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Abstract. In this paper we are concerned with finite element approximations to the eval-
uation of American options. First, following W. Allegretto etc., STAM J. Numer. Anal. 39
(2001), 834857, we introduce a novel practical approach to the discussed problem, which
involves the exact reformulation of the original problem and the implementation of the nu-
merical solution over a very small region so that this algorithm is very rapid and highly accu-
rate. Secondly by means of a superapproximation and interpolation postprocessing analysis
technique, we present sharp L2—7 L -norm error estimates and an H'-norm superconver-
gence estimate for this finite element method. As a by-product, the global superconvergence
result can be used to generate an efficient a posteriori error estimator.
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1. INTRODUCTION

The option is one of the most important financial derivatives, and a wide variety
of options of American style are traded in exchanges. Thus, the problem of pricing
American options is clearly important in theory and practice. It has been shown by
Black and Scholes [7], McKean [33], and Merton [34] that the valuation of Ameri-
can call or put options can be determined as the solution of a free boundary value
problem of degenerate parabolic type. The unknown function in the model equation
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corresponds to the valuation function, and the free boundary represents the time
path of critical stock prices beyond which an early exercise is warranted. The free
boundary is also known as an optimal exercise curve in the pricing of American
options.

The optimal exercise curve must be identified as part of the solution of the mod-
elling equation, which makes it difficult to price American options in theory and
applications, and does not lead to explicit, available closed-form formulas associ-
ated with the valuation of American options (see, for example, [19]). This makes
the valuation of American options quite different from that of European versions.
To overcome this difficulty, it is common practice to use appropriate approximation
methods to price American options. In the last two decades, the research on this
problem has focussed on both analytical and numerical methods, and plenty of lit-
erature is now available. For analytical approximations there are some approaches,
such as the interpolation method, the compound option approximation method, the
quadratic approximation method, etc. See, for example, [24], [6], [32], and the ref-
erences therein. For numerical approximations, approaches such as the binomial
method, the Monte Carlo simulation method, the finite difference method, the fi-
nite element method, genetic algorithm approximation, the domain decomposition
method are typical. See, for instance, [10], [21], [8], [9], [22], [20], [12], [2], [18], [3],
[4], [30], [29], [36], [31], and the references therein. Although convergence analysis
is given in some cases (see, for example, [3], [30], and [40] for finite element ap-
proximations, and [21], [22] for binomial methods and finite difference methods), to
the best of the authors’ knowledge there are no known error estimates for most of
the numerical methods. There are two intrinsic difficulties to the partial differential
equations of pricing American options:

(1) the optimal regularity of the solution V'(-,¢) to the American option pricing
model is of W2 and V;(-,t) € L°;
(2) the initial data is only in W1°°,

Mathematically, it is common practice to introduce a change of variables in or-
der to remove the degeneracy from the classical Black-Scholes model. However, at
the same time this introduces a new difficulty: the resulting problem needs to be
solved over an infinite region in the space variable. In practice, this is dealt with
by numerically solving the new problem over a large but finite range (see, for ex-
ample, [9], [20], [23], [26], [39]). Then, as mentioned in [3], two difficulties arise:
(1) the computer simulations must be run over a “large” region and thus are rel-
atively slow; (2) an artificial boundary value must be imposed, which affects the
accuracy of the simulation. Especially, when the interest rate is greater than the
dividend, the accuracy problem becomes serious because of the specific nature of the
convection term in the Black-Scholes’s partial differential equation. In [3], a new
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nonlocal boundary condition is introduced to eliminate the above two difficulties,
which is mathematically exact and allows us to reformulate the original problem as
a variational inequality on a very narrow region without changing the solution. Nu-
merical results show (see [3] and [4]) that compared with the existing computational
methods, this approach provides very rapid option pricing.

In this paper we are concerned with sharp L?-, L>-norm error estimates and
an H'-norm global superconvergence estimate of finite element methods to enhance
the finite element approximations given in [3] by means of superapproximation esti-
mates between the finite element solution and an interpolating function of the exact
solution, and an interpolation postprocessing technique. As a by-product of the su-
perconvergence property, we illustrate that the approximation of higher accuracy can
be used to form an a posteriori error estimator for this finite element method.

