) € L(V(Q),V*(Q)), e € %a(Q), the elliptic
operator which is associated with the bilinear form a(e, -, -), i.e.

(2.21) (Ale)v, 2)y ) = ale,v,2), for [v,2] € V(Q).
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Observe that due to (2.19) for every sequence {ey, fnen (en € Zaa(), n € 1,2,...)

there exist a subsequence {e,, }ren and a matrix B € U5, (€2) such that
G :
(2.22) en,E— B in Q.
Furthermore, if we define a set GUZ, (Q2) by

(2.23)  GUEL(Q2) = {B € UZ,(Q): there exists {e,}nen C Za(Q)such that
exE-% B in Q)

then GUZ, () = U, () for Q C R? (due to [14]).
By virtue of (2.17) and (2.18) we have

2

(223)0  (A(O)v,0)y () = Q(O,v,v) = Z Oij(x1, 22)[0v/dz;)(Ov/0x ;)] dQ

ij=1
2
> My, Z /(81}/8:51-)2 dQ > constantFM<1>Hv||%/(Q)
i=1
= M1<|:|>HU||%/(Q),

for all v € V(Q), since we can employ the Friedrichs inequality.
Moreover, one has

2
LA, )] < Moy (Z / <av/axi)2dﬂ) < Miyllol? e,
=1

We have therefore shown that in this case A(O) € By (q)(M;g), M2), and con-
sequently, ((H1),1°) is fulfilled. Since G-convergence is a combination of two types

of convergence, namely, the convergence of solution of the Dirichlet problem and

that of the corresponding flows (see (2.16)), by virtue of (2.19) we may write:
A YO, f — AHO)f weakly in V() (G-convergence of the operators A(O,,)

to the operator A(Q)). But this means that the condition ((H1),2°) is fulfilled.

Due to Minty’s lemma ([12]) the variational inequality

(224)  (A(On)u(On).v — u(On))y (g + (1) = B(u(On)) > (L.v —u(O))y (g

may be rewritten in the following form

(2.25) (A(On)v,v = u(On))y () = (L0 = u(On))y () = P(u(On)) — ©(v),
for any v € K(£2).
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Let v}, be the solution of the following boundary value problem

(2.26) Vieln + EA(On)Ve)n = u(Oh),
1Ven =0 on Qisplacement
for any € > 0.

Problem (2.26) has a unique solution in V/(€2), and if 99 is smooth enough v,
belongs to H?(12) (see [8]). Since: u(O,,) = 0 a.e. on Q (if 2 = ), by the maximum
principle for second-order elliptic differential operators (cf. [17]), we have v, > 0
on Q. Hence, vy, € % (Q).

Thus one has

Vel = (I + cA(O,) u(0,) € #(Q).

Recalling that (I +eA(O,,))~! is nonexpansive in L(2), we have
1T + e A(O)) " u(O0) | o) < I1u(On) | o)

On the other hand, the map v — |v| is continuous from V() into V(€2). Thus we
get the estimate (by virtue of the continuity, surjectivity and injectivity of the trace
operator):

H’YD(I+ EA(On))flu(On)HHl/%@QCOUmt) < ”’YDU'(OYL)||H1/2(aﬂcomact)'

But then one has
(2.27) O((I +cA(O))  u(0,)) < D(u(O,)).
On the other hand inserting v = v}, into (2.25) (due to (2.27)), we obtain

<.A(On)1}[€]n - La _-A(On)v[e]n> 0.

vie) 2
We thus have (according to [6, Theorem I.1]),

{ A(On)v[g]n S LQ(Q),
[A(On)vieinll L) < I Ll Lace)-

Hence (if L € L2(€2)) the sequence {A(O)v, fnen is weakly relatively compact
in Ly(£2). Thus (by virtue of Rellich’s theorem) the sequence is strongly relatively
compact in V*(Q) and the assumption ((H1),3°) follows.
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Let us assume that { Z; }ren and Z € V*(Q) are such that klim |2k —Z|v+) =0,
€00
then using Corollary 1 of [23], we obtain

lim [JA7H(03) 2 = AT (O) 2| 1ye) = 0 as A(O)) < A(O),

This means that the condition ((H1),4°) is fulfilled.
As a consequence of the above results we conclude that the assumptions (H1) of
Theorem 1 are fulfilled. O

Denote by u(e, ) € £ (£2) the unique solution of the variational inequality

(A(O)u, v = u)y () + 2(v) — (u) = (L,v —u)y(q)

for any v € (),
(2.28) Y ()

corresponding to the matrix O = ¢E € UZ,(Q)
where e € %a(Q) (£ %5 (Q)).

Let u, € # (), n = 1,2,..., be the unique solution of (2.28) (for O,, € UZ,(Q),

0, < Og) then for n — oo we have (due to [3])
(2.29) up — wg weakly in V(Q),

where ug € () is the unique solution of the variational inequality (2.28) with
o= O(D)
Consider the optimal control problem:

(2) minimize the cost functional

(2.30) J(e) = /Q (e, [1, 22]) — zaa (1, 22])]2 A2

over the set %,a(€2), where z,q € L2(Q) is a given element. In the following, we
denote by Z°(Q2) (C V(€)) the bounded set

