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Abstract. This article is devoted to the study of the Caginalp phase field system with
dynamic boundary conditions and singular potentials. We first show that, for initial data
in H?, the solutions are strictly separated from the singularities of the potential. This turns
out to be our main argument in the proof of the existence and uniqueness of solutions. We
then prove the existence of global attractors. In the last part of the article, we adapt well-
known results concerning the Lojasiewicz inequality in order to prove the convergence of
solutions to steady states.
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1. INTRODUCTION

We consider in this article the following system of partial differential equations in

a bounded smooth domain  of R3:
e 0yw — Aw = —dsu,
Ou — Au+ f(u) = w,

0 < & < 1. This system of equations was proposed by G. Caginalp in [7] in order
to model melting-solidification phenomena in certain classes of materials. Here,
w corresponds to the relative temperature and u is the order parameter, or phase
field, which describes the proportion of either of the phases; the values u = =£1
correspond to the pure states.

This system, with various types of boundary conditions and for a regular poten-
tial f, has been extensively studied, see, e.g., [2], [3], [4], [5], [6], [7], [9], [14], [15],
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[24], [33] and the references therein. In particular, one has satisfactory results on the
existence and uniqueness of solutions, the existence of finite dimensional attractors
and the convergence of solutions to steady states. However, we note that for regular
potentials it is not known whether the order parameter remains in the physically
relevant interval [—1, 1] in general (see however [2] and [3]).

Now, singular potentials f are also important from the physical point of view; in
particular, we have in mind the following thermodynamically relevant logarithmic

potential:
1+s

1—5s’

f(s) = —Kos + k1ln € (-1,1), 0< Ky < K1.

Such potentials, in the case of Dirichlet boundary conditions for both w and u, were
considered in [16]; in particular, the existence and uniqueness of solutions and the
existence of exponential attractors were proved in [16]. The convergence of solutions
to steady states was proved in [17] for mixed Dirichlet (for the temperature) and
Neumann (for the order parameter) boundary conditions. The case of Neumann
boundary conditions, for both w and u, was treated in [8]. We can note that,
contrary to regular potentials, such singular potentials allow to prove that the order
parameter remains strictly between —1 and 1, as is expected from the physical point
of view.

In this article, we supplement the equations with the so-called dynamic boundary
conditions (in the sense that the kinetics, i.e., the time derivative of the order param-
eter, appears explicitly in the boundary conditions). Such boundary conditions have
been proposed by physicists (see [10], [11] and [21]; see also [12]) in order to account
for the wall effects in confined systems. In particular, the Cahn-Hilliard equation,
endowed with these boundary conditions, has been studied in [9], [12], [25], [26], [27],
[28] and [32]. The Caginalp system, endowed with dynamic boundary conditions and
with regular potentials, was considered in [9], [13] and [14].

Here we are interested in the Caginalp system endowed with dynamic boundary
conditions and with a singular potential f (and, in particular, with the above log-
arithmic potential). We prove the existence and uniqueness of solutions, as well as
their regularity. The main ingredient in this study consists in proving that the order
parameter u is strictly separated from the singular values of the potential.

We then prove the existence of global attractors. Recall that the global attractor A
associated with the semigroup S(¢) on the phase space ® is the smallest (with respect
to inclusion) compact and invariant set which attracts all bounded sets of initial data
as time goes to infinity; it thus appears as a suitable object in view of the study of
the asymptotic behavior of the system, see, e.g., [31] for a review on this subject.

Another important issue is whether any trajectory converges to some steady state
as time goes to infinity. It is important to note that such a question is not a trivial
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one, as there may be a continuum of steady states. In particular, following [9],
we are able to prove the convergence of trajectories to steady states by using an
approach based on the so-called Lojasiewicz-Simon inequality and the analyticity
of the nonlinear terms. Such an approach, first considered in [30] (based on deep
results from the theory of analytic functions of several variables due to S. Lojasiewicz,
see [22]) and then simplified and further developed in [20], has been applied with
success to many equations and, in particular, to models in phase separation and
transition, see, e.g., [1], [8], [17], [18], [19], [23], [27], [29] and [33].

2. SETTING OF THE PROBLEM

In this article, we are interested in the study of the following phase-field system:

edrw — Aw = —0yu, t>0, z€Q,
Ou — Au+ f(u) = w, t>0, e,
(1) 8tu—Apu+)\u+%+g(u):0, t>0, zrel =09,
dui
onlr ’
wli=0 = Wo, Ult=0 = Yo,

where € is a bounded domain in R? with smooth boundary I', Ar is the Laplace-
Beltrami operator and d/0n is the outward normal derivative. We further assume
that 0 < e < 1 and A > 0 (actually, the condition A > 0 is necessary only in order
to prove the existence of global attractors; for all the other results, we can also take
A=0).

The existence and uniqueness of solutions to problem (1) have already been proved
in [14] for regular potentials. We are concerned here with singular potentials, namely,
we assume that the function f satisfies the following conditions:

(Hy) FeC(=11), lim f(s) =400, lim f(s)= oo,

whereas the function g satisfies

(Hz.a) g€ C3R), liminfg'(s) >0, g(s)s>puls|> —pu' VseR,

s—+oo

for some i > 0 and p/ > 0, and there exists 0 < v < 1 such that

s)=20 on|y,1],
(Hou) {g()<0 [v,1]

on [_1a _7]

91



In view of (H;), the function f has the following properties (see [16]):
(2) fl(s)>—K; and —E< F(s) < f(s)s+C Vse(-1,1),

where F(s) = f(f f(r)dr and Kj, ¢, C are strictly positive constants. Moreover,
according to (Hz »), the following inequalities hold for g (see [14]):

(3) ¢'(s) = —-Ky VseR, (Gv)—gwv,1)r < K2||v||12~ Vv e LQ(F)7 K> >0,

where G(s) = [ g(r)dr.

