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KYBERNETIKA — VOLUME 45 (2009), NUMBER 3, PAGES 349 -386

DIRECT ADAPTIVE CONTROL OF UNKNOWN
NONLINEAR SYSTEMS USING A NEW NEURO-FUZZY
METHOD TOGETHER WITH A NOVEL APPROACH
OF PARAMETER HOPPING

DiMmiTRIS THEODORIDIS, YIANNIS BOUTALIS AND MANOLIS CHRISTODOULOU

The direct adaptive regulation for affine in the control nonlinear dynamical systems
possessing unknown nonlinearities, is considered in this paper. The method is based on a
new Neuro-Fuzzy Dynamical System definition, which uses the concept of Fuzzy Dynam-
ical Systems (FDS) operating in conjunction with High Order Neural Network Functions
(F-HONNFsS). Since the plant is considered unknown, we first propose its approximation
by a special form of a fuzzy dynamical system (FDS) and in the sequel the fuzzy rules are
approximated by appropriate HONNFs. The fuzzy-recurrent high order neural networks
(F-RHONN) are used as models of the unknown plant, practically transforming the origi-
nal unknown system into a F-RHONN model which is of known structure, but contains a
number of unknown constant value parameters. The proposed scheme does not require a-
priori experts’ information on the number and type of input variable membership functions
making it less vulnerable to initial design assumptions, is extremely fast and, hence, can be
applied in several difficult and very demanding real-time engineering applications. When
the F-RHONN model matches the unknown plant, we provide a comprehensive and rigor-
ous analysis of the stability properties of the closed loop system. Convergence of the state
to zero plus boundedness of all other signals in the closed loop is guaranteed without the
need of parameter (weights) convergence, which is assured only if a sufficiency-of-excitation
condition is satisfied. The existence of the control signal is always assured by introducing
a novel method of parameter hopping and incorporating it in weight updating law. Sim-
ulations illustrate the approximation superiority of the proposed scheme in comparison to
other well established approaches. The applicability of the method is also tested on well
known simulated nonlinear plants where it is shown that by following the proposed proce-
dure one can obtain asymptotic regulation. Comparison is also made to simple RHONN
controllers, showing that our approach is superior to the case of simple RHONN’s.
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1. INTRODUCTION

Nonlinear dynamical systems can be represented by general nonlinear dynamical
equations of the form
z = f(z,u). (1)

The mathematical description of the system is required, so that we are able to
control it. Unfortunately, the exact mathematical model of the plant, especially
when this is highly nonlinear and complex, is rarely known and thus appropriate
identification schemes have to be applied which will provide us with an approximate
model of the plant.

It has been established that neural networks and fuzzy inference systems are
universal approximators [12, 23, 52], i.e., they can approximate any nonlinear func-
tion to any prescribed accuracy provided that sufficient hidden neurons and training
data or fuzzy rules are available. Recently, the combination of these two differ-
ent technologies has given rise to fuzzy neural or neuro fuzzy approaches, that
are intended to capture the advantages of both fuzzy logic and neural networks.
Numerous works have shown the viability of this approach for system modeling
([4, 8, 20, 21, 29, 31, 36, 40, 54]). The neural and fuzzy approaches are most of
the time equivalent, differing between each other mainly in the structure of the ap-
proximator chosen. Regarding the approximator structure, linear in the parameters
approximators are used in [3, 31, 45] and nonlinear in [26, 38, 42, 50].

Adaptive control theory has been an active area of research over the past years
([14, 15, 16, 18, 19, 34, 35, 37, 47, 48, 49]). As concerning linear systems, there
have been some researches on stability analysis of adaptive control systems, and
adaptive control of plants [37, 47]. Also, many researchers focus on robust adap-
tive control that guarantees signal boundness in the presence of modelling errors
and bounded disturbances ([14] —[16]). Regarding nonlinear systems, some adaptive
control schemes via feedback linearization have been reported ([18, 19, 34, 48, 49]).
The fundamental idea of feedback linearization is to transform a nonlinear system
into a linear one. Then, linear control techniques are employed to acquire desired
performance.

In the neuro or neuro fuzzy control two main approaches are followed. In the
indirect adaptive control schemes [3, 8, 9, 19, 25, 26, 32, 38, 42, 50]) first the dynamics
of the system are identified and then a control input is generated according to the
certainty equivalence principle. In the direct adaptive control schemes ([2, 7, 10,
28, 39, 41, 43, 44, 53]) the controller is directly estimated and the control input is
generated to guarantee stability without knowledge of the system dynamics. In [26]
both approaches are presented, while in [13] a combined direct and indirect control
scheme is used.

