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THE RISK-SENSITIVE POISSON EQUATION
FOR A COMMUNICATING MARKOV CHAIN
ON A DENUMERABLE STATE SPACE

RoLANDO CAvAZOS—CADENA

Dedicated to Professor O. Herndndez-Lerma, on the occasion of his siztieth birthday.

This work concerns a discrete-time Markov chain with time-invariant transition mecha-
nism and denumerable state space, which is endowed with a nonnegative cost function with
finite support. The performance of the chain is measured by the (long-run) risk-sensitive
average cost and, assuming that the state space is communicating, the existence of a so-
lution to the risk-sensitive Poisson equation is established, a result that holds even for
transient chains. Also, a sufficient criterion ensuring that the functional part of a solution
is uniquely determined up to an additive constant is provided, and an example is given to
show that the uniqueness result may fail when that criterion is not satisfied.

Keywords: possibly transient Markov chains, discounted approach, first return time,
uniqueness of solutions to the multiplicative Poisson equation
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1. INTRODUCTION

This note concerns a discrete-time Markov chain {X,,} evolving on a denumerable
state space S in accordance with a time-invariant transition matrix P = [p,,]. The
system is endowed with a cost function C: S — [0,00), so that a cost C(X;) is
incurred at each time t = 1,2, 3, ... and, assuming for the sake of simplicity that the
observer of the chain has unitary risk aversion coefficient!, the overall performance
of the system when the initial state is Xy = x is measured by the (long-run) risk-
sensitive average cost Jo(z), which is given by

Jo(z) = limsup %chn(x) (1.1)

n— oo

where, letting E,[] be the expectation operator given Xy = z,

Jon(x) =log (Ew [62;‘;01 C(X‘)D (1.2)

it is not difficult to see that the same analysis can be performed for any positive value of the
risk aversion coefficient
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is the risk-sensitive (expected) total cost incurred before time n. The characteri-
zation of the average cost function Jo(+) is usually based on the following Poisson
equation associated with C":

) O S M, s, 1)
yeSs

where g is a real number and h(-) is a real-valued function defined on S. Under
appropriate conditions on the function h(-), which will be precisely stated in the
following section, if (1.3) holds then Jx(-) = g; in particular, this occurs when h is
a bounded function ([11, 13] and [21]).

The main objective of the paper can be stated as follows:

To establish the existence of a pair (g, h(-)) satisfying the Poisson equation (1.3) as
well as the suitable verification criterion to ensure that Jo(-) = g.

This problem is analyzed under the following two structural conditions (a) and (b):
(a) the cost function C' has finite support, and

(b) the state space is communicating, in that if x,y € S are arbitrary, then with
positive probability the system visits state y when the initial state is x; notice
that, under this requirement, {X,,} may be a transient chain.

Within this framework, the main results of this work can be described as follows:

(i) Tt is proved that the Poisson equation (1.3) admits a solution satisfying the
verification criterion to ensure that Jo(-) = g; see Theorem 2.1 below.

(ii) For a transient chain {X,} it shown that Jo(-) may be positive, a fact that
signals a deep difference between the risk-sensitive and risk-neutral average
criteria since, for a transient system, this latter index is always null when the
cost function C(-) has finite support.

(iii) A sufficient condition is formulated so that if (g, h(-)) satisfies (1.3) as well as
the verification condition in Lemma 2.1 below, then the function h is uniquely
determined up to an additive constant.

The study of stochastic systems endowed with the risk-sensitive criterion (1.1) can
be traced back, at least, to the seminal papers by Howard and Matheson [13], Ja-
cobson [14] and Jaquette [15, 16]. Particularly, in [13] controlled Markov chains
with finite state and action spaces were considered and, assuming that the system
is communicating, the existence of a pair (g, h(-)) satisfying an optimality equation
similar to (1.3) was established. The approach in that paper is based on the Perron—
Frobenius theory of nonnegative matrices, and it follows that when (1.3) holds, then
e9 is the largest eigenvalue of the matrix [e(*)p, y] and (M@ z € §) is a corre-
sponding eigenvector, so that h(-) is unique up to an additive constant (Seneta [20]).
Extending these ideas, the value iteration approximation method and the policy im-
provement algorithm were studied in Sladky and Montes-de-Oca [22]) and Sladky
[21]). A different approach to the existence of solutions for the Poisson equation on
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a finite state space was presented in Cavazos-Cadena and Fernandez-Gaucherand
[4], were the analysis is based on the risk-sensitive total cost criterion. Recently,
there has been an intensive work on (controlled) stochastic system endowed with
the risk-sensitive average criterion; see, for instance, Flemming and McEneany [10],
Di Masi and Stettner [9], Cavazos-Cadena and Herndndez-Herndndez [5], Jaskiewicz
[17] and the references there in. On the other hand, a pair (g, h(-)) satisfying (1.3)
may not exist even under strong recurrency conditions, as the Doeblin condition
(Cavazos-Cadena and Fernandez-Gaucherand [8]), a fact that establishes a deep dif-
ference with the risk-neutral average criterion, which is constant and is determined
via a risk-neutral Poisson equation under diverse variants of the Doeblin condition
(Arapostathis et al. [1]); for other important differences between the risk-sensitive
and risk-neutral indexes see Brau-Rojas et al. [2]. Finally, necessary and sufficient
criteria for the solvability of the above Poisson equation when the state space is
finite are given in Cavazos-Cadena and Herndndez-Herndndez [7] and in Sladky [21],
dealing with the uncontrolled and controlled cases, respectively.