In this article we denote by || - || and (-,-) (or || - ||r and (-, -)r) the norm and the
scalar product in L?(Q) (in L?(T")). Furthermore, the singularities of the potential f
lead us to define the quantity D[u(t)] = (1 — ||u(t)||z=)"! for u € L>(Q) and we set
(uy = Q|7 [, u(z) dz for u € L'(Q).

Throughout the article, ¢, C. will denote positive constants which may vary from
line to line and @, Q. will denote increasing functions, C;, ). depending on ¢.

3. A PRIORI ESTIMATES

Following [14], [25], we introduce a further variable 1) = u|r and view the dynamic
boundary condition as a parabolic equation for v on the boundary, namely,

edyw — Aw = —dyu, t>0, ze
Ou — Au+ f(u) = w, t>0, z €,
0
(@) atw—pr+A¢+a—Z+g(w):o, t>0, z €09,
ow
% r - Oa u|F - 1/)7
wli=0 = wo, Ult=0 = uo, Y|t=0 = Yo.

We start with the following theorem. Note that all estimates already depend on ¢.

Theorem 3.1. We assume that the functions f and g satisfy assumptions (H;),
(Hs2) and that the initial data (ug, o, wo) satisfies

(5)  Dluo] + lluollF= + ol 32 (r) + lwollzz < +00,  Dluo] >0, uolr = to.
Then, for every solution (u(t),(t),w(t)) of (4) and every t > 0, we have
6)  lw®lFe + @l + 1O @

+ /Ot e~ (1 0pu(s) |17 + 106(5) 301 ry + ellBrw(s) |32 ) ds

+10eu®)|* + |0 ()17
< Qe(Dluo] + llwol[32 + lluollFz= + ¥oll3z2ry)e ™ + Cery,
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where Iy = (ewg + up) and the positive constant « and the increasing function Q.

are independent of (ug, %o, wp).

In order to prove Theorem 3.1, we need the following lemma.

Lemma 3.1. Under the assumptions of Theorem 3.1, any solution (u(t),(t),
w(t)) to (4) satisfies, for every t > 0:

(7) /0 (|0su(s)||* + |0wb(s) |7 + ||Vw(s)||2)e—a(t—s) ds

+elw®? + lu@®)lzn + IO )
< Q(Dluo] + lluollz + lvollz oy + llwol72)e™ + Cery, o> 0.

Proof. According to (H;), we assume that, a priori,
(8) [ull oo @xrty < 1.
Integrating the first equation of (4) over 2, we obtain the conservation law
(ew(t) +u(t)) = (ewo +uo) =: Iy Vt=0.

We multiply the first equation of (4) by w, the second by u + d;u, sum and integrate
over . Using, e.g., the straightforward simplifications (in view of (4), third equation)

~(Bu(t), u(t)) = Va2 @u(r)do
r
= VU@ + 3 SISO + I Tr(

+AY@F + (9(e(1), v (t))r

and
—(Au(t), 8tU(t)) — (Vu(t)7 Vatu(t)) — g %(t)atu(t) do
- %%HVu(t)HQ + 10 (t)|12 + %%llvrw(t)ll%
F 2SR + SO,
we obtain
(9) %%E(t) + V)| + [Vu@®)* + Ve @)lI7 + M @)l7 + (f (ul@), u()

+ (g9 (®)), ¥(®)r + 10u@®)|* + 10 @)][F = (w(t), u(t))
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with

E(t) = elw®)* + u®]* + I Vu@)* + 2(F (u(t)), 1) + A+ D@7
VeI +2(G@ (1), Dr.

Furthermore, employing Friedrich’s inequality

1
IVe@I* = Ca(lw@®] - [21(w®)*),  Ca >0,
together with (2), (3) and the following consequence of the conservation law:

< |Io| +1

we deduce that, for & > 0 small enough,

d

T E@) +aB@) + [Vw®)|?* + [19u®)]* + [0 @IIF < Ce o

Thus, applying Gronwall’s lemma, we finally obtain (7) and Lemma 3.1 is proved.
(I

Proof of Theorem 3.1. We differentiate the second and third equations of (4)
with respect to t to find

(10) Oiu — Adyu + f'(u)0pu = dpw, t>0, x€Q,

(11) 3%%/} — Arop) + Aoy + M

! p—
on +dW)ow =0, t>0, zeTl.

Next, we multiply (10) by d;u and the first equation of (4) by dyw, sum and integrate
over (. After straightforward transformations involving (11) we obtain, for a > 0
small enough (smaller than the same constant appearing in Lemma 3.1),

%{Hﬁtu(t)IIQ o @IIF + [Vw®)]*} + aldu®)1* + [0 @F + [Vw(®)])
+ |VOwu(t)||* + Vo (t)||r + el|0yw(t)]?
Cl1asu(®)l* + 100 ()17 + [IVw(®)]?)-

Then we apply Gronwall’s lemma together with (7) and the inequalities

‘ 2

[|01(0)

I < QUIvollz2ry + lluollF2),
19 (0)]*

<
< Q(Dluo] + [luoll2 + wol?)-
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This yields
(12) [0 + 18 ()7 + [[Vw(®)]?
t
+ / e I VOu(s)|® + Ve (s) I + el 0w(s)|*} ds
0
< Q(D[uo] + [[toll32(ry + lluollzr= + llwollF)e™" + Ce .