This paper is organized in the following way. Following [3], in Section 2 the Amer-
ican option is exactly reformulated as the linear complementarity form of the heat
equation with a nonlocal boundary condition on a bounded domain. In addition,
we give an equivalent variational inequality to the linear complementarity form and
the semidiscrete finite element approximate formula. Notation for function spaces
and their norms are provided here, and a stability result is established. In Section 3,
sharp L?- and L*-norm error estimates are presented. Also, an H!'-norm superap-
proximation is discussed in this section. Section 4 is devoted to the study of global
superconvergence with the help of an interpolation postprocessing technique. In
Section 5, on the basis of the global superconvergence, an efficient a posteriori error
estimator is given to assess the accuracy of finite element solutions in applications.

2. THE FINITE ELEMENT METHOD

In this section we give an equivalent variational inequality for the pricing model
of the American option and its semidiscrete finite element scheme, and present a
stability result of this scheme.

Let us consider an American call option on a stock with exercise price K, dividend
rate d, maturity date Ty, and interest . As usual, we assume that the capital market
is frictionless and arbitrage free with continuous trading possibilities. Let S = S(¢)
be the underlying asset price and let S follow the lognormal diffusion with constant
volatility o and expected return u:

(2.1) dS = pSdt+oSdz,

where {Z(t): ¢ > 0} is the standard Brownian motion. It may be assumed that
d > 0. In fact, if d = 0, then the value of the American call options equals that of
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the corresponding European call options (see, for instance, [23], [26], and [34]). It is
well known that the price V(S,t) of the American call option is the solution of the
free boundary value problem [26], [33], [34], [23]:

(2.2) 8_Xt/ + %UQSQ% +(r— d)Sg—‘; —rV =0, 0<S<S*t), 0<t<T,
(2.3) V(S,t) > (S—K)y, 0<S<S*t), 0<t< T,

(2.4) V(S,t)=(S—K)y, S=8*t), 0<t<T,

(2.5) V(S*(t),t) = (S*(t) — K)4, g—g(s*(t),t) =1, 0<t<To,

(2.6) V(5,Ty)=(S—K)y, S=0,

(2.7) V(0,t)=0, 0<t<Ty,

where S*(t) is the free boundary, which is a non-increasing function, and 2z, =
max(z,0). Here, the free boundary S*(¢) also represents the early exercise price: the
option should be exercised if the stock price S is greater than or equal to S*(¢) at
time t; otherwise, the option should be held.

Let

1
T = 52T, =
20’ 0, (0%

Then, with the standard transforms,
2

(2.8) V(S,t) = Ke “* Pz, 1), To—t= T oand S= Ke®,
o

(2.2)-(2.7) becomes (see, also, [3])

(2.9) %—%:0, olx,7)>glx,7), x<z*(r), 0<7<T,
(2.10) olx,7)=g(x,7), x=z*(1), 0< 7T,

(211) pla*(r),7) = g" (7). 7). DL (7). 7) = L), 7). 0<T<T,
(2.12) o(z,0) = g(z,0), —oo <z < o0,

(2.13) xEI—noo e FTH(r,7) =0, 0<T<T,

where

glz,7) = (e 1)y, a*(r) = In(S"(Ty — 27/0%)/ K).
Since (see, for example, [23] and [26])
So < S*(t) < Sy 0 <t < T,
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we have

where

SO:S*(TO):maX(%,K), Sm—%fg X:m(%”).

From [3] we know that X is very small. Obviously, we can see from (2.10) that
p(X,7)=9(X,7), TE€[0,T]

Thus, in order to solve (2.9)—(2.13) on [0, X] x [0, T'], we need to prescribe a boundary
condition at = 0. In fact, from [3] we have

(2.14) 0z (0,7) = Ap(0,7), 0<7<T,
where

1 d/ [ S
(2.15) Ap(0,t) = Za\, (t—s)"""%p(0,s)ds ).

Although (2.14) is a complicated and nonlocal condition, it guarantees that we can
restrict our consideration to x > 0, since for x < 0 we have [3]

¢
t— 5)73/2e*””2/4(t78)g0(0, s)ds.

