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Abstract. The paper deals with the existence of periodic solutions for a kind of non-
autonomous time-delay Rayleigh equation. With the continuation theorem of the coinci-
dence degree and a priori estimates, some new results on the existence of periodic solutions
for this kind of Rayleigh equation are established.
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1. INTRODUCTION

Liénard equations have been used to describe fluid mechanical and nonlinear elas-
tic mechanical phenomena. Rayleigh equation arises as a model including the delay
Duffing equation and the delay Liénard equation. The existence of periodic solutions
of Rayleigh equation has been extensively investigated (see [1]-[4], [6]-[9], [11]-[12]).
In [3]-[4], continuation theorems are introduced and applied to the existence of solu-
tions of differential equations. In the course of derivation of the existence of solutions
of differential equations, if appropriate a priori bounds for the periodic solutions of
the auxiliary equations for the differential equations can be obtained, then standard
procedures allow these continuation theorems to establish the existence of periodic
solutions of differential equations. Employing this approach, Peng et al. [10] and
Huang et al. [5] considered the existence of periodic solutions of a class of Rayleigh
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equation with two deviating arguments of the form

a(t) + (2 (1) + 1 (t, 2(t = 71(1)) + ga(t, 2(t — 71(1))) = p(t)

where f,71,7,p: R — R and g1,92: R x R — R are real continuous functions,
f(0) =0, 71, T2, p are T-periodic, and g1, g2 are T-periodic in the first argument.

Wang and Yan [13] considered the non-autonomous Rayleigh equation of retarded
type

(1) 2 (t) + f(t,2'(t — o)) + g(t, x(t — 7)) = p(t)

where 0 > 0, 7 > 0, f,g € C(R% R), and f(t,2), g(t,z) are 2n-periodic in the
first argument ¢, p € C(R,R) is periodic with period 2rn. Under the assumptions
f(t,0)=0for t € R and fOQE p(s)ds = 0, they got the following result:

Theorem 1. Assume that there exist constants K > 0, M > 0 and d > 0 such
that
(A1) |f(t,z)| < K for (t,x) € R?;
(A2) zg(t,z) >0 and |g(t,z)| > K fort € R, |x| > d;
(A3)
(A4)

sup |g(t,)| < +oc.
(t,x)ERX[—d,d]

Then Eq. (1) has at least one periodic solution with period 2.

Recently, Zhou and Tang [14] studied the non-autonomous Rayleigh equation with
time-varying delay

(2) () + f(t, 2/ (t = o)) + g(t, 2(t — 7(1))) = p(t)

where 0 > 0, 7,p € C(R,R) are periodic with period 2n, f,g € C(R? R) and
f(t,x), g(t,x) are 2n-periodic in the first argument ¢, f(¢,0) = 0 for ¢ € R and
f02 “p(s)ds = 0. They generalized and improved the corresponding results of [13]
and proved

Theorem 2. Assume that there exist constantsr; > 0,79 > 0,d > 0, K > 0 and
M > 0 such that
(H1) |f(t,z)| < ri|z| + K for (t,z) € R?;
(H2) zg(t,z) >0 and |g(t,z)| > ri|z| + K fort € R, |z| > d;
(H3) g(t,z) 2 rox — M fort € R, x < —d.
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If
(3) 2n(r1 4+ (n+ 1)re) < 1,

then Eq. (2) has at least one 2n-periodic solution.

The purpose of this paper is to reconsider the existence of 2n-periodic solution to
Eq. (2). We will change the conditions imposed on f and g in [14]. Under some new
conditions for f and g, we shall employ a new a priori estimate of the periodic solution
to establish new sufficient conditions for the existence of a 2n-periodic solution to
Eq. (2).

For the sake of convenience, we denote by C5,; the Banach space of continuous

2n-periodic functions, endowed with the norm ||z|lo = n[lax] |2 (¢)].
te[0,2n

2. MAIN RESULTS

Theorem 3. Assume that there exist constants 11 > 0, 7o > 0, r3 > 0, d > 0,
K >0, M>0and0< <1 such that
(H1) |f(t,2)| < r1]z|? + K for (t,x) € R?;
(H2) zg(t,r) > 0 and |g(t,z)| > ra|z|® + K fort € R, |z| > d;
(H3) g(t,z) 2 rsx — M fort € R, x < —d.
If

(4) 2r7y | + (:—;)1/5} <1,

then Eq. (2) has at least one 2n-periodic solution.

Proof. Consider the auxiliary equation
() () + Mf(t, 2 (t — o)) + Ag(t, z(t — (1)) = Ap(t).

From the results (degree theory) in [3]-[4] (see also the proof in [13]), it is sufficient
to show that there are positive constants M, and M7, independent of A, such that if
x(t) is a 2rn-periodic solution of Eq. (5), then |z|jo < Mo and ||z’|lo < M;.