Finally, we multiply the first equation of (4) by —Ad,w — Aw and integrate over Q.
This implies, for o > 0 small enough,

%{IIAU}(UIIQ +el[ V@ + a(|Aw@®)|? + e Vw(®)]?) + €| Vouw(t)]|?
< Ce(lou®)” + [IVou@®)|* + [[Vw(®)]*).

Hence we complete the proof of Theorem 3.1 by employing (7), (12) and Gronwall’s
lemma. O

It remains to prove proper H2-estimates for u and .

Theorem 3.2. Under the assumptions of Theorem 3.1, the solutions u(t) and
1(t) of problem (4) are strictly separated from the singularities +1 of the function f,
i.e., there exists a constant 0 < 6 < 1 depending on Dl[uo], |uo|lg2, |[Yol w21y,
|lwol| g2 and e such that

(13) @)ooy <6 and  |lu(t)|[z~ <6 V=0
Proof. From Theorem 3.1 we infer the existence of a constant 3 > 0 such that
[w®)[[Le < cllw@)|lpz < B VE>0.

Hence we denote by 0 a strictly positive constant depending on Dfug], ||uol gz,
1Yol 2 (ry, llwollmz and e, which satisfies (we know that such a constant exists,

owing to (Hy) and (Hap))
(14)  uollper@y <6 <1, g(8)=0 and f(6) > B> |w(t)lr~ Vt=0.

We then set v = u — §, ¢ = ¥ — ¢ and rewrite the second and third equations of (4)
as

(15) O = v+ f(u) — 6) = w— (),
Dip — rp+ Mg+ 52+ ) — 9(6) =~ — g(0).
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We multiply the first equation of (15) by v4 = max(v,0) and integrate over (.
Applying (2) and (14) (i-e., w(t,z) — f(6) <0Vt >0, Yz € Q), we arrive at

GO + Vel - [ 20000 < s 0]

N =

We find, noting that v|r = ¢ and owing to (3) and (Hz) (thus, Ad + g(d) > 0),

Ov(t 1d
_/ —a( )<p+(t) do > S ller OIIF + [Vees Ol + Mot O — Kallor (@1
r on ¢

Then we obtain

1d
53 @I + e Ol + [Vor O + [Vees ONF + Mles O]

< Killog (D117 + Kalox (8)[I7-
Thus Gronwall’s lemma leads to
lor (D117 + ler N7 < (v (017 + [lo+ (0)[[E)e™!

with K = 2max(K7, K3). According to (14) we have

Hence we obtain

ie.,

v(t,z) <0 Vt>0, forae z€Q, p(t,z)<0Vt=0, forae xel.
We then conclude that

u(t,z) <6Vt =0, forae. z€Q, ¢(t,x)<dVt>=0, forae zel.

It remains to prove that u(t,z) > —¢ for all t > 0, for a.e. z € . In order to do
so, we can assume, owing to (Hy), that the constant 0 < 6 < 1 introduced in (14)
also satisfies

f(=0) < =B < —[lw(t)|[Le VE=0.

Then we set v = u — § with ¢/ = —§. We again consider equation (15), with §
replaced by ¢’, and multiply this equation by v_ = min(0,v). We omit the rest of
the proof of Theorem 3.2, the arguments being exactly the same as above. ([
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Corollary 3.1. Under the assumptions of Theorem 3.1 there exists a constant
Ms > 0 depending on the constant 6 = 6(Dluo], [|uol|m2, [|1oll 2 (ry, [[woll a2, €) ap-
pearing in Theorem 3.2 such that the following estimate holds:

lu(®)l| 2 + [P |2y < Ms V2 0.

Proof. According to Theorems 3.1 and 3.2, we can rewrite the second and
third equations of (4) as

—Au = hy, h1 =w — Oy — f(u),

0

—Ard+ M+ a—z =ha, hy = -0 — g(¥),

with ||h1|| < Ci and ||hz|r2ry < C2, the constants C; and Cs depending on 6.
Arguing then as in [25, Lemma A.1], we obtain the estimate of Corollary 3.1. O

Theorem 3.3.

(i) Under the assumptions of Theorem 3.1 there exists a constant M; depending
on ty, &, Dlugl, |[uollg2, |0l (1), [lwoll 2, € such that the following estimate
holds for some t; > 0:

(16) lu@llzs + YOl @) + lw@)l[gs < My V=t
(if) Furthermore, if we assume that
Dluo] + [luollzs + l[%oll 3y + lwoll s < +o00,

then there exists a constant M, depending on Dlug], |uo|lms, [|%ollss ),
|lwol| g3, 0, € such that

(17) lu(®)ll s + 1@ s @) + lwt)llgs < Mz Vi 0.

Proof. We multiply equation (10) by d3u, integrate over {2 and use (11) to
obtain

d
(18) T AIVI@®* + [Vrow @lIF + Mo @)1} + [105u®]* + 1954 @)
< C[0u®)? + [Bw®)I* + 0 (1)
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Then we multiply this inequality by s and integrate over [0, ¢]. Standard integrations
by parts and Theorem 3.1 lead to

(19) £[VOu(t)| + £ Vronb(t)|2 + Ml|ow(6) |2
t
+ / (s1102u(s) |12 + sl|OZa(s)]2) ds
0
t
< / (I90u(s) 2 + V00 ()]2 + AlGep(s)|2) ds

t
+ Ct/ (l0eu(s)* + 10ew(s)I* + 10 (s)F) ds < Cet + CL
0

where the above constants depend on D[uo], ||uollz2, [[¢ollm2(ry, |wollm2, 0 and e.
In particular, we infer that
(20) IVOu@®)|” + [Vroep ()12 + Ao (£) 12
C! C!
<C€+7€<C€+t—€::(}1 Vit >t > 0.
1