(2.16) pla,t) = —ﬁ X

Note that the initial data g(z,0) is only in W1°(0, X), and its derivative is
bounded but not continuous. To overcome this difficulty, we let

p=u+g,
which reduces (2.9)—(2.13) to

oo _

2.1 — =
7 ot  0x2

(2.17)

(2.18) u(z,t) =0, z*(t) <z <X,
(2.19) u(z®(t),t) =0, wuz(z*(t),t) =
(2.20) =
(2.21)

fy u(x,t)>0, 0<z<
0

2.20
2.21
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where

2
flz,t) = —=(r— de®)e®® Pt p(t) = et
o

Thus, we obtain the following linear complementarity problem, which is equivalent
to (2.17)—(2.21):

(2.22) %—%2]”, u(z,t) 20, 0<z<X, 0<t<T,
(2.23) (Ut —Uze — flu=0, 0<z<X, 0<t<T,
(2.24) u(z,0) =0, 0<z<X,

(2.25) ug(0,t) = Au(0,t) — b(t), 0<t<T,

(2.26) WX, t)=0, 0<t<T

Remark 2.1. From (2.16) we know that the solution V(S,t) of the original
problem (2.2)—(2.7) is given by u(z,T) as
S—K, S§>85,
V(S,t) Ke = Pry(z, 1)+ S — K, K <8< Sq,

—/ E(z,71,8)u(0,s)ds, 0< S <K,
0

for ¢ € [0, Ty], where z = In(S/K), 7 = 30%(Ty — t), and

E(z,7,5) = 5—4%(7 - s)_3/2e_”2/4(7_8)_“”_57.

Next we will discuss the semidiscrete finite element method for the problem (2.22)-
(2.26). To this end, we will introduce some notation.

For J = (0,T) and a real number m, we denote by H™(J) and H~™(J) the
Sobolev space and its dual space, respectively, and the norm of H~"™(J) is given by
[Wllamy= sup PE

peH™(J) H@HH"L(J)
where (-, -) represents the dual pairing between H "™ (J) and H™(J). It is also to be
used for the inner product on L?(J).

For Q = (0, X), the norm in the Sobolev space Wf(Q), ke{0,1,...}, g € [1,00],
is denoted by || - ||k, In particular, if ¢ = 2 then we set H?(Q2) = W¥(Q) and
Il -1l = I - llg,2- The symbol (-,-) stands for the usual scalar product in L?(2). In
addition, suppose that X is a Banach space and u(t): [0,7] — X is an X-valued
function. Define the space

T 1/p
LP(0,T;X) = {U(t); l[ullLex) = (/ [Ju(t) % dt) < OO}, 1<p< oo
0
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From [3] we recall the following result.
Lemma 2.1. Assume that the operator A is given by (2.15) and let J; = (0,t)

for t € (0,T). Then A is an isomorphism from H'/*(J;) to H='/*(J;), and there
exists a positive constant Cy such that

(A, o) = Collelltnsag, Ve e HYA(1,),

where

(ohi= [ elpis)ds.
Let
K*={ve H'(J;Hg(Q)): v(0,-) € HY*(J), v(z,t) >0 a.e. on Q},
where Q = Q x J and
Hp(Q) = {ve H'Y(Q): v(X)=0}.

It is easy to show that the problem (2.22)—(2.26) is equivalent to the following
variational problem: Find the solution u € K* such that for any fixed ¢

(2.27) (ug, u — v) + a(u,u — v) + Au(0,¢)(u(0,t) — v(0))

< (fyu—v) +0(t) (u(0,£) —v(0))  Vve K™,
(2.28) u(z,0) =0, z €,
where

a(u,v) = / ugvzde, K™ ={ve Hg(Q): v>=0on Q}.
Q
Obviously, there exist positive constants C; and Cy such that
(2.29) Culull? < afu,u) < Cllul? Yu € Hp(9).

From Lemma 2.1 and (2.29) one finds that the solution of (2.27)—(2.28) in K* exists
and is unique. We also refer to [5] for the existence and uniqueness of the solu-
tion. See [11], [12], [13], [14], [17], and [36] for various numerical approaches to this
problem. Here we only consider the finite element method for problem (2.27)—(2.28).