Z(Q) = {ueV(Q): there exists O € U5, (), u([r1,z2]) = w(O, [z1, x2]),
[J)l, J)Q] S Q},

where u(0,-) € () denotes the solution of (2.28). Moreover, due to (2.19) and
(2.29) this set is weakly closed in the space V' (€2) (a weakly compact subset of V' (Q2)).
Then it follows from [15], [22] that for every u € Z°(Q2) there exists sequence {ep }nen
(en, € %a(), n=1,2,...), {ulen) tnen (u(en) € A (2)) such that for n — oo

(2.31) u(en) — u  weakly in V()
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and

(2.32)  (Alen)ulen), v —ulen))y(q) + @) = @(ulen)) = (L, v = ulen))y(q)

for any v € £ (Q).
Thus, in view of (2.31) and (2.32) we may write

(2.33) inf{J(e): e € %a(Q)} = min{/Q[u — 2aa)?dQ: u € Q‘”(Q)},

which holds independently of the choice of elements z,q € L2(2) and L € V*(Q).
We define an extension of the problem (%) (we need to extend the set of the bilinear
forms in such a way that the family of operators defined by this bilinear forms is
G-closed). In the following we define an extension of the problem (%)

(Zn) minimize cost functional

(2.34) J)(0) = /Q (O, [21, 7)) — zaa([a, 22 A

over the set %5 (Q).
On the other hand, one has:

(2.35) Jigy(eE) = J(e),

for every element e € %q(€2).

In order to formulate necessary optimality conditions for the problem (Z),
differentiablity properties of nonsmooth cost functional (2.34) should be investigated.
Let O € () be a given matrix function, and let u(O, -) denote the corresponding
solution of (2.28). Denote by S,)(£2) a cone of the form

(2.36) Sy () ={z € Hy(Q): z(z1,22) >0 q.e. on Qu(0O,)),
(A(O)u(0), 2)y () = (L, 2)y (o)}

where Q(u(0O)) = {[z1,72] € Qopy: u(O,[z1,22]) = 0 for i = 1,2,..., N}. Here
g.e. means everywhere, possibly except for a set zero capacity (see [15]).

Further for the matrix function Q € [L2(2)]* denote by H(Q, ) € H}(Q) the
unique solution to variational inequality

N
' (AOVH(Q, ), 2 — H(Q, )y () > — (AQu(O), z = H(Q, "))y

for any z € S, (€2).
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On the other hand we introduce the linear subspace of H{ () in the following

way:

(2.38) VQ(Q) = {z € H}(Q): z(z1,72) =0 q.e. on Qq,
(AO)u(O), 2)y () = (L: 2) Ly}

where

(2.39) Qq = {[z1,22] € Qoiy: H(Q[z1,a2]) =0 fori =1,2,...,N}.

Furthermore [22], [15] for any matrix function Q € [L2()]*, the directional deriva-
tive of the cost functional J,m) (O) takes the form

(2.40) dJ5(0,Q) = Z / Qij (w1, 22)(Ou(O, 1, 22]) /O;)

2,7=1

x (0I(Q, [x1, x2]) /0x;) Q2
where
II=1I(Q,") € Vq(©),
(2.41) (A(O)I, 2) vQ) = fQ Jw1, w2]) — zaa (1, 2)]2(21, 22) A,
for any z € Vg (Q).

Since the set Z°(Q2) is weakly compact in the space V(), there exists at least one
optimal solution @ € %3(Q2) to (). Then the matrix function O satisfies the
necessary optimality conditions

(2.42) 5 / [Qis (21, 22) — Os j (1, 22)) (Ou(Ol, 7)) /01

,j=1

x (AT1(]Q — O, [21, 22])/0z;) dQ = 0

for any Q € Z3(Q).
On the other hand, as eg € %4 () is an optimal solution to (4?) then one has

(2.43) Z / Qij (1, 22)(Ju(en, [21, 22]) /02:) (OT([Q — enEl, [21, 22]) /D) AQ

,Jl

Z / ea(e1, z2)(Quleq, [v1, 22])/02:) (OIL([Q — eaEl, [21, 22])/0x;) A2

4,7=1

for any Q € Z5(Q).
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Here, the necessary optimality conditions (2.42) and (2.43) follow from the expres-
sion (2.40). Note that eg € %q(£2) is an optimal solution to (&?) if the matrix egE
is an optimal solution to (Z)).

3. APPROXIMATION OF THE OPTIMAL CONTROL PROBLEM BY DISCRETIZATION

We now pass to an approximation of (£?). Let h > 0 be a discretization param-
eter tending to zero. With any h > 0 finite dimensional spaces V3, (2) C V(©2) and
Un(2) C Un(2) will be associated. The symbol Ug(f2) stands for another Banach
space such that % (2) C U(€2). The reason for introducing U () is simple: some-
times it is more convenient to work with approximations %,q ) (€2) of %,(£2) that
do not belong to the original space % ().

The family of {#,(2)}), is supposed to satisfy the following conditions (we intro-
duce a concept of convergence in the sense of Glowinski) J,, (€2) L o (Q):

1°  Let {vp, }nen be a bounded subset of V(Q), vy, € 4, ().
Then weak cluster points of {vp, }nen belong to £ ().

(M1)y, 2°  There exists A(2) C V(2), clA(Q) = £ (2), and
R AN(Q) — J,(2) such that hlimo R, v ="v

strongly in V() for any v € A(€2).

Let us note that we do not necessarily have £, (Q2) C J#(Q) and Z.qn)(2) C
Uaa (). If, however, this is true for any h € (0, 1), we say that we have an internal
approximation of J (), %.a(Q)), respectively.