Next, we differentiate the first equation of (4) with respect to ¢, multiply the resulting
equation by t 93w and integrate over 2. We find

d t
et||OwB)I* + 1 IVaw®)* < Z05u®)]

Then integration over (0,t), combined with integration by parts, (19) and Theo-

rem 3.1, implies
¢ t g t
9ol +& [ slhu@Pds< [ Zofuts)Pas+ [ 1900 ds
<clt+ .
From the second equation of (4), we infer, applying (20), that
IV(Au@)l < [Vw@®l + IV (w@) + [IVOu@)]| < C2 Vit
Hence we conclude, in view of Corollary 3.1, that
(21) lu(t)||gs < Cs Vi =t

with C3 depending on ¢, D{ug], ||uollm2, [|[Yolla2(r), l[wollm2, d, €. In a similar way

we can write

IVrAre) e < 19ea Ol + AITee@le + [ (520) |+ 199t
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with 5
Ve (52 ®)]|. < Cllut .

Consequently, estimates (20), (21) and Corollary 3.1 imply
V)| g3y < Cs VE >t

The same arguments hold for the H3-estimate of w and (16) is proved.

In order to prove (17), we now assume that wug, wp belong to H3(2) and that
Yo belongs to H3(I'). We again integrate (18) over (0,t) and use Theorem 3.1
together with

[VO:u(0)]| < [V (Auo)l + IIf (uo) Vol + || Vo]
< C(|luol| s + llwol a1 ),
Vo (0)[lr < C' (1ol s ry + lluoll g2 (ry)
< C"(|[voll 3 (ry + lluol| m3)-

Then it follows that

(22) IVOu(t)|* + [ Vedsp (£)IIF + M Db (817
t
+/0 (105u(s)I* + 1054 (s)[[E) ds < €
with C"” depending on Dluo], |[uol|ms, [[¥oll ms(r), [lwoll 2 and e.

Next, we differentiate the first equation of (4) with respect to ¢ and multiply the
resulting equation by 872w and integrate over Q. Then we find

d 1
elloFw®)|* + E||vatw(t)”2 < gHaftu(t)HQ-
Integrating this estimate over (0,¢) and using

(IVAwo || + VI (0)]))

1
[VOw(0)| < z
< Ce(||woll s + [[woll a3),

we obtain, in view of (22),

t
IVoww(t)]? + / l03uw(s)|?ds < C,
0
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with C' depending on 1Yol s rys luollas, [lwolls, Dlugl, €. Writing
IV(Au@)] < [IVw@ + 1 (w®) Vu@)]| + [ Vou)]|
and applying (22), we conclude that
[u()|gs <M Vt=0,

with M depending on Dluo], ||uollms, [[%ollmsr) and [Jwo||gs. Similar arguments
apply to the H3-estimates of ¢ and w, which completes the proof of Theorem 3.3.
O

We conclude this section by giving three lemmas concerned with the difference
of two solutions to problem (4). They furnish the Lipschitz continuous dependence
of the solutions on the initial data at any fixed time. In particular, we infer from
Lemma 3.2 below the uniqueness of solutions to problem (4) (and (1)).

Lemma 3.2. Let functions f and g satisfy assumptions (Hy) and (Hs), respec-
tively. Let (u1, 1, w1), (u2, 2, we) be two solutions to problem (4) with initial data
satisfying (5). Then the following estimate holds for t > 0:

lwi(t) = w2 (O + lJua () — w21 + [¥1(t) — w2 (B)IIE
< C1e®!([lwy (0) — w2 (0) 1 + [[us (0) — uz(0)[|* + [[42(0) — ¥2(0) ),
where C1, Cy depend on €, but are independent of the initial data.
The proof of this lemma is the same as the one of [8, Lemma 3.1] (see also [16]

and [25]) and we thus omit the details here.

Lemma 3.3. Let functions f and g satisfy assumptions (H;y) and (Hs), respec-
tively. Let (u1,v1,wn), (uz, 2, ws) be two solutions to problem (4) with initial data
satisfying (5). Then the following estimate holds for t > 0:

ellwi(t) = w2 ()1 + [lua (t) — w2 (t) 3
+wn(t) = a7 ) + (e(wi () = wa(®)) + ua(t) — ua(t))?
< O3 (e]|wi(0) — w2(0)[| + [[ua (0) = u2(0) |7 + 41(0) = ©2(0) 1 Fs (1)),

with C3, Cy depending on ||wqo| g2, ||wiollm2, |0l m2(ry, Dluwil, i = 1,2, and €.
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Proof. Weset w=w; —wa, u=1u; —ug and ¥ = 1)1 — 1po. Thus (u, ¥, w) is a
solution to

edyw — Aw = —0Osu,

Ou — Au+ 1(t)u = w,

ou
(23) %w —ArY + M+ o+ h(t)) =0,
w
% r = 07 u|F = wa

w|t:0 = Wo, U|t:0 = Uy, 1/)|1t:0 = o,

where [(t fo f(sui(t)+ (1 —s)uz(t)) ds and h(t fo (s11(t) + (1 —s)tha(t)) ds
We have the conservatlon law

(ew(t) + u(t)) = (ewio + u10) — (ewao + u20) =: In YVt > 0.