The approach of this work relies on a family {7, |« € (0,1)} of contractive (dis-
counted) operators whose fixed points {V,} allow to obtain approximate solutions
to (1.3); this classical idea has been widely used to study (controlled) Markov chains
with the risk-neutral average criterion (Herndndez-Lerma [12], Araposthatis et al.
[1], Puterman([19]), and for the risk-sensitive criterion (1.1) similar ideas have been
recently employed, for instance, in Cavazos-Cadena and Herndndez-Herndndez [5]
and Cavazos-Cadena [6] to analyze models with finite state space, and in Jaskiewicz
[17] to study systems on Borel spaces.

The organization of the paper is as follows: First, in Section 2 the necessary and
sufficient criterion to ensure that if (1.3) holds then g is the average cost at each
state x is formally established in Lemma 2.1, and the main result on the solvability
of the Poisson equation is stated as Theorem 2.1. Next, in Section 3 the family
{T,} of contractive operators on the space of bounded functions on S is introduced,
the existence and location of maximizers of the corresponding fixed points V,, are
analyzed, and the results in this direction are used in Section 4 to prove the main
theorem. Then, in Section 5 the case of a transient Markov chain is studied and
it is shown that, under the assumptions in the paper, the average cost Jo(-) may
be positive, establishing an interesting contrast with the risk-neutral average index.
Finally, in Section 6 an explicit example is given to shown that, if (g, h(:)) is as
in (1.3) and the criterion in Lemma 2.1 is satisfied then, the function h(-) is not
generally determined in a unique way up to an additive constant; after this example,
a new stochastic matrix ) on the state space S is introduced, and a criterion to
ensure the uniqueness of h(-) modulo an additive constant is given in terms of the
matrix Q.

Notation. Throughout the remainder the state space S is endowed with the discrete
topology and B(S5°°) stands for the Borel o-field of the Cartesian product S x .S x S x
-+- =: §%; the distribution of the Markov chain {X,,} when X, = z is denoted by
P, [-] and, without explicit reference, all relations involving conditional expectations
are assumed to hold almost surely with respect to the underlying measure. On the
other hand, B(S) denotes the space of all real-valued and bounded functions defined
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on S, that is, D: S — R belongs to S if and only if ||D]|| < oo, where

D] := sup |D()]
zeS

is the supremum norm of D(-). Finally, for an event A the corresponding indicator
(Bernoulli) variable corresponding to A is denoted by I[A].

2. VERIFICATION CRITERION AND MAIN RESULT

In this section the result concerning the existence of solutions of the Poisson equation
(1.3) is stated as Theorem 2.1 below. To begin with, it is convenient to discuss the
verification criterion ensuring that, if (1.3) holds, then g is the average cost at each
state z. Given x € S and n = 1,2,3,..., define the probability measure v¢ z , on
B(S5°°) as follows: For each A € B(S5%),

1
E, [ez;:} c<xt>]

Vewm(A) = E, [eZ?-—‘olC(Xﬂf[(Xl,XQ,Xg,...)eA] C(21)

Now, let E,. , , [] be the expectation operator associated with this measure, and
notice if (1.3) holds then an induction argument yields that

enoth@  — g [ezz:; C<xt>+h<xn>}
- E, [ezzzol com} By, . [emxn)}

= lon@p, {eh(Xn)}’ reS, n=123,..., (22

where (1.2) was used in the last step. Thus, the equality

g+ @ = %Jcm(:z:) + %log (El/c,z,n [eh(x")D

always holds, a fact that combined with the specification of Jz(-) in (1.1) immedi-

ately leads to the following conclusion.

Lemma 2.1. [Verification] Assume that g € R and h: S — R are such that (1.3)
holds. In this case the equality g = J(+) is valid if and only if

lim inf (E,,C,I’n {eh(X”)Dl/n =1, z€b, (2.3)

n—o0
where v¢ ; 5, is the measure defied in (2.1).

For the sake of future reference, the structural assumptions described in Section 1
are formally stated below.

Assumption 2.1. The transition matrix P = [p; 4]z ycs is communicating, i. e., for
each z,y € S there exists a positive integer n = n(z,y) such that P,[X, = y] > 0.
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Assumption 2.2. (i) The cost function C' is nonnegative, and

(ii) C has finite support, that is, there exists a finite set K C S such that
Cz)=0, xze€S\K. (2.4)
The following is the main result of this work.

Theorem 2.1. Under Assumptions 2.1 and 2.2, there exist ¢ € R and h: § —
(—00, 0] such that the following assertions (i) and (ii) are valid:

(i) The Poisson equation (1.3) as well as the criterion (2.3) are satisfied, so that
g=Jc();
Moreover,

(ii) The limit superior in (1.1) can be replaced by limit, that is, for each z € S,

1
g= lim —Jg,(x),

n—o00 N,

and then y
lim (E,,C,z‘n {e’“xn)D — 1

n— oo

The proof of this result will be presented after the preliminaries established in
the following section.