Now, let £ = z(t) be any 2n-periodic solution of Eq. (5). Integrating both sides of
Eq. (5) on [0, 27], we have

2n

(6) ; f(s,a'(s — o)) + g(s,2(s — 7(5))) ds = 0.
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It follows that there exists a ¢ € [0,2n] such that

(7) f(t1, 2 (ty — o)) + g(t, z(t1 — 7(t1))) = 0.

We assert that there exists a t* € [0, 2n] such that
* T1 1/5
(8) @) <[]l llo +d.

Indeed, if |2(t; — 7(t1))| < d, then obviously, |z(t; — 7(t1))| < [r1/r2]*?||2||o + d.
If |z(t; — 7(t1))| > d, it follows from Eq. (7), (H1) and (H2) that

(9) rola(ts — r(t1)) + K < g(t, a(t = (1))
= |=f(tr,2'(t1 — 0))| < r1la’(t1 — 0)|° + K.

So

(10) |$(t1 — T(t1))| < [7“_1} e

ry]4/8 r
ot - o) < [2] 1o < [2] o + .
T2 T2 T2
Since x(t) is periodic, there exists a t* € [0, 2n] such that Inequality (8) holds.
For any t € [t*,t* + 27,

t

m(t*)—f—/t P (s)ds| < ()] + [ a5 ds.

*

(11) ()] =

Again

t

x(t* + 2%) + / 2/ (s)ds

t*+2n

t* 421
(12) =) = < (%) +/t |2/ (s)| ds.

Combining Inequalities (11) and (12) gives

. 1 2n
(13) )] <l +5 [ 1@l
From Inequalities (8) and (13) we have
1 2n
19 elo <l +5 [ la'Gs]as
T1 ’ T1 ’
< .
\M o/llo + d+ " lo < [’”(m) il + d
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As z(t) is a 2n-periodic solution of Eq. (5), there exists ¢y € [0, 2n] such that

x(tp) = max x(s).

s€[0,2n]
It follows that
:L'/(to) =0.
For any t € [to, to + 27,
t t
(15) |z’ (1) = |2 (to) —|—/ 2" (s)ds| < |2/ (to)] —|—/ |z" ()| ds.
to to
Again

t

2 (to + 27) + / z"(s)ds

to+2xn

to+2n
(16) |z (t)| = < 7' (to)] +/t |2" ()| ds.

Combining Inequalities (15) and (16) gives

2n
a7) POI<z [ el

Let
Ey={t: te€[0,2n], z(t —7(t)) > d},

)
Ey={t: t €[0,27], z(t — 7(t)) < —d},
Es ={t: t €[0,2n, |z(t —7(t))| < d}.
From Eq. (6) and (H2) we obtain

(18) lg(s,z(s — 7(s)))|ds = / g(s,x(s —7(s))) ds =
E; Eq

< [ttt - olas + () + [ Jitoats = teas.

Thus

1 27‘:
(19) [0 < 1 / 12 (s)] ds

{/ansx (s —0)) |d5+/2r|gsxs—r |ds+/2r|p |d5}
[ 16t = oplas
([ [+ [ latouats = rplas-+ 2ol

_1
S35
_1
S35

g(s,x(s —7(s))) ds
Eq
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N

[t =amass ([ + [ Yiatosots = rmids sl

< 2xlr||'||g + K] + 2xlrs|allo + M] + 2rga + wllpllo
<

2nr1 |2 | + 23|20 + 2n(K + M + ga) + =llpllo

1

e 1/8 /
< 2mra0/)1§ + 2mrs{ [+ (2) [ la'llo + @} + 250K + M + ga) + mlpllo

T2

r1\1/8
<2 l2'llg + 2ars 7+ (2) | la'lo + 2r(K + M + r3d + ga) + /o
2

h — t, ).
where gq te[o,g?cﬁ)fﬂgdlg( )|

Inequality (19) is equivalent to

7’115

/
(20) {1=2mrs[m+ (2) ] Hla'llo < 252’ + 2r(K + M + rsd + ga) + mlpllo

T2

Since 2mr3[n + (7“1/7“2)1/5} < 1land 0 < B < 1, there exists a positive constant
My > 0 such that

(21) lz]|o < M;.

Let Mo = [n+ (r1/r2)"/P] My +d.
It follows from Inequality (21) that

1/8 /B
(22) o< =+ (2) 7 [lello+d < [+ (2) ] a0+ d = Mo.
D) T2
This completes the proof. ([

Similarly, we have the following

Theorem 4. Assume that there exist constants r1 > 0,79 > 0, r3 > 0, d > 0,
K >0, M >0and0< <1 such that
(H1) |f(t,2)| < r1|z|? + K for (t,x) € R?%;
(H2) zg(t,r) >0 and |g(t,z)| > ra|z|® + K fort € R, |z| > d;
(H3) g(t,z) <rsz+ M fort € R, x > d.
If

(23) 917y [n+ (:_;)1/5} <1,

then Eq. (2) has at least one 2n-periodic solution.
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