Let Th,: 0 =29 < 71 < ... < zpy = X be a regular partition of €2, where M is a
positive integer, h; = x; — x;_1, and h = max h;. Let Vj, C Hg(Q)) be the space of

1<ig
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continuous and piecewise linear finite element functions. In addition, we define the
closed convex subset K of the space V}, by

:{’UEV}LZ’U}O}.

Now we are in a position to give the definition of the semidiscrete finite element
approximation to problem (2.27)—(2.28): Find u(t) € K}, such that

(2.30) (Uh,t,up — ) + alup, up, —v) + Aup(0,t)(up(0,t) — v(0))
< (fyup —v) +b(t) (un(0,t) —v(0)) Vv e Kp,
(2.31) up(z,0) =0, xe€q.

Remark 2.2. Recalling Remark 2.1, we can define the approximation of V(.S )

as
S—K, S8>85,

Vin(S,t) = Ke o= fTy(z,7) + S — K, K <S<Su,
/ E(x,7,s)un(0,s)ds, 0<S <K,
for ¢ € [0,Tp], where x = In(S/K), 7—7% 2(Ty — t), and

E(z,7,s) = _Kx (r— s)_3/2e_”2/4(7_8)_‘m_57.

Vi

First of all, we have the following stability result.

Theorem 2.1. The semidiscrete scheme (2.30)—(2.31) has a unique solution
up(t) € Ky, which satisfies

S + lun 2, 0y + 1m0 .0, < CUS L2022 @) + 1012 1/4,0,)-
Proof. FromLemma 2.1 and (2.29) we find that the semidiscrete scheme (2.30)-

(2.31) has a unique solution up € Kj. Moreover, taking v = 0 in (2.30), we obtain

1d
2dt

Hence, integrating the above inequality with respect to ¢ and noticing that up (0) = 0,

— [lunll§ + funl} + Aun(0,)un(0,t) < (f, un) + b(t)un(0,t).

we have by means of (2.29), Lemma 2.1 and an e-type inequality that

lunllg + ||Uh||2L2(J,,;H1(Q)) + [lun (0, ')H%/4,J,,
C(”f”%?(Jt;L%Q)) + HuhH%Q(Jt;LQ(Q)) + ||b||%1/4,Jt) + &|lun (0, ')H%/zuta

from which we conclude by Gronwall’s lemma that

llunllg + Huh||L2(Jt,H1(Q + [lun (0, )”1/4 AR (”f”L?(Jt,L? @) T b2 1/4,7,)-
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3. SUPERAPPROXIMATION ESTIMATES

As mentioned before, the essential difficulty for the error estimates of the valuation
of American options is the low regularity of the exact solutions and the initial data.
Even for a variational inequality with higher regularity, the error estimate of linear
finite element approximation is O(h) under the conditions that the exact solution
u € W2%(Q), uy € H (), and the initial data ug € W>°(Q). See, for instance, [38]
and [15].

In this section we will utilize a superapproximation analysis technique to present
sharp L2- and L>-norm error estimates for American option pricing problems. In
particular, we will establish a superapproximation property in the H'-norm, which
is a key ingredient of the superconvergence analysis. From the mathematical point of
view, the superconvergence of finite element methods in the H'-norm is beyond all
doubt very important. Survey paper [25] conveys a good view on this topic. What
is more, dV /9S, denoted by “A” (Delta) in the financial community, represents the
number of shares of the underlying asset that the writer of the option should hold
to hedge away the risk arising from selling the option.

First of all, we need the following lemmas.

Lemma 3.1. Let u € H'(J;Hg(Q)) and uj be the solutions of the prob-
lems (2.27)—(2.28) and (2.30)—(2.31), respectively. Let ipu be the linear interpolant
of u. Then we have

(W, up, — ihu) + alup, — u,un — int) + Alup — u)(0,8)(un(0, 1) — inu(0,t))

< Ch3||ut — Ugx — fHOO”u”Q’OO

Proof. Taking v, =ipu in (2.30), we derive the inequality

(8uh

h— ihu) + alup, wp — inu) + Aup(0, ) (un (0, ) — ipu(0, 1)
< (fyun — ipu) + 0(t) (un(0,t) — ipu(0,t)).