Remark 1. If #,(Q) C #(Q) for any h € (0,1), then ((M1),1°) is trivially
satisfied, because ¢ () is weakly closed. We have |J ., () C £ (). A useful
B
variant of the condition ((M1)y,2°) for %), is the following:
There exists a subset A(Q2) C V() such that clA(Q2) = #(Q) and Zr: A(Q) —
V1,(2) having the property that for each v € A(f2) there exists hg = ho(v) with
R v € 5, (Q) for all h < ho(v) and hlimo R, v = v strongly in V(Q).

n—

The approximation of the state inequation (2.3) is now defined by means of the
Ritz-Galerkin procedure on % (2), using elements of %,q.n)(f2) as controls. Thus
for any ey, € %.q(n) () we define the following approximate state problem

un(en) € Hn(52),
(Anlen)un(en), vn — unlen))y, ) + Pn(vn) — Palun(en))
2 (Ln,vn — un(en))y, (o

for any vy, € H#5,(Q) and ey, € Uaa(ny ().

(3.1)
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The approximate functionals ®,(-): Vj, — R* satisfy the condition (H2).
The approximation of (£?) is now stated as follows:

Find eqy, € Zaa(n) () such that
() { @ (h)

Z(emn, unlemn)) < Z(en,un(en)), for any en € % (),

where up,(ep,) solves (3.1).
Denote by

(3.2) { ZA(2) = {e € Zua(): ule) € # ()},

Zan(2) = {e € Uaany () un(en) € Hn(1)}

where u(e) is the solution of (1.9) corresponding to e and up(ep) is given similarly
by (3.1). We assume that Zap(2) # 0 for any h > 0.
By discretization of (%) we mean the problem

(2) min % (ep, up(en)) for ep, € Zan(Q) and uy(ep) as above,

which is equivalent to the approximation of (£?).

In what follows, we shall study the relation between optimal pairs of (£7),) and
(An) (cf. (2.34)) as h, — 04. For the analysis of the relation between (1.9) and
(3.1) we shall need the following hypotheses.

In what follows, let h, — 04 as n — oo.

J 1° An(en) € By, (0)(ag, M4,), for any h € (0,1)
(M2)y, and any ej, € %aa(n)(§2).
90 <-Ahn (ehn)vhn,zhn>Vh” @ (A(e)v, z)V(Q) ,ifep, —e
strongly in 24(12),
eh, € Uad(n,) (), € € Uaa(2), vp, — v weakly in V (),
2, — %z strongly in V().
3° ligi%f (An,, (€n,)0h,, s V. )y, () Z (Al€)V V) v (g
if ep,, — e strongly in Ua(Q?), vp, — v weakly in V(Q).
4°  Alep,) — A(e) in L(V(2),V*(Q)), if ey, — €
strongly in Un(S2), en, € Yaany (), € € %a(Q

).
5°  wp, — v weakly in V(Q) = li}{n iréf Dy, (vn,, ) = O(v),

where ®: V() — RT.
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6° wvp, — v strongly in V(Q), vp, € V4, () = Py, (vp,) — ®(v).
7°  For any e € %a(f2) there exists a sequence {ep, }nen,

€h, € Uad(n,)(82), such that ej, — e strongly in Un(€2).
8° For any sequence {en, }neN, €h, € %ad(h,)(2), there exists

its subsequence and an element e € %,q()

such that ep,,, — e strongly in Un(Q).

9° There is a positive constant such that
(Lnsvn)y, (o) < constant [|vn[v;, (),
for any vy, € V3,(Q) and for any h € (0,1).
10° wp, — v weakly in V/(Q) = (Ln,,, vn,)v, (@) = (L 0)v(q)
as hy, — 0, en, € Uamy(S2).
11° For ep, — e strongly in Un(2), vy, — v strongly in V(§2),
where en,, € Uaany (), € € %a(Q), vn, € Vi, (), ve V(Q)

one has lim Z(ep,,vpn,) — ZL(e,v).
n—oo

In view of the assumptions ((M2)y, 1°, 5°, 6°, 9°), we can use Theorem 6.1 (see [8])
to conclude that the discrete state problem (3.1) has a unique solution up(ep).

Theorem 2. Let the assumptions ((M1)p, (M2)s, 1° to 6° and 9°, 10°) be
satisfied and {ep, }neN, €n, € %ad(n,)(§2) be a sequence such that ey, — e strongly
in Un(QY), e € a ().

Then we have
(3.3) up,, (en, ) — u(e) strongly in V (), as n — oo,

where u(e) and up, (en,) are the solutions of (2.3) (for ¢ = e) and (3.1), respec-
tively.

Proof. Leta € J(Q) be a fixed element. From ((M1),2°) the existence of
{an, tnen, an, € Hn, () such that

(3.4) ap, — a strongly in V(2), asn — oo,

follows.
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From the definition of (3.1), ((M2)a, 1°, 6°, 9°) we deduce that

o [|un, (en,) H%/(Q)

< aggllun, (en,)

< Ve + @nlun, (en,))

< (Anlen)un, (en, ) un, (€n,))v, ) T Pnlun, (en,))

< (Lhys un,, (€n,) = an,)v, ) + (Anlen, )un, (en,), an, )y, @) + Pnlan,)
< Maglun, (en,) v llan, lve) + | Ln, |

ve(@ ([lun, (en,)llvie)
+ llan, |lv (o)) + constant
1 1 M
< 5(§MAD + 5) [n, (en)I3 () + (2—€> lan, [ () + constant.
Thus this estimate implies (for € > 0 sufficiently small) the boundedness of
{un, (en, ) tnen. Therefore, one can pass to a subsequence such that
(3.5) up,, (en, ) — ue weakly in V(£2), as k — oo.