In a fuzzy or neuro-fuzzy scheme, the underlying fuzzy modeling scheme may
be of Mamdani or TSK type and the identification phase usually consists of two
categories: structure identification and parameter identification. Structure identi-
fication involves finding the main input variables out of all possible, specifying the
membership functions, the partition of the input space and determining the number
of fuzzy rules which is often based on a substantial amount of heuristic observation
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to express proper strategy’s knowledge. Most of structure identification methods are
based on data clustering, such as fuzzy C-means clustering [6], mountain clustering
[21], and subtractive clustering [33]. These approaches require that all input-output
data are ready before we start to identify the plant. So these structure identification
approaches are off-line.

Recently [5, 24], high order neural network function approximators (HONNFS)
have been proposed for the identification of nonlinear dynamical systems of the form
(1), approximated by a Fuzzy Dynamical System. This approximation depends on
the fact that fuzzy rules could be identified with the help of HONNFs. The same
rationale has been employed in [51], where a neuro-fuzzy approach for the indirect
control of unknown systems has been introduced.

In this paper HONNFs are also used for the neuro fuzzy direct control of nonlin-
ear dynamical systems. In the proposed approach the underlying fuzzy model is of
Mamdnani type. The structure identification is also made off-line based either on
human expertise or on gathered data. However [56], the required a-priori informa-
tion obtained by linguistic information or data is very limited. The only required
information is an estimate of the centers of the output fuzzy membership functions.
Information on the input variable membership functions and on the underlying fuzzy
rules is not necessary because this is automatically estimated by the HONNF's. This
way the proposed method is less vulnerable to initial design assumptions. The pa-
rameter identification is then easily addressed by HONNFSs, based on the linguistic
information regarding the structural identification of the output part and from the
numerical data obtained from the actual system to be modeled.

We consider that the nonlinear system is affine in the control and could be approx-
imated with the help of two independent fuzzy subsystems. Every fuzzy subsystem
is approximated from a family of HONNFs, each one being related with a group of
fuzzy rules. Weight updating laws are given and we prove that when the structural
identification is appropriate then the error reaches zero very fast. Also, an appro-
priate state feedback control law is constructed to achieve asymptotic regulation of
the output, while keeping bounded all signals in the closed loop. The existence of
the control signal is always assured by introducing a method of parameter hopping
and incorporating it in the weight updating law.

The paper is organized as follows. Section 2 presents notation and preliminaries
related to the concept of fuzzy systems (FS) and the terminology used in the re-
maining paper. Moreover, it shows off the drawbacks of traditional fuzzy adaptive
functional representations. Section 3 reports on the ability of HONNFs to act as
fuzzy rule approximators. The direct neuro fuzzy regulation of affine in the control
dynamical systems is presented in Section 4, where the method of parameter hop-
ping is explained and the associated weight adaptation laws are given. Simulation
results are given in Section 5 illustrating the approximation superiority of the pro-
posed scheme in comparison to other well established approaches. The applicability
of the method is also tested on well known simulated nonlinear plants where it is
shown that by following the proposed procedure one can obtain asymptotic regula-
tion. Comparisons are also presented showing that our approach is superior to the
case of simple RHONN controllers.
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2. NOTATION AND PRELIMINARIES
2.1. Notation

The following notations will extensively be used throughout the paper. |- | denotes
the usual Euclidean norm of a vector. In case y is a scalar |y| denotes its absolute
value.

If A is a matrix, then || A|| denotes the Frobenious matrix norm defined as || A||? =
D i |aij\2 = tr { AT A} where tr{-} denotes the trace of a matrix.

An important property that will be used in deriving weight updating laws is the
following: For a m x n matrix X and matrices A, B, satisfying the following equality

or {)ETX} _ AXB

then )
XT=BA= X =A"B". (2)

2.2. Preliminaries

In this section we briefly present the notion of adaptive fuzzy systems and their
conventional representation. We are also introducing the representation of fuzzy
systems using the fuzzy rule indicator functions, which is used for the development
of the proposed method.