On the other hand, taking into account the boundary conditions (2.25) and (2.26),
we obtain via integration by parts with respect to = that

(3.2) (%, up — ihu) + alu, up, — inu) + Au(0, 8)(up (0, 1) — ipu(0,t))

_ (8u 0%u

5 a2 up, — ihu) +b(t) (un(0,t) — ipu(0,1)),
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which, together with (3.1), leads to

wy —
(3.3) (W, up — ihu) + a(up — u,up — ipu)

+ A(up, — u)(0,t)(up(0,t) — ipu(0,1))

- (%, wup, — ihu) + alup, wp — inu) + Aup (0, ) (un (0, ) — ipu(0, 1)
_ {(%, wup, — ihu) + alu, up, — ipu) + Au(0,£)(up(0,1) — ihu(O,t))}

< (f,un —ipw) + b(t) (un(0,t) — ipu(0,t))
2
- {(3“ 0w ihu) b(t) (un (0,) — ihu(O,t))}

ot~ oz
ou  0%u )
=~ (G~ g i),
Set
ou  %*u
bu=%~am =7

Ot (t) = {z € Q: u(z,t) >0},
O (t) ={zr € Q: u(z,t) =0}.

From a property of American options we know that Q% (¢) and Q™ (¢) are separated
strictly by the free boundary x*(¢), and

(3.4) Q=0"t)UQ (t), Lulg+@ =0, Lulg-@) =0.
In addition, let

QF(t) = {z € Q: ipu(x,t) >0}, Q7 (t) ={z € Q: ipu(z,t) = 0}.
Thus, it follows from (3.3), (3.4) and the definitions of Q} (t) and Q; (¢) that

(8(uh —u)

L — ihu) + alup, — u,un — int) + Alup — u)(0,8)(un(0, 1) — inu(0,t))

= —(Lu,up — ipu)

= —/ Lu(up, — ipu)de — / Lu(up, — ipu) de
Qt(t) Q= (1)

= —/ Lu(up — ipu) dx
Q= (1)

= —/ Lu(up, — ipu) da — / Lu(uyp, — ipu) dz
Q= ()97 (1) Q= (BN ()
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= _/ Lu(up — ipu)d / Lu up dz
Q= (H)NQF (1) Q- ()N,

< —/ Lu(up, — ipu)d / Luipudez,
Q- (HNQF (1) (HNQF ()
where we have used the fact that

/ Luupdr >0 and / Luupdx >0,
Q= ()N () Q= ()N (1)

because Lu > 0 and up, > 0. Therefore, from Lu - u = 0 in £ x J we further obtain

(M, up, — ihu) + alup, — u, up — ipu)

ot
+ A(up — uw)(0,8) (un(0,t) — ipu(0,t))
< / Luipudx
Q- (t)nQf (1)

= / Lu (ipu — u)dz
Q- (N2 (1)
< || Lulloolu = inull oo meas(Q7 (£) N QF () < Ch®|| Lul ol ull2,c0,

since meas(Q~(t) N QF (t)) < h. O

Lemma 3.2. Assume that ipu € V}, is the piecewise linear interpolant of wu.

Then we have

A(u —ipu)(0,8) =0 VYt e [0,T],
a(u —ipu,v) =0 Vv eV

Proof. Since
inu(0,t) = u(0,t) Vte[0,T],
we have by (2.15) that
A(u —ipu)(0,8) =0 Vit el[0,T].

Next we will prove the second equality in the lemma. For this purpose, we let
e; = [x;,x;11] be an arbitrary element of T;,. Then for v € V}, we have by integration
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by parts that

M—-1

a(u — ipu,v) = /(u — iRy
Q

Z {vz(up, — ipu)}

where we have used the fact that (u — ipu)|e, =

/ U — ipt)y
€

Z/ U — TpU)Vge = 0,

ei:Oc O

=0

Lemma 3.3. Assume that u and uy, are the solutions of the problems (2.27)—
(2.28) and (2.30)—(2.31), respectively. Let ipu be the linear interpolant of u. Then
we have for u, € L>(Q) N H™(QF(¢)\ QT (t)) (with a > 0 sufficiently small) that

(ug — ipug, up, — ipu) = o(h)||lup — ipull1,

where QT = {z € Q: v > 0} and QT (¢t) = {Ue: enNQF(t) # 0, e € T},}, and
hm o(h)/h = 0.