N N

But then in view of ((M1)s,1°) it follows that u¢ € Z ().
Next taking vy, = ap, in the state inequality (3.1), we have that

(3.6) (An,., (€n,, Jun,, (€n,, )s Ah,, — Un,, (€n,, Vi)
+ ®n(an,, ) — Pn(un,, (en,,))
2 (Ln,, s an,, — Un,, (€n,, )V (@)-

We can show that for k& — oo

(3.7) lim inf(A(en,, Jun,, (€nny)s Un,, (en, v = (Ale)us, uo)v(a)-

k—o0

Indeed, since for e € %.q(92), (A(e)v,v)y (o) is a lower weakly semicontinuous func-
tional on V(€2), due to (3.5) we conclude that

(3.8) lim inf(.A(e)uhnk (ehnk),uhnk (ehnk»Vh(Q) > (A(e)ue, uo)v()-

k—o0

Further making use of (M2),4°) and (3.5) we derive that

[(Alen,,, Jtn,, (€n,, )s un,, (en,, ))vie) — (Ale)un,, (€n,, ), Un,, (€n,, vl — 0

for k — oo.
Therefore,

h}?ig,lf <A(ehnk )uhnk (eh"k ), U'hnk (eh"k )>V(Q)

> lig£f<“4(e)uhnk (€hn, ) Un,, (en,, v = (Al)ue, uo)v ().
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On the other hand, using the assumption ((M2), 3°) and (3.5), we may write

(3.9) lim inf(Ap, (en,, Jun,, (€, )sUun,, (€n, )i = (Ale)u, uo)v (o).

k—o0

Next, taking into account (3.6), we see that

11211 sup (An,,, (€n,, Vtn,, (€n,, )s Un,, (€n,, ) Vi ()
—00
< lim (Ln,, un,, (€h,, ) = G, Jvie) + m @, (an,,)
— lim inf @y, (un,, (en,, )
+ lim (A, (€h,, JUhn, (Chn, )s @y s V(@)

Hence taking the limit as k — oo, we conclude (we use the hypotheses ((M2), 2°,
5° and 6°, 10°))

(3.10) limsup(Ag, (en, Iun,, (€n,, )s Un,, (€n,, )vi(@)

k—o0

< (L, ug — a)y, ) + P(a) — B(ue) + (Ale)ue, a)y(q)-

Since a € () was arbitrary, we may insert a = ug¢ into the estimate (3.10). Then
from (3.10) it follows that

(3.11) limsup(Ap, (€n,, )un,, (€, ), Un,, (€n, )i < (AlQ)ue, uo)v (o).

k—o00

Thus combining (3.9) and (3.11), we arrive at

(3.12) lim <Ahnk (eh"k )uhnk (eh"k ), Uh,,, (eh"k )>Vh(Q) = (A(e)uy, U<>>V(Q)

k—oo

and consequently,

(313) lim <‘Ah"1c (ehnk )uhnk (ehnk ), ap,

k—oo "k

= un,, (€n,, )i

= (A(e)ug,a —uo)v(q)-

Furthermore, from the assumptions ((M2), 5°, 6°, and 10°) and the relation (3.4)
we have (passing to the limit with & — o)

(3.14) (Lh,, s Qh,, =, (€n))v, (@) = (Lya —uo)v(a)

and

lim inf @5, (up,, (en,,)) = P(us),
(3.15)

k—o0
klijl;lo Py, (ahnk) = ®(a).
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Thus, we arrive at the inequality (by virtue of (3.6), (3.13), (3.14), and (3.15))
(Ale)uo,a —ug)v o) + ®(a) — P(ug) 2 (L,a —ug)v(a)-
Since a € % () was arbitrary and the inequality (2.3) has a unique solution,
ue = u(e) and the whole sequence {up, (ep,, ) Inen tends to u(e) weakly in V().
Finally, it remains to show the strong convergence. By ((M1), 2°) there exists a
sequence {0n, }nen, On, € 4, (), such that

(3.16) 01, — u(e) strongly in V() as n — oc.

Then one has

lim sup o ag|un,, (en,.) = On, 30

n—oo

< limsup(Ap, (en, ) (un, (€n,) = On, ), un, (en,) — On, ) v, (@)

n—oo

< limsup(Ly,,, un, (€n,) — On,))v ()

n—oo

+ limsup(As,, (en,, )0n,,, un, (€n,) — On, ) v, ()

+ limsup @y, (0p,,) — lim inf @y (up, (en,)) <0,
n—oo n—0o0
as follows from the definition of (3.1), (3.5), and (3.16) ((M2), 2°, 5°, 6°, 10°).

Therefore, one has

(3.17) |un,, (en,.) = On,

V(Q) — 0.

Making use of the triangle inequality, (3.16), and (3.17), we arrive at the assertion

llun, (en,) —u(e)llv) < llun,(en,) = On, lviQ) + [|0n, —ule)llv@) — 0 asn — oo.

O

On the basis of Theorem 2, we prove the following convergence result.