3. DISCOUNTED APPROACH

The technical tools that will be used in the proof of Theorem 2.1 are collected in
this section. For each a € (0,1) define the operator T,,: B(S) — B(S) by

T [W](z): = log (E [eC<Xo>+aW<X1>D, WeB(S), zeS. (3.1

In this case it is not difficult to see that T, satisfies the following monotonicity and
contractive properties (Cavazos-Cadena [6]): For each W,V € B(S),

T W] >T,[V] UW >V, (3.2)
and

[Ta[W] = Ta[V]| < oW = V]| (3-3)

Since B(S) endowed with the supremum norm is a Banach space, the contraction
property yields that there exists a unique function V;, € B(S) satisfying T, [Va] = Va,
that is,

Vale) — |:eC(X0)+aVa(X1)] — C@) preava(y), res. (3.4)
yeS
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Moreover, setting T2 [W] = T, (T2~ [W]) for n > 2, it is not difficult to see that
(3.3) yields that |Vy — T2[0]]| = IT2[Va] — T210]]l < a™||Vall — 0 as n — oo; since
T,[0] = C > 0 (see (3.1) and Assumption 2.2), from the monotonicity property (3.2)
it follows that T2[0] > 0 for every n, so that

0< V. (3.5)

Observe now that (3.3) and the equalities T, [V, ] = V, and T, [0] = C together yield
that

Vall = [IC]] Vo = CIl

[Ta[Va] = Ta[0]|| < af[Va — 0[] = o[ Vo ||
and then

1A = e)Val < [C. (3.6)

In the remainder of the section the existence and location of a maximizer x, of the
function V,,, as well as the limit behavior of V,(-) — V,(z4), are analyzed. The
argument involves the simple properties in (3.5) and (3.6), and uses the idea of first
return time to a subset of S, which is now introduced.

Definition 3.1. If F' C 5, the first return time to set F' is defined by
Tp: =min{n >1|X, € F}

where, by convention, the minimum of the empty set is oco; if FF = {z} C S is a
singleton,
TZ = T{z}~

The maximization of the function V,,(-) is studied in the following lemma.

Lemma 3.1. Suppose that Assumptions 2.1 and 2.2 hold, and let the finite set
K C S be such that (2.4) holds. In this case, for each o € (0,1), the function
Vi € B(S) in (3.4) attains its maximum at a point in K, that is, there exists a state
T, satisfying

2o € K and Vy(z) < Vy(z,), x€S. (3.7)
Proof. Given a € (0,1) it will be shown that

Foreachn=1,2,3,... and z€S\K

eVa@ < ZEJC {e“V“(XTK)I[TK = 7”]} + By [GQV“(X”)I[TK >n]|. (3.8)
r=1

Assuming that this relation holds, the conclusion can be achieved following the steps
(i) — (iv) below:
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(i) Since K is finite, there exists a state x, such that

o € K and Vy(x,) > Va(x) forallz € K. (3.9)

(ii) Observing that Xp,, € K when Tk < oo (see Definition 3.1), from (3.8) and
step (i) above it follows that, for every positive integer n,

V(@) < aVal@) P [Ty < n] + E, [eO‘V‘*(X")I[TK >nl|, zeS\K. (3.10)

Now set

o: = sup Vy(x). (3.11)
z€S\K

(iii) Since o > 0, by (3.5), from the inclusion « € (0,1) it follows that there exists
a point z* € S\ K such that V,(2*) > ac. Also, observing that X,, € S\ K
on the event [Tk > n], inequality (3.10) with * instead of z yields that, for
every positive integer n, e < e*Va(T) P, [Ty < n] 4 ¢* P, [Tk > n), that
is,

e Py [T <] < eVa@) P [Tk < n).

(iv) By Assumption 2.1 there exists an integer n* > 0 such that Py« [X,,« = z4] > 0.
Since z, € K it follows that Pu« [Tk < n*] > Pp«[Xpx € K] > Pps[Xp =
Zo) > 0, and then the above display with n* instead of n yields that e®?
e®Ve(za) that is,

A

o < Vo(zq).

Combining this inequality with (3.9) and (3.11) it follows that x, satisfies the desired
conclusion (3.7). To complete the argument, (3.8) will be proved by induction. Given
x € S\ K, so that C(x) =0, by (2.4), from (3.4) and Definition 3.1 it follows that

Vo@) — g {eaVa(Xl)}
- E, [eaV“(XTK) [Tk = 1}] +E, [eaVaU‘l)I[TK > 1]}

establishing the case n =1 of (3.8). Assume now that (3.8) holds for n = m. Using
that V4 (-) > 0 and « € (0, 1), equation (3.4) implies that
eVaXn) [T >m] < Ve [Tk > m)

= I[Tx > m]eCEm) prm yeo‘v”(y)
yEeS

= I[Tx > m]ec(Xm)EaC {EO‘V“(XT”“)