Since f and g are of class C' and wuy, us, 11, ¥ are strictly separated from +1, we
infer that

(24) 1@z + [AE)][ Loy < C VE=0,

with C' depending on ||wio || g2, ||wioll 2, ||¥iol g2y, D), i = 1,2, and e.
We now multiply the first equation of (23) by w, the second by dyu, sum and
integrate over €2 to find

1d

5 <Al + [l + [Vee R+ ApOIR} + V()
+ 3o + 5l

< u@)]|? + el ()]

Using again Friedrich’s inequality and the fact that

&(Q—:w(t) +u)?) =0 Vt=0

we obtain

2 A + [VuO)? + [T R+ M3 + ew) +u(e)’)

1 1
+ VeI + o] + 510 @I
< el @I + " IVu@)]® + ¢ (u(t))*.
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Next, we write

(u) = (ew + u) — (ew).

Thus we have

(u)? < 2(ew + u)? + 2e3(w)? < 2(ew + u)? + |Q| || |12

and, finally, we find

{elw®I* + IVu@®? + I Vro@)lIF + AL @I + ew(t) +u(t))*}
C(lwOF + [Va@®l® + (w(?) + u(®))® +ellw®)|*)
Cellw®? + IVu(®)* + I Ve ()17 + M @)1

+ (ew(t) +u(t)?).

N =
&~

<
<

Then we deduce that

ellw®I* + [Vu@)|* + 1) |3 ) + (ewt) +ult))?
< Clefw(O)]* + I1u(0)[F + [19(0) 17 () )"

Again, this estimate, together with the inequality (u)? < 2(cw + u)? + 2¢|Q|~{jw||?,
obviously leads to

(u())* < 2C(el[w(0)]* + u()l[ + 1% (O)II3 ) ).

Hence we obtain the H'-estimate of u and Lemma 3.3 is proved. O
We also have the following result.
Lemma 3.4. Let functions f and g satisfy assumptions (Hy) and (Hs), respec-

tively. Let (u1, 1, w1), (u2, Y2, ws2) be two solutions to problem (4), with initial data
satisfying (5). Then we have, for t > 0,

[ () = wa ()17 + () — w2 ()3 + 1) — Y2 ()13
+ [[0pua (t) = duz()|1* + 031 (t) — Do (1) I
< C5e (|[wio — waol[Fp + [luio — w22 + %10 — W20l 32 (r))

with Cs, Cg depending on ||wqo| g2, ||wiol 2, |0l m2(ry, Dluiol, i = 1,2, and €.
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Proof. We differentiate the second and third equations of (23) with respect
to ¢ to obtain

OZu — Adyu + L (t)u + 1(t)Opu = dpw,

9(9yu)

(25) 020 — Ardh + \Oyh + ———= o

+ he(t) + h(t)Ogah = 0,

Ut|F = ;.

Obviously, it follows from Theorems 3.1 and 3.2 that, in addition to (24), we also
have

L@ + [he@)llr <C VEZ0

We multiply the first equation of (25) by d;u and the first equation of (23) by dyw,
sum and integrate over 2. Then, using (H;) and (Hs), it follows from the conditions

I(t) > —K, and h(t)>—-Ky Yt>0

and straightforward simplifications that

5 dt{llvw( W+ 18eu@)I* + 100 )17} + 1V Oeu(®)|®
Ve @f + Mo t)IE + elloqw(t) ]
< Kallowu®)l® + Kzl 0w (1)]7
= (L()u(t), pu(t)) = (he(8)(8), Otp(t))r-
Since we have (cf. (24) and recall that H!(Q2) — L5(Q))
| (@)ult), Opu(t))] < (|2 (O)][[[w(t)Dru(t)]]
[u(@)]| L[| Oru(t) | s
M@l |0vu(®) | 1o
10cu®)[ 72 + Cllu®)lI3,

<
<c
<

Hn

S35
and, similarly,
1
(e (B0 (8), Do ()] < 100 (s oy + C IO )
we obtain
1
{IIV O + 18eu@®)]® + 10012} + 5 [10cu(t) |3
2 dt 2

1
+ 10 (O3 (o) + el ()]
< (K + D)][8u(®)])? + (K2 + D)0 ()12 + Cllu®)| 3
+ @) )
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Thus

%{HW}@)II2 + 0w + 10 (O)IIF} + 10ru(®) |
+ Ol ) + 2¢O (t)]?

< C"([Vw@®)I? + 101 + 10 (1)]17)
+C" (lu®)lF + 1@ ry)-

Since

10:u(0)]* < C([luolF2 + [lwoll),
18 (O)[IF < C" (ol Fr2(ry + lluollFr2),

we conclude by Gronwall’s lemma and Lemma 3.3 that

IVw®)I* + 10cu®)|* + |0 (t)] o

B < ClllwollEn + lluollZe + 1ol ry)e

and Lemma 3.4 is proved. (|

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Theorem 4.1. Let the nonlinearities f and g satisfy assumptions (Hy) and (Hz).
Then, for any initial data (ug, %o, wo) € H?(2) x H3(T) x H%(Q) satisfying

Dluo] + lluollzz + %ol Fr2ry + lwollz < +00, Dlug] >0, uo|r =,

problem (4) (or (1)) possesses a unique solution (u, ), w) which satisfies all the esti-
mates of the previous section. Here H%(Q) = {w € H?(Q), dw/On|r = 0}.