Theorem 3. Let (M1);, and (M2), be satisfied. Then for every sequence {eqp,, ,
Un,, (€@)h, ) }nen of optimal pairs of (), n — 0o, there exists its subsequence such
that

(3.18) e@h,, — €O) strongly in Ug(§2),
‘ Un,, (€@, ) = uleq) strongly in V(€2).
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In addition, [eqy,u(eqy)] is an optimal pair of (7). Furthermore, any accumulation
point of {eqyp,,, Un, (€@n,) fnen in the sense of (3.18) possesses this property.

Proof. Let O € %qa() be an arbitrary element. From ((M2);, 7°) the
existence of a sequence {Oh, }nen, On, € a(n,)(2) such that O, — O strongly
in Us(Q2) as n — oo, follows.

On the other hand, using ((M2)s, 8°) one can find a subsequence {e)p,, }ren
of {e@)n, fnen such that €@h,, — €O) strongly in Un(Q2), as k — oo, where em) €
Uaa ().

Thus, at the same time
(3.19) { Unn, (e@h,,) = wle@),

up,,, (On,, ) — u(O) strongly in V(2), as k € oo,

where u(e(m)) and u(O) are solutions of (2.3), as follows from Theorem 2.
Next the definition of (£2),) yields

(3.20) Z(e@n s Uy, (e@)h”k)) < ,,S,”(Ohnk,uhnk (Ohnk)) for any k € N.

n

Then letting h,, — 04 in (3.20), using previous convergences of {e@)hnk,

up,,, (e@)h"k)}k@\;, {On,,, s un,, (O, )tren and the assumption ((M2)p, 11°), we
may conclude that

Z(e@,ulem)) < Z(0,u(0)) for any O € %.a(N2).

4. APPROXIMATE OPTIMAL CONTROL OF PSEUDO-BEAM

The bending of the pseudo-beam is described by means of a shear model: the
beam is deformed only by shear forces. We assume that a homogeneous and isotropic
pseudo-beam occupying a domain: 2 x (—e, e) of the space R? is loaded by a transver-
sal distributed force p(x) perpendicular to the axis Oz.

The transversal displacements v belong to the space V(Q) = {v € HY(Q): v(0) =
0, v(L) = 0}, where @ = (0,L), L > 0 is the length of the beam. We have the
following stress-strain relation: 7., = KGe,, = %KG(dv/da:).

The shear force of pseudo-beam is given by the relation

¢ dv
Tz = Tz =K e
Ve (v) / Tez dz Gedx

—e
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Then the equilibrium equation of the pseudo-beam (without any internal rigid obsta-
cles) has the form: dV,,(v)/dz+p = 0 or: d(KGe(dv/dx))/dx = —p in Q. Moreover,
we consider several unilateral inner obstacles as follows: Qq¢;, i = 1,2,..., N, are
mutually disjoint subdomains such that Qg C Q, Qo N Qorjy = 0 for @ # j.
For the variational formulation of the pseudo-beam problem we introduce the set:
H () ={veV(Q): v=0 forany x € Qq forall i =1,2,..., N}. The equation
of the virtual work can be written in the following form:

(1.5)g (Ale)v, 2)y (g :/Q<KGegradv,gradz>R1 dQ.

Here A(e): V(2) — V*(Q) is the operator corresponding to the bending of an
elastic pseudo-beam. On the basis of the virtual displacement principle we introduce
the following state problem: Given any e € %q(Q2), find u(e) € £ (2) such that

(1.9)m {(Aleule),v —ule))y(qy = (Lo —ule))y(q)

for all v € ().
The family of the operators {A(e)}, e € %.a(f2), satisfies the following estimates

(1.10)g (A(e)v,v)y () = KGemin /Q|grad v[2dQ > constFKGeminHvH%,(Q)

for all v € V() (we use the Friedrichs inequality),

(1.11)g [{A(e)v; 2)y ()| < KGemax|[vllv @ l2llvie)-

Thus due to (1.10)g and (1.11)5 the state variational inequality (1.9)g has a unique
solution.

Let Ng be an integer and .7}, a partition of the interval [0, L] into Ng subintervals
H(j) = [A(j_1>,A<j>] of length h, 0 = A<0> < A<1> e < A(N.:} = L. The step
h = (L/Na), Ay = jh, j=1,2,..., Ng(h).

Consider a regular family of partitions {7}, }nen, hn — 04, of 2, which are con-
sistent with all subdomains €24(;y. We introduce the finite element space of piecewise
linear functions

HY(Q) = {v, € C(Q): va|g € Pi(Hyj) for all beam elements H;, € J;}
and the following sets

Vi(Q) = HYX(Q)NV(Q) (an interior approximation to V(R)),
Kn(2) = {vp, € Vi(Q): vp(A) >0 for all nodes A € ¥},
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where Y denotes the set of all nodes A of pseudo-beam elements H € 9,, H C

(Q)owy, i=1,2,...,N.

Here the set U2} ) (Q) of discrete thickness distributions is defined as follows

(4.1)  Ugqpy (@) = {en € Loo(Q): enlm,y € Po(Hy)
for all beam elements H; € J,,
€min < eh|H<i) < €max, a.€. in Q7 |eh|H<,-> - eh|H<j)| < C(D)h

for i=j+1}.

This means that 245 () (€2) consists of all piecewise constant functions on H;y € 7},
satisfying the uniform boundedness. The uniform Lipschitz constraint is satisfied by
the discrete values ep|n ,,, Hyuy € 7. We note that US&M (Q) is not a subset of
UaAd (Q) (since it contains discontinuous functions), where

(4.2) UL(Q) ={e € C(Q): 0< emin < €< emax in Q).