XOv cee 7X7ni|

= I[Tx > m]E, {e("V“(XT”'“)

XO,...,Xm}

~ B [eava(xm+1)I[TK > m]’ XO,...,Xm}



Risk—Sensitive Poisson Equation for Communicating Markov Chains 723

where the second equality is due to the Markov property, the third one used that on
the event [Tk > m]| the inclusion X, € S\ K holds, so that C(X,,) = 0, and the
equality I[Tx >m] =1I[X; € S\ K,i=1,2,...,m] was used to move the indicator
function into the conditional expectation in the last step. Therefore,

EI |:€aVa(X7n)I[TK > m]:|
<E, [eaVa“mﬂ)I[TK > m}]
—E, |:eozva(Xm+l)I[TK —m+ 1]} +E, |:eona(Xm+1)I[TK >m+1]],

and combining this relation with the case n = m of (3.8), which is valid by the
induction hypothesis, it follows that (3.8) is also satisfied for n = m + 1, completing
the proof. O

Before going any further it is convenient to introduce the following notation.

Definition 3.2. Suppose that Assumptions 2.1 and 2.2 hold, and for each a € (0, 1)
let x, € K be a maximizer of V,,(-). In this case, g, € R and h,: S — R are given
by

Jo: = (1= )Va(za), ha(z): =Va(z) = Val(za), €5

Notice that (3.5), (3.6) and (3.7) together yield

C
<<l 1 <h<0 ac@), (312)
whereas multiplying both sides of (3.4) by e~@V=(#a) direct rearrangements lead to
eIotha@) = CUIN " yeoha®) g e g, (3.13)
yeSs

Lemma 3.2. Suppose that Assumptions 2.1 and 2.2 hold. In this case

liminf hy(z) > —0c0, z€S.

a 1

Proof. The argument is by contradiction. Suppose that

lim/inf ha(zg) = —oco  for some zy € S. (3.14)

a1
In this case there exists a sequence {ay} C (0,1) such that

ap /1 and 1ikminf ha,, (29) = —00. (3.15)
hde el

Since the set K is finite and the inclusion z,, € K always holds, taking a subsequence

if necessary it can be assumed that
=zeK, k=123,..., (3.16)

Ty
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so that
ha(z*) =0, k=1,2,3,...; (3.17)

see Definition 3.2. Now, define the set £ C S by

L: ={z e S| liminf h,, () = —oc0},
k—o0

and notice that z¢ € £, by (3.15). It will be shown that £ is P-closed, i.e.,
zeLl and p;y, >0 = yeLl (3.18)

To establish this fact notice that the first relation in (3.12) and (3.13) together yield
that the inequalities e2ICl+hay (@) > Zwespg;weakh%(w) > pxye“’“h“k(y) always
hold and, recalling that ay 1, it follows that for every z,y € S

62\|C|\+lim infr— o0 hay () > p$yelim infx— 00 hay (¥) )
Now let x € L be arbitrary. In this case the left-hand side of this inequality is null and
it follows that p, yehm‘“f’ﬁ‘” ha(¥) = 0, so that p, y > Oleads to eliminfi— oo by, (¥) —

that is, liminfy_ye0 ha, (y) = —00, and then y € L. This establishes (3.18) and an
induction argument allows to obtain

x €L and P.[X, =y]>0 forsome integer n — y € L.

Recall now that zp € £ and let 2* € K be as in (3.16). By Assumption 2.1, there
exists n* such that Py [X,~ = z*] > 0 and then the above display yields that

x* € L, i.e, liminfy_, o hg, (2*) = —o0, contradicting (3.17). Thus, the starting
point in this argument, namely, assertion (3.14), does not hold and it follows that
liminf, » hq(x) > —oo for every xz € S. O

4. PROOF OF THE MAIN RESULT

In the section the above preliminary results will be used to establish the main con-
clusion of this note, namely, Theorem 2.1.

Proof. Let {ar} C (0,1) be a fixed sequence increasing to 1, and let g,, and
ha, (+) be as in Definition 3.2. Combining (3.12) with Lemma 3.2 it follows that
there exists a finite function L: S — (—o0,0] such that

(9o ha (2),@ € S) € [0, O] x [T [L(=),0];
€S

since the right-hand side of this inclusion is a compact metric space, after taking a
subsequence if necessary it can be assumed that the following limits exist:

lim g, = g € 0,[Cl},  lim ha,(z) =: h(z) € [L(),0, z€S. (41)
k—o0 k—o0

It will be shown that the desired conclusions are satisfied by ¢ and h(:) in this
display.
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(i) Since ag ' 1 and hy, (1) < 0, (4.1) and the bounded convergence theorem
together yield that

li arhay (¥) — h(y)
T 3 e = 3 e
yES y€eS

Replacing a by «aj in (3.13) and taking limit as k goes to oo in both sides
of the resulting equality, the above display and (4.1) together imply that the
Poisson equation (1.3) holds.