Proof. The above a priori estimates lead us to introduce the approximate

function

s+ 0+ f(=0), s€ (—o0,—0],
fs(s) =< f(s), s € [-4,9],
s+ f(0) =4, s € [0, +00),
where the constant § > 0 is the one appearing in Theorem 3.2 (0 depends on D|ug],
luoll 2, %ol m2(rys llwollm> and €). Increasing 6 (0 < 6 < 1) if necessary, we can

assume that
f6)>6 and f(=5) < —b.
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Then we consider the following regularized problem:

edyw — Aw = —0u, t>0, ze
Oru — Au + f5(u) = w, t>0, z€Q,
0
(26) am-mw+w+£+g(w):o, t>0, zel,
ow
% r - 07 U|F = wa
wli=0 = wo, ult=0 = o, Y[t=0 = tbo.

We can check, without any difficulty, that the function fs satisfies the following
assumption, required in [14]: there exist constants 7; > 0 and 72 > 0 such that

fs(s)s =ms®> —m2 VseR.

Thus, arguing as in [14], we infer the existence of a solution (us, s, ws) to prob-
lem (26) belonging to

Cw([0,T], H*(Q) x H*(T) x H3 () N (W, *(Qr) x W, (Dr) x W,*(Qr))

with p € (3,10/3). (Here we have set Qpr = [0,T] x Q and Iy = [0,7] x T, and
Wpl’z(QT) denotes the set of functions which, together with their first time derivative
and first and second space derivatives, belong to LP({2r).)

In order to make sure that this solution is suitable for problem (4), we show in
the next lemma that fs satisfies (2).

Lemma 4.1. We set Fs5(r) = for fs(s)ds. The functions fs and Fs possess the
following properties:

fir)y > —Ki, r#406, and —é<Fs5(r)< fs(r)r+C VYreR,

where K1, ¢, C are the strictly positive constants appearing in (2).

Proof. We only detail the case r € ]d,400). The other ones are very similar
and are omitted.

It follows from the definition of fs that f5(r) =1 > —K; Vr € ], +00). Moreover,
since f satisfies (2) and f(4) > §, we obtain

r2 —§2
2

) r
Fg(r):/o f,;(s)ds+/5 f5(s)ds = F(8) + Y (F(8) = O)(r —6) > —&.
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Then, since f(0) = f5(r) —r + ¢ for r > 4, (2) also leads to
r—2¢

+ 1))

< f(5)5+(7+(r—5)(r_6+f(5))

< fslr)yr +C+ (5 — r)(r ‘g 5) < fs(r)yr + C.

As a consequence of Lemma (4.1), the a priori estimates established in Section 2 for
the solutions to problem (4) still hold for the solutions to (Ps). In particular, we
deduce from Theorem 3.2 that

lus(@®)|l = <8 Vit 0.

Hence we have f5(us) = f(us) and we conclude that (us, s, ws) is also a solution
to problem (4). Since the uniqueness of the solution to problem (4) is a direct
consequence of Lemma 3.3, we finally conclude that (us, t)s, ws) is the unique solution
to problem (4) and Theorem 4.1 is proved. O

Remark 4.1. Actually, in order to apply the results of [14], the function fs
needs to be of class C!. However, the existence of a solution for this less regular
function fs follows from standard regularization arguments (in particular, we can
consider a regularized potential f§ (which approximates f5) of class C*.

Remark 4.2. Lemma 3.2 allows to prove (by continuity) the existence (and
also the uniqueness) of a solution for initial data belonging to the closure L of

&= {(u,w,) € H0) x HAQ) x HA(D), ul, =0, o] =0, fullp~ <1}
in L?(Q) x L*(Q) x L*(T), namely,
L= {(uw, ) € L%(9) x (@) x L(D), Jullr~ < 1)

(see also [8], [16] and [25] where similar situations are encountered). This allows
in particular to consider initial data containing also the pure states (i.e., ug can
take the values +1). Now, contrary to the case of Dirichlet or Neumann boundary
conditions (see [8] and [16]), we have not been able to prove that the system mixes
instantaneously, i.e, that the solutions are separated from the singular values of the
potential as soon as t > 0 (or in finite time, i.e., for ¢ > to > 0). The difficulties
here come from the dynamic boundary condition; essentially, we would need to prove
that, for a solution starting in L, ||u(to)| |z < 1, where to > 0 is arbitrarily small.
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5. EXISTENCE OF GLOBAL ATTRACTORS

Owing to the results of the previous section, we can define the semigroup
S(t): @ar — Par,  S(t)(uo, wo, o) = (u(t), w(t), ¥(1)),

where (u, w, ) is the unique solution to (1) with initial data (ug,wo, 1) and
0
s = { (ww, ) € HA(Q) x HX(Q) x HX(D), ulr =, 5| =0, Juli= <1,
IIo| < M}.

Now, the estimate of Corollary 3.1 does not allow to prove the existence of a bounded
absorbing set (i.e., that the system is dissipative), since the constant § is chosen
such that [|ugl| () < & < 1, which implies that the constant Ms depends on
|luol|L and is not bounded as ||Jug||~ — 1. Thus, in order to have a dissipative
estimate on |lu||pe~, we need to proceed in a more accurate way. To do so, we set
y1(t) = max(d,1 — at), where 0 < 6 < 1 and o > 0 are to be fixed below. We thus
have, setting to = (1 — 6)/a,

Furthermore, setting v = v — y4 and ¢ = ¢ — y4, we have

Orv — Av + f(u) = f(5) = w — f(3),
D — Arg + Ap 4+ dv/In + g(1) — g(d) = —Ad — g()
for t > tg, and
Ov—Av+ flu)— f(l—at) =w— f(1—at) + a,
A — Arg + Ap+ 0v/On + g(¥) — g(1 — at) = —A(1 — at) — g(1 — at) +

for t < ty. Proceeding then exactly as in the proof of Theorem 3.2 we now see that,
choosing § such that

9(8) =0, f(0)> B> lwt)re Yt=0

and taking then « small enough such that (owing to (Hi) and (Hy ) and noting that
A>0)

AMl—at)+g(1—at) —a>0, |w)|re—f1—at)+a<0
Vt € [0, o], we have

(t), =e,
(t), zel,

0, t # to,

t=
t>0, t#to.
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Similarly, setting y_(t) = min(—d, —1+at), we have (see the proof of Theorem 3.2)

_(t), zeq,
_(t), =zel,

t>0, t #to,
t>0, t #to.
We now deduce from the above estimates that

)|z <8 for ¢ > to.