On the other hand U’ is not a compact subset of U (Q2) = C (). But one can
still extend I/{fd () as follows

(4.3) US&'(Q) ={e € Loo(Q): 0 < emin < € < emax almost everywhere in Q}.

Then UZ; (Q) is a compact subset of Lo () with respect to weakly star conver-
gence.
Further we introduce the set

_ —|d
(420 U () = {e € Co’l(Q): 0 < émin < €< epax in £, ‘é‘ < Ch a.e.},

i.e. %ham () consists of functions that are uniformly bounded and uniformly Lip-
schitz continuous on €. Obviously, Uaam) () # 0. Furthermore, %4 () is a
compact subset of U (€2) as follows from the Ascoli-Arzela theorem. As we already
know, the result of the optimization process depends on, among other factors, how
large %aa(m) () is.

As far as the approximation of 7,4 (£2) is concerned we then have the case:

(4.4) Una(ny () = Uggpy(Q)  for any h > 0 defined by (4.1),
% (Q)=C(Q), Ua(®) = Lo ().

In the following we want to find the thickness distribution e € %,q(q)(©2) with
U (o) () defined by (4.2)g satisfying (1.11).
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Now we may define the following approximate state problem for the pseudo-beam
with discontinuous thickness:

Given any e, € L{SC'l(h> (Q) find up(en) € Kp(2) such that
(4.5) (A(en)un(en),vn —un(en))viqy = (L,vn — un(en))v (o)
for all v, € Kr(Q).

Here we introduce the mapping A(es): V4 (2) — V() by the relation

(4.6) (A(eh)vh, Zh>V(Q) = a(eh, Uh, Zh), [Uh, Zh] eV (Q),

where

alen, vn,zn) = KG Y eh(HH)/ (grad vy, grad zp)g, d€2,
HCQ H

11y being the centroid of the beam element H C ().
Hence, we deduce that (we employ the Fridrichs inequality)
(A(en)vn, va)v(a) = constFKGeminthH%/(Q),
(4.7) (Alen)vn, zn)v (o) < KGemax|vnllvo) llznllvio).
for all [’Uh7 Zh] S Vh(Q)

Finally, let us define the cost functional
(4.8) Ly =2.

Now we introduce the approzimate optimal control problem: Given a fixed parti-
tion 7j, of the interval [0, L], find

(4.9) ey = ArgMin Zp(en, un(en)),

en €U 1,y ()

where up,(ep,) is the solution of the approzimate state problem (4.5).

Lemma 2. For fixed h, the set () is a closed convex subset of V3(£2) and
Khny(Q2) converges to Ky, (2) in the sense of Glowinski:

Ky (Q) 25 K ()  as h(n) — h.

Proof. The closedness and convexity are immediate. For any v, € Ky(Q)
we construct a sequence vj(,y = vs. Then one has vy, = 0 for x € Qq;, @ =
1,2,...,N, so that vy, € Kp(2). Moreover, we get ||vpmy — vallv) — 0 as
n — oo. Next, let vyny € Kpny(Q), vhmy — vn weakly in V(). Here we have
Un(ny — vp strongly in Lo(2) and vy, > 0 for © € Q). The Lebesgue theorem
yields vy, > 0, so that v, € Kp(). O
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Next, let ep, () — en in Un(2) as n — 00, ey € L{E('i(m (Q). Then we may write

(4.10)  [{(A(en(ny)vn — Alen)vn, zn)v (o)l

= |KG Z lenmy (Ilg) — eh(HH)]/ (grad vy, grad zp)g: dQ
HCQ H

SKG Y lenmy M) — en(a)vnllvollznllve) — 0.
HCQ

As a consequence one has
(4.11) A(enny)vn — Alen)on

strongly in V;*(€2) for all v, € V,(2) and ey — ep in Un(R).
Moreover, observe that

(4.12) [(A(en)vn, wn)v () — (Alen)zn, wh)v ()l
< ‘KG Hzc:Q[eh(HH)] /H<grad[vh — zp), grad wy )p1 dQ2

< KGemax|lvn — znllve llwnllv )
Hence, we deduce that the mapping A(es): Vin(Q) — V;*(Q) is Lipschitz-continu-

ous in V, (), uniformly in L{S&m Q).
By virtue of (4.8) we may write

Liny(Wnny) = /Q[’Uh(m — zaa]” d€.
Then for v,y — vi in V(Q) we deduce that
(4.13) nlLH;O .,f(h) (vh(n)) = .,g(m (’Uh).
Based on Lemma 2 and the relations (4.6) to (4.13) the approximate state prob-
lem (4.5) has a unique solution wup(ep) for any ep, € L{Sé(h) (). Moreover, the ap-
proximate control problem (4.9) has at least one solution for any h.
Convergence results

Here we will study the convergence of finite element approximations when the

mesh size tends to zero.
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Lemma 3. One has: K, () &L K(Q) as hy, — 0T,

Proof. The condition ((M1),,1°) is trivially satisfied, since Ky, (2) C KC(£2).
Taking note of the density result: () N C*(Q) = K(Q) (see [8]), it is natural to
take A(Q) = K(2) N C>(Q). Define: %, : V(Q)NC>®(Q) — Vj, (Q) by

Rn, v € Vi, (Q) for any v € V(Q) N C>=(Q),
(%h,v)(A) = v(A) for any A € .