(ii) Let a € (0,1) be arbitrary but fixed, and recall that the (bounded) function
ha(+) is non positive, so that ahq(-) > ha(+), an inequality that combined with
(3.13) yields that, for each state z € S, edaTha(@) > C@) Zyespxyeha(y) =
E, [eC(XUHhQ(Xl)]. From this point, an induction argument using the Markov
property allows to obtain that, for each n =1,2,3,... and x € §

endatha@) > g [62?;010(xt>+ha(xn>}
> E, [ez:;; c<xt>} e Ilhall
> Jon@-lhal,

see (1.2). It follows that gy + (ha(z) + ||hall)/n > Jon(x)/n so that, for each
sate x,

1
go > limsup —Jeo ().
n

n—oo

Since this inequality holds for each a € (0, 1), via the first convergence in (4.1) it
follows that

g > limsup 1Jc,n(ﬁc), z €S (4.2)
n

n—oo

On the other hand, since the Poisson equation (1.3) holds, an induction argument
yields that for every integer n > 0 and z € S

enoth(@) — g[S c<xt)€h(xn>} <E, {ezr;&cm)} — Jom(@),

where the inequality is due to the relation h(-) < 0, and (1.2) was used in the last
step. Thus, g + h(z)/n < Jo,(x)/n and then

1
g <liminf —Jeo,(z), z€S5;
n

n—oo

1
via (4.2), it follows that g = nh_}ngo ﬁJC,n(x) for every state z, a fact that, using the

[eh(X")] ) i _ 1, complet-
ing the proof. O

factorization equality (2.2), is equivalent to lim (B, , .
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5. THE TRANSIENT CASE

In this section Theorem 2.1 will be used to point out an interesting contrast between
the risk-sensitive index (1.1), and the risk-neutral average cost criterion which, for
C € B(S), is given by

n—1

~ 1

Jo(z) = lifl_}solip ng Z C(Xy)|, z=eb.
n=1

Suppose that Assumption 2.1 holds and that the transition matrix P = [p,,] is
transient, that is,

P,T, <] <1 (5.1)

for some (and hence, for all) z € S. In this context it is known that Assumption 2.1
yields

1
~E,
n

n—1
Z[[Xt:y]l — 0 asn— oo,
t=1

for every x,y € S, (Loeve [18]), so that jc() = 0 when C has finite support. In
contrast, it will be shown in the second part of the following theorem that the risk-
sensitive average cost Jo(-) may be positive under Assumptions 2.1 and 2.2 even if
the transience condition (5.1) holds. Given z € S and a > 0 set
Coolz) = 0 ifz#z
= a, ifzx=z (5.2)

Theorem 5.1. Let z € S and a > 0 be arbitrary but fixed, and suppose that
Assumption 2.1 and the transience condition (5.1) hold.

(i) If a € (0, —log(P,[T, < o0]) set

L: = —log (e_apz[% [TZ;] °°}> (5.3)

and define h: S — R by

hiz) : = 0 ifx==z
i = log(P,[T. < o] + e EP, [T, = x]) if x # 2. (5.4)

In this case assertions (a)—(c) below hold:
(a) L €(0,00) and h(z) € (—L,0] for every x € S.
(b) h(z) < 0 for some = # z;
(¢) The pair (0, h(-)) satisfies the Poisson equation (1.3) associated with the

cost function C, ,:

M) = Czalx) pr yeh(y)7 T €E€S. (5.5)
yeSs
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Consequently,
(ii) Je., (1) > 0if and only if a > —log(P,[T, < o9]).
The proof of this result uses the following lemma

Lemma 5.1. For each D € B(S) and x € S let Jp(z) be the risk-sensitive average
cost at « corresponding to D, which is obtained replacing C' by D in (1.1) and (1.2).
In this case, the mapping D — Jp(+) is convex, that is, for each D, Dy € B(S) and

Be(0,1),
Jap+(-pyp: (¥) < BJp(z) + (1= B)Jp,(x), =€
Proof. Notice that for each positive integer n and x € §

elapra-ppin(@) — B {62?;01(BD(Xf,)Jr(lfﬁ)Dl(Xz))}

- £, {eﬂ 1o D(Xe) ,(1-8) i Dl(Xm}

and an application of Holder’s inequality yields

(1-8)

eJ[iD+(1—/i)D1,n(a:) < (Em {62?;01 D(Xt):| )B <E’x [EZ?JOI Dl(Xt))])

— eBJD,n(I)e(l_Bl)JDl,n(r).
Therefore,

1 1 1
EJ5D+(1—B)D1,TL(I) < /BEJD,n(x) +(1— ﬂ)ﬁJDhn(I)
and the conclusion follows taking the limit superior as n — oo. O

The following argument establishes Theorem 5.1.