Proof. Since Q= QT (t) UQ~(¢), we have

(3.5) (ug —ipug, up — ipu)

= /Q+(t) (ur — ipue)(up — ipu) + / (ur — ipug)(up, — ipu)

Q- (1)

Z / us — tpue)(up — ipu) Z / up — ipue)(up — ipu)
eCQH(H\QH (1) eCOtt(¢)
=1 + Is.

For I; we have

(3.6) L] < >

eCQT ()\QFH(2)
< Z h2 |y — inuefloellun — inulcoe
eCQF (H\QFH(¢)
<X CR fullupaelun — vl
eCQF ()\QFH(2)

< CA" Mgl 1y a0t (o\t+ () lun — inul|1,

where we have used an estimate of the interpolation error in a fractional order Sobolev
spaces (see, for instance, [16] and [35])

lv = invllo < CH'**|[v]14a,
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and the finite element inverse estimate

H’U,h - ihu||oo < CHU,h — ihqu.

It is obvious that there are at most two elements in Q77 (¢): when z*(¢) is a node
of the partition T}, there are two elements belonging to Q1 (¢); when z*(¢) is not a
node of T}, there is only one element contained in Q77 (¢). Without loss of generality,
we assume that z*(t) is just in one element e;.

From the Luzin Theorem we know that for every ¢ > 0 there exists a closed
subset ef C e;, such that (-, 1)
continuous function on e; satisfying

¢+ is continuous and meas(e; \ €f) < €. Let u* be a

u*|er = (-, 1)

*

€

That is, u* is the continuous extension of w(-,t) in ef C e; to ¢;. In addition, we
define

TRy

. *
e; — LU |e; -

Then, by means of integration by parts we have that

(B7) L= > [ (u—inu)(up —inu)

ecQt+(t) 7€

= / (ug — ipug)(up, — ipu)

€4

_ / % (/x(ut _ z‘hut)) (un — intt)
= {(uh — ipu) /:l(ut — ihut)} L /e{/;l(ut - ihut)}(Uh —ipu)’
— (un(s) — ipu(z:)) / (i) - / { / il(ut—ihut)}(uh—ihu)'

= Iy + Is.

Next we will deal with I, and Ios.

Since for h — 0

ut — inutlloc,er — 0
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uniformly, we can obtain from the finite element inverse inequality ||uj, — ipu|lco <
Cl|up, — ipu|l1 and choosing € = o(h) that

(3.8) || =

(un(s) — () / (s — inur)

€

/e»(Ut )

< Jlun - z‘hunoo{

/ (Ut - ihut) / (Ut - ihut) }
er ei\ef

< Cllun = inull(hllu = inutlloo,er + llur — intieloo e,\e; meas(e; \ €7))
< Cllun = inull (P o(1) + el|utlloo)
<

o(h)|lup — ipull1.

< Jun = inullo

+

It follows from the Cauchy-Schwarz inequality that

/ei {/:l(ut — ihut)}(uh —ipu)
< /e{/:1 | —ihml}l(uh —inu)’|
< {/e |ue _ihm'}{/@, |(un _ihu)l|}

< hllue — ipuelfo,e,

(3.9) |I22] =

Up — ihu||17ei.

Similarly to (3.8), we can also obtain

(3.10) [Jug — ipuellg,., = / (ue —inur)®
€4

= / (’U,t — ihut)Q +/ (Ut — ihut)2
er e;\e;

hllue = inue|| o er + llus = inte % o\ or meas(e; \ ef)

o(h) + ¢|lut|loo = o(h),

<
<

where we have chosen € = o(h). Combining (3.9) with (3.10) leads to
| Laa] < o(h®/?)||up, — inulls,

which, together with (3.8) and (3.7), yields

(3.11) |I2] < o(h)||up — inul):-

Relations (3.11), (3.5), and (3.6) complete the proof of the lemma. O
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Lemma 3.4. We have
inue = (ipu),
where iy, is the linear interpolation operator.