Furthermore, it follows from Theorem 3.1 that, if Ry = Ro(M) is large enough, then
for t > t1 = t1(Ro) we have ||w(t)|| gz < Ro. Therefore, taking t > to > t1, to large
enough, we have, proceeding as above,

lu()ll 2= < 9,

where § = 0(Ry) is now independent of the initial data.
We finally deduce from the estimates performed in Section 2 that, if Ry = Ry (M)
is large enough, then

By, = {(u,w,v) € H'(Q) x H'(Q) x H'(T), l[ullg + [wllm + [$lla < R} 0 @

is a bounded absorbing set for S(¢) on H'(Q) x H(Q) x H(T), i = 2,3. This yields
the following result (note that it is not difficult to prove that S(t): ®ar — Pps is
continuous V¢ > 0).

Theorem 5.1. The semigroup S(t) possesses the compact global attractor Apy
on ®); which is bounded in H3(Q2) x H3(Q) x H3(T).

Remark 5.1. It is now not difficult to prove, in view of the strict separation
property of u, that Ay, has finite dimension (in the sense of the Hausdorff or the
fractal dimension, see, e.g., [31]); to do so, we essentially proceed as in the case of
regular potentials (see, e.g., [8] and [14]).
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6. CONVERGENCE TO AN EQUILIBRIUM
In addition to (Hy), the function f will be assumed to satisfy
(Hs) f is real analytic in (—1,1).
The main result of this section is given in the following theorem.

Theorem 6.1. Let f satisfy assumptions (Hy), (Hs), g = 0 and let (u, u|r, w) be a

solution to (1) with initial data (ug, uo|r, wo) satisfying (5). Then , 1i21 u(t) =: w and
— 100

. ligl w(t) =: W exist in H2(Q)NH?(T') and H?(Y), respectively, and the functions i,

w are solutions to the equilibrium problem

—Au+ f(u) = w, x €,
ou
—Art + — i = T
(27) pu—l—an—i—)\u , zel,

(ew 4 a) = Iy (= (ewp + up)).

We will only outline the proof, which follows the arguments of R. Chill et al. [9]
(see also [27]). To this aim, we first make a change of unknowns in problem (1).

Remark 6.1. We slightly change our notation in this section and set, follow-
ing [9], H{(Q) N HYT) = {u € HY(Q), u|r € H(T)}, endowed with the norm

HUH%N(Q)nHi(r) = [lull: + HUH%{’?(F)v
1 =0,1,2, being understood that, for i = 0, we assume that the trace exists.
6.1. Modified problem and the solving semigroup

We set v = w — Iy/e and f(u) = f(u) — Iy/e. Then we can rewrite problem (1)
(for g =0) as

edww — Av = —0yu, t>0, z€Q,

5‘tu—Au+f(u):v, t>0, z€,

8tu—Apu+)\u+%:0, t>0, zel,
(28) on

onle 7

U|t:0:wo— ?0, U|t:0:’uo~
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Here we consider a modified problem in order to have the homogeneous conservation

law
(ev(t) +u(t)) =0 Vt=0

(see [9]). Tt is clear that the function f also satisfies assumptions (H;) (and, conse-
quently, (2)) and (Hs). Thus all the a priori estimates of the preceding sections still
hold for the solutions to problem (28).

We can now define the solving semigroup associated with problem (28), namely,

St): © — @, S(t)(uog,v0) = (u(t),v(t)),

where (u,u|p,v) is the unique solution to problem (28) with initial data (ug,ugl|r,
vo) and

o

P = {(u,v) € (H*(Q) N H(D) x H*(), 5|

=0, ullp~ <1, (ev+u) = 0},
endowed with the norm
[l(w, )13 = llullFe + Nl + 110l Fe-

Of course, S(t)(uo, wo — Io/e) = (u(t),v(t)), where (u,u|r,v + Io/e) is the unique
solution to problem (4) with initial data (uo, uo|r, wo)-
We then define a functional E: ® — R as

Bu(t), o) = 5|V + [ Fu(®)de + ZIVeu®l + 5lu(ol + 5 (o)

where F(s) = fOS f (r)dr. This functional is a Lyapunov function for our problem,
since it satisfies

d

(29)  FE(u(®),v(t)) = (-Au(t) + Flu(t)), deu(t))
+ (—Apu(t) + ag—s) + Au(t), u(t))r + e(v(t), 8tv(t))

— [wu®)II* = 10u®)lIE + (v(t), dpu(t) + edp(t))
—[Gru®)]* = loeu®)[IE ~ IVo@®)]* <0 VE>0.

Moreover, assume that there exists > 0 such that F(S(#)(ug,v0)) = E(uo,vo). Then
it follows that d,u(t) = 0, dyulr(t) = 0, Vu(t) = 0Vt € (0,%). Hence dyv(t) =0Vt €

(0,t) and (ug,uo|r, vo) is a stationary solution. Finally, we infer from (16) that the

orbit |J S(t)(uo,wvo) is relatively compact in ®. Thus (P, S(¢), E) is a gradient
t>t1
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system, from which it follows that the w-limit set (with respect to the topology of @)
w(ug, vg) consists of equilibria. Furthermore, the equilibria coincide with the critical
points of E. The proofs of these assertions resemble the ones given in [9], owing to
the strict separation property on u, and we thus omit the details. We now have to
prove that w(ug,vg) is a singleton.