Proof. (i) Let a € (0,—log(P,[T, < o)) be arbitrary but fixed. In this case
e’ P,|T, < o] < 1, so that
e — P,[T, < ] 1—e*P,[T, < 9]

Pl =]  e(1-P[L <o) - (0,1)

and it follows that L in (5.3) is well-defined and is a positive finite number. On the
other hand, using that P,[T, < oc] > 0 always holds, by Assumption 2.1, it follows
that

el =e P PT. < o0] + e LPL[T, = 0] < Pu[T. < o] + e LP,[T, = 0] < 1

and then the specification of h(-) yields that h(-) € (—L, 0], establishing the part (a).
To prove the part (b), notice that P,[T, = oo] > 0, by (5.1), and using the Markov
property and Definition 3.1 it follows that 0 < P,[T, = co] = Zu 22Dy Py [T, = 0],
so that there exists y # z such that P,[T, = oo] > 0; in this case, since L is a finite
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positive number, P,[T, < oo] + e LB, [T, = oo] < Py[T, < 00| + P,[T, = o] = 1,
and then h(y) < 0, by (5.4). To establish (5.5), first notice that (5.3) and (5.4)
together imply that, for each x € S, the following equalities are valid:
1=eM®) = eP[T, < 0] 4+ e LP.[T, = 0]
@ = PT, < ool + e LPT, = 0], x+# 2, (5.6)

whereas, via the Markov property, Definition 3.1 yields that

Px[Tz<oo] = pacz"'szy T <OO]
y#z
y#z

Now let x # z be arbitrary. In this case the above display and the second equality
in (5.6) together lead to

M@ = pT, <oo}+e*LP [T: ]

y#z y#2
= p“-i-ZPmy [T, < oo] + e P Py[T. = )
y#z

= Dzt me yeh(y)

yF#z

= pryeh(y)’

yes

where the specification h(z) = 0 was used in the last step; since C,,(x) = 0, it
follows that the equality in (5.5) holds if « # z. To conclude, notice that (5.7) and
the first equation in (5.6) together imply that

1=e"®) = eP[T, < oo] 4+ 2 LP,[T, = o0
— (et S RIT <ol | T o
y#z y#z
= €'p,,+e€° szy T < oo] + e~ Py[Tz:OO])
y#z
_ 6apzz<i>6a szyeh(y)
y#z

= eapz zeh('z) + @a szyeh(y) — ea szyeh(y)

y#z yeS
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and then, since C, ,(z) = a, it follows that the equation in (5.5) also holds for z = z,
completing the proof of the part (i).

(ii) Given a > 0 and z € S, it will be shown that
Jo. () =0 <= a < —log(P.[T. < x)),

an assertion that is equivalent to the desired conclusion.

e Suppose that Jo. ,(-) = 0. By Theorem 2.1 there exists a function h(-) such that,
for every z € S,

) = O §p W)
yeS
- B {ecm<xo>+h<x1>}

- {ecz o (Xo)+h(X0) 17, — 1]} +E, [ecz (Xo)+h (XD 1T, 1]}

- E, [ecm(xo)wz)][Tz - 1]} +E, {ecza<xo>+h(X1>I[TZ > 1]] ,

where it was used that X7, = z on the event [T, < oo]. From this point, an induction
argument using the Markov property yields that, for each x € S and n =1,2,3,...

ohi@) _ B, [eEtTio_l Cza(Xt)+h(Z)I[TZ < n]} +E, [62?;(,1 Cza(Xt)"l‘h(Xn)I[Tz > n]} .

Therefore, e"*) > E, [62251 CzaX)+h(A [T, < n]} and via Fatou’s lemma this

implies that e™*) > E, eZtTiglCza(XtHh(Z)I[Tz < oo}}; setting = = z in this last
inequality, it follows that

Ty—1

1>E, [e =0 C2a(XO T, < oo]} .

Observing that X; # z for 1 < t < T,, by Definition 3.1, it follows from the
specification of C, , that ZtT;al C,o(X:) = C,a(Xo) = a P,-almost surely, so that
the above displayed relation is equivalent to 1 > E,[e®I[T, < oo]] = e*P,[T, < o0],
and then a < —log(P,[T, < o0]).

e Suppose that a < —log(P;[T. < oo]). In this case it will be shown that Jo_, (-) =0,
and to achieve this goal firstly assume that

a < —log(P,[T, < ),

so that part (i) yields that there exists a bounded function h(-) such that the
pair (0,h(-)) satisfies the Poisson equation associated with C,, that is e"®) =
eCrel®) > yesPa ,€"¥) for each z € S; from the boundedness of A(:) it follows that
(2.3) holds, and then

Jo. () =0, z€S8, 0<a<—log(P[T, <o),
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by Lemma 2.1. On the other hand, combining Lemma 5.1 with the specification
of C. () in (5.2), it follows that the mapping a — Jo._ () is always convex; con-
sequently, such a mapping is continuous, and then the above display yields that
Jo., () =01if 0 < a < —log(P,[T, < 0]), which is the desired conclusion. O

Example 5.1. Given a sequence {p |k =0,1,2,3,...} C (0,1), set
q: =1—pe, k£=0,1,2,3,...,

and on the space S of nonnegative integers define the transition matrix P = [ps,]
as follows:

Poo = Po, Po1=4o
Pz0 = Pz, Pz z+1 = qx, .1'21,2,37...