Proof. Foranyte[0,T]and = € e; = [x;—1, ;] we have
ipu(x,t) = u(zi—1,t)Li—1(x) + u(z, t) Li(x),

where
Li_1(z) = LT and Li(z) =

Ti—1 — X4 Ti — Tj—1

T — Tj—1

are the basis functions corresponding to x; 1 and x;, respectively. Thus, we obtain
for x € e; that

(ipu)(z, t + At) — (ipu)(x, t)

At—0 At
o ’U,(l‘i_l,t—l-At) —’U,(J?i_l,t)
= i Al Fial®)
. u(mg, t 4+ At) — u(w;, t)
A, At fat)
= U ((El‘,l , t)Lifl(iL') + uy (:L‘i, t)Lz ((E)
= ipue(z, t).

O

Now we are in a position to prove our superapproximation theorem, which is the

main result in this section.

Theorem 3.1. Under the conditions of Lemma 3.3 we have that for all ¢
t
[l — unll§ + /0 lun — inull} ds + [[u(0,-) — un(0,)[13 4.5, < o(h?).

Proof. Let
O(x,t) = up(x,t) —ipu(x,t).

Then, from Lemmas 3.1, 3.2, 3.3, and 3.4 we derive
(0, 0) + a(0,0) + A0(0,1)0(0,t)
- (M, 9) +a(un — u, 0) + Alup — u)(0,1)0(0, %)

ot
+ (W, 9) + a(u —ipu, 0) + A(u — ipu)(0,t)0(0,t)
<ont+ (A2 ) < o+ omel,
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or

2dtne)no +a(0,6) + A6(0,1)6(0, 1) < Ch® + o(h)|0])1.-

Hence, noticing that 6(x,0) = 0 and integrating the above inequality with respect
to t yields according to (2.29), Lemma 2.1 and the e-type inequality that

t t
1012 + / 16112 ds + 1160, )24y, < CB® + o(h?) + ¢ / 6] s,
which implies
t
101+ [ 1017 ds + 1000, 3, < o82)

Thus, Theorem 3.1 follows from the triangle inequality ||[u—wup|lo < |[lu—inullo+ |00
and the linear interpolation approximation as well as the equality i,u(0, ) = u(0, ).
O

Remark 3.1. In [3] the convergence rate
lw = unllL2(s;m1 () = O(h)
was obtained, which is a direct consequence of Theorem 3.1:
v = wnll L2 (@) < llw—inullL2m @) + linu — unllL2(s;m1 (@) < Ch.

Remark 3.2. From the previous Theorem 3.1 we know that the convergence rate
of ||up —inul|L2( 5,11 () is 0(h), which is referred to as superapproximation compared
with the approximation capability of the linear finite element space Vj,.

Remark 3.3. Using Theorem 3.1 we can directly derive the following L°°-error

estimate
(312) [lu—wunllz2(sL=) < lu—inullz2(s;no@)) + lint = unll 2 (5000 () < o(h),
where we have used the finite element inverse estimate
||ihu - Uh||L2(J;Lac(Q)) < C||zhu — uh||L2(J;H1(Q)).

In particular, from (3.12) we know that
(3.13) [ 1u0.0) = (0.0 = o(h)

J
which improves the result

[ lu0.8) = wn(0.0) = Otk

J

obtained in [3]. The theoretical result (3.13) has been verified numerically by com-
putational examples provided in [3].
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Remark 3.4. In [3] the convergence rate
Hu(oa ) - uh(07 ')”1/4,] = O(hl/Q)

was obtained, which is also improved in Theorem 3.1 to

[w(0,-) = un(0;)|[1/4.5 = o(h).

4. GLOBAL SUPERCONVERGENCE

In order to improve the approximation accuracy on a global scale, a reasonable
postprocessing method is proposed. See, for example, [27] and [28]. For this purpose,
we need to define another postprocessing interpolation operator I22h of degree at
most 2 in . Then we assume that T}, has been gained from 75, with mesh size 2h
by subdividing each element of Tb, into two equal elements so that the number of
elements N for T} is an even number. Therefore, for any function v we can define a
piecewise polynomial function I22hu of degree at most 2 associated with the mesh 15y,
according to the conditions

(4.1) Byuleves, € P2y i=0,2,4,...,N —2,
Byu(zy) = u(zy), j=1ii+1i+2,

where P, stands for the space of (real) polynomials of degree not exceeding 2, and
e; = [®i, Tit1], €i41 = [Tit1, Tit2). Then it is easy to check that

(4.2) Lyin = I3,
173,0]l1 < Clvlly Yo eV,
112,u —uly < CR?|[ulls Vu e H3(Q).