Remark 6.2. It follows from the relative compactness and the existence of a
Lyapunov function that (27) possesses at least one solution, i.e., that there is at
least one stationary solution. Alternatively, proceeding as in [32], we can prove
that u € H3(Q), (u) = Iy — e, ||u| L~ < & < 1, where the constants w and § satisfy
Iy — ew < 4, is a solution to (27) if and only if it is a critical point of

Hut) = 5IVu®F + [ Flu®)ds + Z1Vru®lf + I + 5ol

over

K={uc H(Q)NH'T), (u) = I —cw}.

Then, noting that K5 = {u € K, |Jul|r~ < 0} (where @ and § are as above) is
weakly closed and that J is bounded from below on Kj (note that f is actually
regular on Kj), we can prove that J possesses a minimizer v in Ky, hence the
existence of a solution to (27). We refer the reader to [32] for more details.

6.2. A Lojasiewicz-Simon type inequality
We set

V = {(u,v) € (H*(Q) N HYT)) x L*(R), (cw +u) = 0}.

We obviously have ® < V', hence V' — @',

The proof of Theorem 6.1 requires a Lojasiewicz-Simon type inequality related
to E. Although the potential in (28) is singular, we can use a result proved in [9]
for regular potentials. Indeed, we saw in Theorem 3.2 that the solutions are regular
and strictly separated from the singularities +1. Consequently, the nonlinearity f (u)
is bounded in L*>°(€)). Thus the arguments of [9] are still valid in our case (see in
particular [9, Proposition 6.6]; see also [27]), and we have

Proposition 6.1. Let (4,7) € ® be a critical point of the functional E. Then
there exist constants @ > 0, C > 0 and 6 € (0, %] depending on (u,7) such that

|E(u,v) — E(@,0)""° < C||E'(u,v)|lv,
whenever ||(u,v) — (4,7)||e <7 and ||uljp~ <9, § < 1.
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Thus the functional E satisfies the Lojasiewicz-Simon inequality near every
(p,9) € w(ug,vo). Since the w-limit set w(ug,vp) is compact in & and F is con-

stant (= Foo) on w(ug,vp), there exist uniform constants 6 € (0, %], C >0 and a

neighborhood U of w(ug, vp) in ® such that, for every (u,v) € U,
|E(u,v) = Eoo|'™" < C||E'(u, v)||v

(see [9] for more details). Furthermore, since lim dist((u(t),v(t)),w(uo,vo)) = 0

t——+oo
in @, there exists T7, > 0 such that
(u(t),v(t) eU Vt=Tr.

Let (u,v) belong to ®. In order to estimate ||E’(u,v)||v/, we note that, for every
(h,k) eV,

(E (u,v), (h, k) v
= (Vu, Vh) + (f(u), h) + (Vru, Veh)r + A(u, h)r + (v, k)

N ou
=(—Au+ f(u) —v,h) + (—Aru + n + Au, h)r + /Q(vh + evk)dx

= (—Au+ f(u) — v, h) + (—Apu—i— % + Au,h)r + (v — (v), h + ck).

Thus (28) implies
/ r3 ou
1B (u, 0) v < [|Aw = f(u) +oll + [Aru — == = duf[r + C[[ Vo]
< C([[0wul| + [[Opullr + [[Vol]).

6.3. Proof of Theorem 6.1
By definition of an w-limit set, there exists (u,7) € w(up,vo) and a sequence
t, — +oo such that

u(t,) — @ in H*(Q)NH*T) and wv(t,) — 7 in H*(Q).

If BE(u(t),v(f)) = E(u,7) (= Es) for some t > 0, then E(u(t),v(t)) = E(u,0)
Vt >t and it follows from (29) that

u(t)=1a, v(t)=v Vt=1.

Hence Theorem 6.1 is proved in that case. So, we may assume that E(u(t),v(t)) >
E,Vt>0.
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We note that

d
g (Eu(t),v(t) - Ex)’

(E(u(t),v(t) = Eso)’ ([0ru()]|* + [0ru()[E + V0 (t)]?)
(E(u(t),v(t)) = Exo)" ™" (|10cu()]| + 10su(t)l|r + [ Vo()])*.

0
0
1

WV

=

Thus the above uniform Lojasiewicz-Simon inequality implies, for ¢ > Ty,

S B, 0(0) ~ Bx)® > 1= (0] + [0l + [Vu(1)]).

By integrating this inequality over (T, +00), we infer that
o € LTy, 400, L2(Q) N LAT)), Vv € LY(Ty,+oo, L*(Q)).
Since

elOw®) -+ < [Av(@)[[g-1 + [[0eu() ]| 5
< (Vo + 10:u®)]),

we also deduce that 9,v € L'(Ty, +00, H~1(2)) and conclude that

lim (u(t), v(t)) = (a,7)

t—oo

exists in (L2(2) N L3(T")) x H~*(Q) and that (u,7) is a solution to the stationary
problem associated with (28). By the relative compactness of the orbit, this limit
also exists in the space (H2(Q2) N H%(T)) x H?(£2). We finally conclude that

Jim (u(t), w(t) = (a,7)

strongly in (H?(Q) N H?(T')) x H?(SY), where (u, W) is a solution to (27).
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