In this case it is not difficult to see that the state space is communicating with
respect to P, and that Py[Ty > n| = HZ;; gk, SO that

Po[Ty = oo] = [ ax = ] (2 = pw),
k=0 k=0
which is positive if and only if
Zpk < 0. (5.8)
k=0

Under this condition Theorem 5.1 implies that Je, , () > 0ifa > — Y72 log(1—px),
whereas if

0<a<—) log(q) (5.9)
k=0

then there exists a non constant and bounded function such that

eh(O) — eapoeh(o) + eaqoeh(l)

@ = MO g kD) g 93 (5.10)

this latter fact will be useful in the following section.

6. UNIQUENESS

In this section the uniqueness of a pair (g, h(-)) satisfying the Poisson equation (1.3)
and the verification criterion (2.3) is analyzed. By Lemma 2.1, if such requirements
hold then g is uniquely determined as the risk-sensitive average cost corresponding
to C, whereas it is not difficult to see that both conditions still hold if A(-) is replaced
by h(-)+ M, where M is an arbitrary real number. The main objective of this section
is to provide a sufficient criterion such that, if (g, h(-)) satisfies the Poisson equation
(1.3) as well as the criterion (2.3), then h(:) is uniquely determined up to an additive
constant. As the following example shows, this latter property does not necessarily
occur.
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Example 6.1. Consider a sequence {py} satisfying

{pr} C(0,1), po=2/3, and > p<oo,
k=0

and let a > 0 be such that

a< — Zlog(qk) (6.1)
k=0

where, as before, ¢, = 1 — pi; as it was shown in Example 5.1, in this framework
there exists a bounded and non constant function h(-) so that (5.10) holds. Now, on
the space S of nonnegative integers, define the transition matrix P = [p,,] by

1
Poo =Po1 =Po2 = 3

D220 = P22—10 = Pzy D2z 2042 = P2a—1224+1 =¢o = 1 — Do, 2 =1,2,3,....

For this matrix P, the existence of bounded functions H(-) such that the pair
(0, H(-)) satisfies the following Poisson equation corresponding to the cost function
Coq in (5.2) will be analyzed:

O+H (@) _ ,Coal@) pryeH(y)7 xeSs. (6.2)
yeS

More explicitly, this can be written as

eHO) —  ga BeH(O) + %eH(l) + ;CH(Q)} )
GH(2‘T) = pa:eH(O) + Qer(zm_'_Q)v T = 17 27 37 ttt
H(22—1) pmeH(O) + qm(gH(Qﬂ”Jrl)7 r=1,2,3,....

To build solutions for this system, first impose the condition H(0) = H(1). In this
case from the third line of the above display it is not difficult to see that H(z) = H(0)
if x is odd. Also, recalling that py = 2/3, the first and second line become

CHO) HO) | goeH®)

e [poe
eH@2) = g HO) 4 g HCEHD) 193

and a glance at (5.10) shows that this system is satisfied setting H(2x) = h(z) for
every x. Thus, the following function is a solution of (6.2):

Hy(z) = h(0) if z is odd, and H;(x) = h(k), ifx =2k, k=1,2,3,...
Similarly, it can be shown that (6.2) is also satisfied by the function Hs(+) given by

Hy(z) = h(0) if z is even, and Hy(x) =h(k) ife=2k—-1, k=1,2,3,....
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In short, each pair (0, H;(+)), ¢ = 1,2, is a solution to the Poisson equation associated
with the cost function Cy,, where a satisfies (6.1). Since H,(-) is bounded, Lemma
2.1 yields that Jg,,(-) = 0. However, recalling that h(-) takes on at least two
different values, it follows that the difference Hy — Hs is not constant.

The discussion on the uniqueness properties of a pair (g, h(-)) satisfying the Pois-
son equation (1.3) and the criterion (2.3) is based on the following idea.

Definition 6.1. Suppose that Assumptions 2.1 and 2.2 hold, and let ¢ € R and
h: S — (—00,0] be such that the conclusions of Theorem 2.1 hold.

(i) The matrix @ = [¢zy)s,yes corresponding to the pair (g, h(-)) is defined by

eC(r)*gpxyeh(y)

Az y: :Wa 3:7:'-/65;

notice that, since the Poisson equation (1.3) holds, this matrix @ is stochastic,
that is, 1 = ZyES gz y for each x € S.

(ii) For each z € S, @, denotes the distribution on B(S5°°) induced by matrix Q
when the initial state is X = .

In the following lemma sufficient conditions are given so that the matrix @ in the
above definition is recurrent.

Lemma 6.1. Suppose that Assumptions 2.1 and 2.2 hold. In this case the following
assertions (i)— (iii) hold:

(i) The state space S is Q-communicating, that is, for each x,y € S there exists
a positive integer n = n(x,y) such that Q.[X, =y] > 0.

(ii) For each W C Sand n=1,2,3,...

1 —
QulTw >l = 5B, X120 (C(XD)=9) h(Xn) [Ty > n]} , €S (6.3)

(iii) Suppose that at least one of the following conditions (a) and (b) hold:

(a) The Markov chain {X,,} is P-recurrent, i.e., P,[T, < oo] = 1 for some
(and hence, for all) state z € S;

(b) The average cost g = Jo(+) is positive.
In this context the Markov chain {X,,} is Q-recurrent, that is, the equality
Q.[T. <ox]=1

holds for every z € S.
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Proof.