Now we are ready to present our global superconvergence estimate.
Theorem 4.1. Assume that u(t) and up(t) are the solutions of (2.27)—(2.28)

and (2.30)—(2.31), respectively, and u € W% (Q) N H* *(Q\ Q**(¢)) with a > 0
sufficiently small. Then under the conditions of Theorem 3.1 we have that

t
/ 1By — ull? ds < o(h).
0
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Proof. It follows from the property of the interpolation operator 12, described
n (4.2) that

(4.3) IZup —u =12, (up, — inu) + (I3,u — u).
Therefore, we know from Theorem 3.1 and (4.2) that
¢ ¢
(4.4) / 122, (un — in)| |2 ds < c/ lun — inul|? ds < o(k2).
0 0

Moreover, we have

[u—ulf= (Bu—wlz+ Y [ [ —w)]}
eCO\Q++(t) V€ eCcQt+ ()Y€
= Z |I22hu - uﬁ,e + Z |I22hu - uﬁ,e
eCOQ\QT+(t) eCQt+(t)
< Y oM uli g, + bl = uli
eCO\QTT(t)

CR2FNul}y o ovors ) + CPlull3 o e

<
SO (w340 ovar+ o) + Ul

g,oo)a

from which we can derive

(4.5) 15w = ull¥ = 15w — ull§ + 13, — ul}
< O |ull3 + CR* M (Jull3 4 0 g+ 1) + 1ul13 )

< Ch2(1+a)(HU'H§+Q,Q\Q++(15) + HU’Hgoo)

Thus, combining (4.4) and (4.5) with (4.3) completes the proof of the theorem. O

5. A POSTERIORI ESTIMATES

In this section we develop an a posteriori estimator for the derivative of the finite
element solution. It is of great importance for a finite element method to have a
computable a posteriori error estimator by which we can assess the accuracy of the
finite element solution in applications. From the viewpoint of finance, this kind of
indicator is also meaningful. The raw material of banking is not money but risk. As
mentioned before, the quantity A = 9V /S can be used to reduce the sensitivity
of a portfolio to the movement of an underlying asset by taking opposite positions
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in different financial instruments and make the portfolio risk-free, which is called, in
the financial term, “A-hedging”.

One way to construct error estimators is to employ certain superconvergence prop-
erties of the finite element solutions. Next we will show how the superconvergent
approximation generated above can be naturally applied to produce an efficient a

posteriori error estimator.

Theorem 5.1. Under the conditions of Theorem 4.1 we have that
(5.1) lu = unll 21 () = I Hanun — unllL2 ;1 (@) + o(h).
In addition, if there exists a positive constant Cy such that
(5.2) lu —unllL2(5;m1 (0)) = Coh,
then

lw —un|l 255 () 1

5.3 lim
(5.3) h=0 || I3, un — unll L2781 ()

Proof. It follows from Theorem 4.1 and
u—up = (I3un —up) + (u— Iyup)

that
lu = wnllz2(rm ) = 13hun — unllrz(rm @) + o(h).

Thus, by (5.2) we have

113, un — unll L2050 ()

+o(l) =21
lw = unll 2 o)

or

HIQQhuh - UhHLz(J;Hl(Q))

(5.4) lim

> 1.
oo | — unllL2(5m1 ()

Similarly, it follows from (5.2) and

[ L3nun — unll p2(.m ) = lu— unllp2(sm ) + o(h)

that )
H”IQhuh —un|lL2sm51 Q) <1,
h—0 Hu—uhHLz(J;Hl(Q))
which, together with (5.4), leads to (5.3). O
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Remark 4. We already know from (5.1) that the computable error estima-
tor |[13,un — unl|12(s;m1 () is the principal part of finite element error derivative
llu — un|| 271 (), and can be used as an a posteriori error indicator to assess the
accuracy of the derivative of a finite element solution. Also, condition (5.2) seems
to be a reasonable assumption because O(h) is the optimal convergence rate of the
derivative of the linear finite element solution wp, and from (5.3) we can further see
that || 12, un — un|| £2(;H1 (@) 18 an asymptotically exact a posteriori error indicator.
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