On the other hand, from the assumptions made on .7, we deduce that (cf. [7])
(4.14) |%h, v — vllv Q) < const hy[v]| g2 (),

for any v € C*°(2) with constant independent of h and v.
Hence, we have

(4.15) lim || %Zh,v —v||lv@) =0, foranyve A(Q).

Further, observe that %, v € 4, (Q) for any v € A(Q2). This means that the
condition ((M1),, 2°) is satisfied. O

It is readily seen that the estimate
(4.16) [(A(en)vn, va)v (| = constl[vnll3 ), vn € Vi),

where the constm is independent of %, ep, and vy, follows immediately from (4.6),
((4.7),1°), and the bounds for ey,

Lemma 4. For any sequence {ep, }nen, €, € L{E&h) (Q), there exists its subse-

quence and an element () € %,q)(Q?) such that ey, — Q in Loo(9).

nk

Proof. Let {ep, }nen, n — 00, €p, € US(;(h) (Q), be an arbitrary sequence.
With any ey, the following continuous piecewise linear functions @)p,, defined on
the partition 7, o will be associated.

Here one has

th(A(H-l/Q)):ehn(H(’i>)a Z':Oa]-v"'vN_]-a

and
Qhn, (Awy) = en, (Hpuy),  Qn,(Ang) = en, (Hiny),

where A(;_1/9) (or Il ) denotes the centroid of the pseudo-beam element H; (the
midpoint of the interval [A;_1y, A»]), i =1,2,..., Ng.
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Hence, from the construction of @, we see that emin < Qn, < emax and
|dQp,, /dz| < Ciy, a.e. in Q. Thus {Qn,, tren is compact in C(Q) so that there
exists a subsequence {Qp,,, }ren and an element Q € C(Q2) such that

(4.17) Qn,, = Q inC(Q) ask — oo,

satisfying the estimate epin < Q < emax in Q and |dQ/dz| < Ciy a.e. in Q.

The function e; can be viewed as the piecewise constant interpolant of (), €
WL (Q) implying that: len,, — Qnn, L) < (1/2)Cigyhn,. Then this, (4.17), and
the triangle inequality yield the relation

len,, = Qllrw@) < llen,, = Qnn @) + 1@Qn,, = QllLo@) — 0 as k— oo.

np

O

Lemma 5. For any e € %q) () there exists a sequence {ep, fnen, €n, €
Ushy () such that en, — e strongly in %(S). (The density of Ugy () in
Upa oy () in the Lo (£2) norm.)

Proof. Let e € %4 () be given and define ey, as follows:

1
(4.18) €h, = Z <7/ edQ)XH(,;>7
Hip oo d1amH<i> H

where xp,, is the characteristic function of Hy, i = 1,2,...,No. Then e, €
I/{S&h) (€2) and ep, — e in Loo(2) as n — o0, (|len, —ellr. (o) < hnCg)- O

Theorem 4. Let ey, € Uy (Q), € € Zaaim)(Q) with en, — e in Loo(2) as
n — 00. Then one has

(4.19) up,, (en, ) — u(e) strongly in V() as n — oc.

Proof. We substitute vy, = 0 in the state inequality (4.5). Hence, we obtain
the estimate

(4.20) (Alen, )un, (en, ), un, (en,))ve) < (L, un,(en,))v©)-

From (4.20) and the estimate (2.23)g we have

My gyllun, (en,) I3 () < const|lun, (en,) v,
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so that |lup, (en,)

v(Q) < constant for all n. As a consequence, there exists u¢ €
V() and a subsequence {up, (ep, }ren such that

(4.21) up,, (en,) — ugo  weakly in V(Q).

From Lemma 3 it follows that u¢ € 2 (). Next we show that u¢ solves the limit
state problem (1.9)g. Let v € JZ(Q) be a fixed element. By virtue of Lemma 3 there
exists a sequence {ap, }ren, an, € Hn, (1), such that

(4.22) ap, — v strongly in V() as k — oc.
Then from (4.5) (we set vy, = ap,) it follows that

(4.23) (A(eny, )uny, (€ny,)s any, — uny (en,))vie) = (L any, — un,(€n,))v(a)-

Thus, passing to the limit as & — oo (hx — 04) on the right-hand side and using
(4.21) and (4.22) we obtain

(L an, — un,(en, )y i) = (Liv —uo)yq) as k— oo

We now pass to the limit on the left-hand side of (4.23).
The functional v — (A(e)v,v)y (o) is weakly lower semicontinuous, being convex
and differentiable. Hence, we have

(4.24) lim inf(A(e)un, (en, ), un, (en,))v) = (Ale)ue, us)v(q)-

k—o0

Next in view of Lemma 4 and (1.5)g, we arrive at the relation

(4.25)  [(Aleny)uny (eny)s uny (en))v () — (Ale)un, (en,)s uny (eny))v (o)l

KG Z / len, — e](grad up, (en, ), grad up, (ep, ))g: A2
HcQ H

< constllen, — el @ lluny (en)I3 @) — O-
Thus from (4.25) we conclude that
(426) h]?i,g)lf <A(ehk )uhk (ehk)’ Uhy, (ehk)>V(Q)

= h]?lgjlfKA(e)uhk (ehk)’ Uhy, (ehk)>V(Q)

+ ((Alen, Juny, (eny)s uny (en)) vy — (A(€)un, (eny), tun, (eny))v(a))]
> (Ale)ug, ue)v (q)-
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For any v € V(2) we have

(427) lim <A(ehk )uhk (ehk)a v)V(Q) = <A(6)U<>, U>V(Q)-

k—oo

In fact we may write

(428) |<A(ehk)uhk (ehk 7U>V(Q) - <.A(6)’U,<>, U>V(Q)|
< [(Alen ) un (eny ) v)vi) — (Ale)un, (en, ), v)v (o)l
+ |<~’4 6)[uhk (ehk) - u<>]7U>V(Q) —0 as k— o,

which follows from (4.25) and (4.21).
Then due to (4.28) we derive that

(4.29) lim [(A(en, )un, (en, ), v)v ) — (Ale)ug, v)v )] = 0.

k—oo

On the other hand, by virtue of (4.22) and Lemma 3, we conclude that

(430) |<A(ehk)uhk (ehk)a Qhy, — U>V(Q)|

< KGemax|un, (en,) v lan, —vllv) — 0.