2.2.1. Adaptive Fuzzy Systems

The performance, complexity, and adaptive law of an adaptive fuzzy system repre-
sentation can be quite different depending upon the type of the fuzzy system (Mam-
dani or Takagi—-Sugeno). It also depends upon whether the representations is linear
or nonlinear in its adjustable parameters. Adaptive fuzzy controllers depend also
on the type of the adaptive fuzzy subsystems they use. Suppose that the adaptive
fuzzy system is intended to approximate the nonlinear function f(z). In the mam-
dani type, linear in the parameters form, the following fuzzy logic representation is
used [40, 52]:

M
)= 0(a) = 67¢(x) (3)
=1

where M is the number of fuzzy rules, § = (01, ...,0x)7, £(x) = (&1(2), ..., Epr(2)T
and & (z) is the fuzzy basis function defined by

[Ty s ()
&i(x) = e
. lIV=[1 [Tim HF! (i)

(4)

0, are adjustable parameters, and pp: are given membership functions of the input
variables (can be Gaussian, triangular, or any other type of membership functions).
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In Tagaki—Sugeno formulation f(z) is given by

M
f@) = q@)&(x) (5)
=1

where g;(z) = ai0 + aj121 + ... + @@y, with 2,4 = 1...n being the elements
of vector z and &(x) being defined in (40). According to [40], (5) can also be
written in the linear to the parameters form, where the adjustable parameters are
all aj;,l=1...M,i=1...n.

From the above definitions it is apparent in both, Mamdani and Tagaki—-Sugeno
forms that the success of the adaptive fuzzy system representations in approximating
the nonlinear function f(z) depends on the careful selection of the fuzzy partitions
of input and output variables. Also, the selected type of the membership functions
and the proper number of fuzzy rules contribute to the success of the adaptive
fuzzy system. This way, any adaptive fuzzy or neuro-fuzzy approach, following a
linear in the adjustable parameters formulation becomes vulnerable to initial design
assumptions related to the fuzzy partitions and the membership functions chosen. In
this paper this drawback is largely overcome by using the concept of rule indicator
functions, which are in the sequel approximated by High order Neural Network
function approximators (HONNFs). This way there is not any need for initial design
assumptions related to the membership values and the fuzzy partitions of the if part.

2.2.2. Fuzzy system description using rule indicator functions

In this paper, we are briefly introducing the representation of fuzzy systems using
the fuzzy rule indicator functions, which is used for the development of the proposed
method.

Let us consider the system with input space v C R™ and state-space z C R",
with its i/o relation being governed by the following equation

z(k) = f(z(k), u(k)) (6)

where f(-) is a continuous function and the k denotes the temporal variable. In
case the system is dynamic the above equation could be replaced by the following
difference equation

w(k+1) = f(x(k),u(k)) (7)
where £k =1,2,....
By setting y = [z, u] and omitting &k, Eq. (6) may be rewritten as follows
z= f(y). (8)

In many practical situations, we are unable to measure accurately the states and
inputs of a system of the form in (6); in most cases, we are provided with cheap
sensors, expert’s opinions, e.t.c which provide us with imprecise estimations of the
state and input vectors. Thus, instead of vectors x and u we are provided with some
linguistic variables z; and ;, respectively.
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Let now § := (&, @) and suppose that each linguistic variable g; belongs to a finite
set L; with cardinality k;, i.e. g; takes one of k; variables. Let also ¢;; denotes the
jth element of the set L;. Then we may define a function h; : R — L; to be the
output function of the system in Eq. (8) in the sense that

Note that h;(-) maps the real axis into a set of linguistic variables L;, and thus h(-)
is not defined in the usual way. In order to overcome such a problem we define the
function h; : R — {1,2,...,k;} as follows

hi(yi) = fij <= ha(y:) = j. (10)

Since h,(-) is very similar to h;(-), we will call the function h;(-) the ith output
of the system in Eq.(8). Also, h;(-) and consequently h;(-) is related with the
structural identification part mentioned in the introduction and arrive after using
an automatic procedure based on system operation data or after consulting human
experts advising on how to partition the system variables.

Following the standard approach in fuzzy systems theory we associate with each
U;; a membership function fi;;(y;) € [0, 1] which satisfies

fuij(yi) = max fia (y:) <= hi(y:) = J. (11)

From the definition of the functions h;(-) [or h;(+)] we have that the space I = Tx U
is partitioned in the following way: let Y i be defined as follows

Y. =1y eR:hi(y:) = j} (12)

ie. Y i denotes the set of all the variables y; that output the same linguistic variable

9i;. Thus y is partitioned into disjoint subsets 1 rseeesintm defined as follows

Ui =Yy X X Y (i € {1,2,...,k;}. (13)

In a similar way we may define the sets &;;, U;;, Zi; and the sets Ty, j,,.
and Z; Note now the following fact: for two vectors (z(1), u(l))

J17J27 )Jn
and (), u?) ey there maybe

u]l)]Za"'y]n

y J1:J25- - Jn+m J1,J25 s Jn4+m

hi(fi(@ D, uD)) # hy(fi(e®,u®))) (14)

for some ¢ € {1,2,...,n}, i.e. two input vectors belonging to the same subset

Y i1 jorsjnsr, may point — through the vector — field f(), to different subsets

/B . Let now Qéll’ljzz’ ’lJH be defined as the subset of y;, j,.... ..., that points
- through the vector — field f(- ) to the subsets 2, 1,,..1,,, 1. €.