(i) Observing that Definition 6.1 yields that g,, # 0 if and only if p,, # 0, the
conclusion follows from Assumption 2.1.

(ii) Let W C S and zy € S be arbitrary. Using Definitions 3.1 and 6.1 it follows
that for each n =1,2,3, ...

Qu[Tw >n] = Qu[X1 ¢W,..., X, ¢ W]
= 2w
$L¢W =1
i=1,2,...,n
D |
B - eh(wi-1)
i:zli,g,w,n =t
_ h(l LY B0 [[
€ ’ I1¢W i=1
=1,2,....n
1 n—
= h(zg) 0 |:€Zt=01(C(Xt)ig)eh(xn)I[Xl ¢ VVa s vXn ¢ Wﬂ
(&
_ h(l S By, [T 00 M [Ty, > ]
e xr

(iii) Using that the state space S is @-communicating and that the set K in (2.4)
is finite, it follows that the @Q-recurrence of {X,,} is equivalent to
lim Qu[Tx >n]=0, ze€S\K. (6.4)
n—oo
This property can be verified under either of the conditions (a) and (b) as
follows: Firstly, recall that X; ¢ K for 1 <t < Tk, by Definition 3.1, and in
this case C(X;) = 0, since C is supported on K. Thus, if X ¢ K it follows

that Z;:Ol(C(Xt) — g) = —ng on the event [Tx > n], and via the previous
part it follows that for each positive integer n and z € S\ K

1 n—
QQ? [TK > ’]’L] = Th(z) EI |:6th01(C(Xt)_g)eh(Xn)I[TK > n]:|
1

oh(@) ©

“E, [eh(x")I[TK > n]} )

and recalling that h(-) < 0 (see Theorem 2.1 and Definition 6.1), this leads to

1
eh(w)

Q:[Tk >n] < eMP, [Tk >n], z€S\K, n=123,... (6.5)
(a) Assume that {X,,} is P-recurrent. In this case, it follows that
lim,, oo Pr[Tx > n] = 0 for every z € S\ K, and then, since g > 0, the
above display immediately leads to (6.4).
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(b) Suppose that g > 0. In this context (6.5) yields that, for each state
reS\K,
lim Q.[Tx >n] < e M=) lim 79 =0,

n—0o0 n—oo

so that (6.4) also holds in this case.

O
The main result of this section is the following.

Theorem 6.1. Suppose that Assumptions 2.1 and 2.2 hold, let g € R and h: S —
(—00,0] be as in Theorem 2.1 and assume that

{X,} is Q-recurrent, (6.6)
where Q is the matrix in Definition 6.1. In this case, if h: S — R is such that

eI +h(@) — C@) meye , x €S, (6.7)
yeS

then A(-) — h(-) is constant.

Notice that Example 6.1 explicitly shows that if condition (6.6) does not hold,
then the conclusion of this theorem does not necessarily occur.

Proof. From (6.7) and Definition 6.1 it follows that for every z € S

h(z)—h(z _ pry h
O = @05 Pen i)
yeSs

C(z)—g

h -
= Y e P W) iw-hw)
e xr
yeSs

Z o€ hW)

yeS

so that _ =
eh(m)fh(x) — E;Q [eh(Xl)fh(Xl)} , T € S,

where E?[] stands for the expectation operator with respect to Q. It follows that
@) —h@) — R T — 1] 4 EQ [ X)) =RXD) 11T, > 1]]

for every x, z € S, and an induction argument using the Markov property yields that
h@=h(@) = h-h()Q T, < ] + EQ [eMXn)-h(Xn)I[TZ > n]}

always holds, so that

(@) =h() > eﬁ(z)*h(z)Qm[Tz <n], z,z€S, n=123,...
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To conclude notice that, since the state space is @Q-communicating, (6.6) implies that
1=Q:[T, <oco]= lim Q;[T, <n], z,z€S85,
n—oo

a fact that, via the previous display, yields that the inequality eh(@)=h@) > ch(z)=h(2)
is always valid, and it follows that h(-) — h(-) is constant. O

From Theorem 6.1 it follows that, if {X,} is Q-recurrent, then conditions (1.3)
and (2.3) determine function A(-) up to an additive constant.

Corollary 6.1. Suppose that Assumptions 2.1 and 2.2 as well as condition (6.6)
hold, where matrix @ is specified in Definition 6.1. In this framework, if g; € R and
h;: S — R, i=1,2 are such that

eI thie) = O N " ehiy) (6.8)
yEeS
and
.. hi(Xn) 1/n
llnlggf (Eycyzyn [e (A D =1 (6.9)

for every x € S and ¢ = 1,2, then hy(-) — ha(+) is constant.

Proof. Let g € R and h(-) be as in Theorem 2.1. By Lemma 2.1, (6.8) and
(6.9) together imply that g; = Jo(-) = ¢ for each 4. Then, Theorem 6.1 yields that
h;i(-) — h(-) is constant for i = 1,2; see (6.7) and (6.8). Thus, hy(-) — ha(:) is also
constant. ]
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