By combining (4.30) with (4.27) we arrive at

(4.31) [(A(eny Jun, (eny ), an)v o) — (Ale)ue, v)v (o)l
< |<A(ehk)uhk (ehk)a Qhy, — U>V(Q)|

+ [{(Alen, Jun, (en, ), v)v () — (Ale)ue, v)v )| — 0.

It follows from (4.23) that

(4.32)  (Alen,)un, (eny), un, (€n))v )

< (Aleny Jung (eny)s an)ve) + (L un, (€ny) — any)v (-

Let us pass to the lién inf on both sides in (4.32). Then by virtue of (4.26), the

—00
left-hand side is bounded below by (A(e)ug, u¢ )y (o). The right-hand side possesses
the following limit

(Ae)ug, v)v ) + (L, ue — v)v(a),
as follows from (4.31), (4.22), and (4.21).
From this we conclude that

(Ale)ue, ue —v)v () < (L yug —v)y(q) for any v e (),
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i.e. u(e) := ug solves (1.9)g. Since u(e) is unique, the whole sequence {up,, (en,, ) fnen
tends weakly to u(e) in V(£2).

It remains to show strong convergence. On the basis of the variational inequal-
ity (4.5) and the estimate (4.26) we may write

(4.33)  (A(e)u(e), u(e))v ()

< lim inf(Alen,, Jun, (en,, ), wn, (€n,))v ()

< limsup(A(en, )un, (en, ), Un, (€n,))v(Q)

n—00

<(A(e)ule), v)v ) + (L,ule) —v)y (o) forall ve 2 (Q).
Put v := u(e) in (4.33). Hence, one has

(4.34) lim (Aen,, Jun, (€n, ), un, (en,))v () = (Ale)ule), u(e))v (o)

n—oo

Next by (4.25) and (4.34) we have

(4.35) lim a(e,up, (en, ), un, (en,))

n—00

= lim (A(e)un, (en,), un, (en,))vo) = ale, ule), ule)).

n—00

However, for e € %,qg) () the estimate (1.10)g holds.

This means that the bilinear form a(e, -, -) can be taken for a scalar product in V' (£2)
(in view of (4.34)). Then from (4.35) and the weak convergence of {up,, (en, ) }nen We
conclude that: nhj& ale,up, (en, ) —u(e), un, (en,) — u(e)) = 0 which in turn implies

that up,, (en, ) — u(e) strongly in the space V(2). O

Lemma 6. Let e, € L{E&h)(ﬁ) with e, — e in Loo(), € € Zam(Q), as
n — oo (hy, — 04). Then one has

lim ) (en,,, un, (en,)) = ZL (e, u(e)).

n—oo
Proof. By Theorem 4 it is readily seen that

(4.36)  [ZLny(en,,un, (en,)) — L (e(ule))]
/Q[(uhn (en,) — zad)® — (ule) — 2aa)?] A

< |Jun, (en,) — u(e)|| Ly llun, (en,) +ule) — 22adl £,0) — 0.
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Theorem 5. Let {ey, ) }nen, n — 00, (b — 04), be a sequence of solutions
to the approximate optimal control problem (4.9). Then there exists a subsequence

{e@(hn, ) teen C {e@hn) tnen

such that

(4.37) €@ (hny) — €O strongly in Un(Q2),
(4.38) u(eqn,,)) — ulem) strongly in V(€2),
(4.39) f(e(g><hnk>,u(e(g>(hnk>)) — $(6<D>,u(€(g>)),

where eqy € %aq(m)(Q) is a solution of the optimal control problem (1.11). The limit
of each subsequence of {egy(p,) }ren converging in L. (f2) is a solution of the latter
problem and the analogue of (4.38) holds.

Proof. Due to Lemma 4, there exists a sequence {e(D>(hnk>}n€Nve(D)(hnk) €
UE(;(D)(}L%)(Q), e € %am(Q), kK — oo (hn, — 04), such that (4.37) holds. Con-
sider an element e € %,q(m (2). By virtue of Lemma 5, there exists a sequence of
€(hn) € Unyepy () such that e,y — e in Lo () as n — oo (hn, — 04). By definition,
we have

L€ (hn,)s W, (€)Y (hn, ) S L€l ) Uhy (Eh, )))-

np

Thus letting ¥ — oo (hn, — 04) and applying Lemma 6 to both sides of this

inequality, we arrive at
.,S,”(e@,u(e(g))) < X(e7u(e)),

so that e is a solution of the original optimal control problem. Making use of
Theorem 4 and Lemma 6, we obtain (4.38). This line of thought may be repeated

for any uniformly convergent subsequence {e(qy(p,, }ren- O

ng
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