L2, 0l . _ —
lel’]f‘; .... jn+m : {(x u) S y J1d2sens Frm hl(Zl) = ll, Ceey hn(Zn) = ln}
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117 oln

and define the transition possibilities ;""" as follows
Haetn  dXdAU
7Tl'17..~,l_n _ f(w w)eQl ntm (15)

J1serdntm f(m,u)éyjl 11111 e dXdU

where 71'511 ’lj” ., is a number belonging to a set [0,1] that represents the fraction of
(

the vectors (x,u) in ¥;, ... ..., that points — through the vector field f(-) to the set

xy,,...1,, - Obviously
li,eln _
Z T g = 1t (16)
Liln

In order to present the lemma of Section 3, we define the indicator function: Let

Iﬂliﬁilf; denote the indicator function of the subset Qéllvl;; ,ljn | that is,
. L
(0% lf .U Q yeeesl
IJZ? én (x, u) = ( ) ) J1, ,Jn+m (17)
i 0 otherwise

where a denotes the firing strength of the rule.
Using the above definitions, we can see that the system in Eq. (8) is described by
fuzzy rules of the form

IF Y1 is gljl AND. ..
AND Yntm 18 g(n+m)jn+m
Uiyeoiln
lelv"-vjn+7n THEN (18)
2y is 71, AND---AND z, is %,

with possibility 71"
where obviously g;;, = Bz(yl(k)) and Z;, = Bl(zl) = ﬁi(fi(x, w)).

In the above notation, if j; = [; and jo = I3 and ... and j, = l,, then these
points participate to the definition of the same fuzzy rule. If j; # I; or j3 # Iz or or
Jn # ln, then these points define alternative fuzzy rules describing this transition.
Consider now the next definition.

Definition 2.1. (FS) A Fuzzy System — (FS) is a set of Fuzzy Rules of the form
(Rt Yo the system in Eq. (6) is called the Underlying System — (US) of the

7157253 In+m
previously defined F'S. Alternatively, the system in Eq. (8) will be called a Generator

of the FS that is described by the rules (Réll’l;” ’jwm)

Due to the linguistic description of the variables of the FS it is not rare to have

more than one systems of the form in Eq.(8) to be generators for the FS that is
described by the rules (thlZ: o ).

J15J25-- 1Jn+m
Define now the following system

ghioodn sl ), (19)

z= .717 7]n+m J15--3In+m
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Where 211’ ’ljn+m € R™ be any constant vector containing the centers of each fuzzy
variable z; and satisfy h;(2;) ll’ 12’;+m (1)) = I; where 2;-1’1"'."’7?;711 (1) denotes the ith
entry of zll’ :lJner Then, according to [5, 24] the system in (19) is a generator for
the FS (Rllvlzv ).

J1,J25 3 Jnt+m
It is obvious that Eq. (19) can be also valid for dynamic systems. In its dynamical

form it becomes

el el
k + 1 ]?h 7J71+m Ijir“vjn#wn (.T(k)7 u(k)) (20)
lisensln Uyl Loedn (s
Where /""" € R™ be any vector satisfying h;(z)77 (i) =1; where Z/ """ (1)

Iyl

denotes the 1th entry of T
Jise 7Jn+m

3. THE HONNEF’S AS FUZZY RULE APPROXIMATORS

The main idea in presenting the main result of this section lies on the fact that func-
tions of high order neurons are capable of approximating discontinuous functions;
thus, we use hlgh order neural network functions in order to approximate the indi-

cator functions I b §;+ However, in order the approximation problem to make
sense the space y = I x U must be compact. Thus, our first assumption is the
following:

(A1) Y =2 x Uis a compact set.

Notice that since ¢y C R™*™ the above assumption is identical to the assumption
that it is closed and bounded. Also, it is noted that even if ¥ is not compact we may
assume that there is a time instant T such that (x(k),u(k)) remain in a compact
subset of ¢ forall k <T ;i.e. if Y . := {(z(k),u(k)) € Y,k < T} We may replace
assumption (A.1) by the following assumption

(A.2) Y, is a compact set.

It is worth noticing, that while assumption (A.1) requires the system in Eq. (7)
solutions to be bounded for all u(k) € U and x(0) € X, assumption (A.2) requires
the system in Eq. (7) solutions to be bounded for a finite time period; thus, assump-
tion (A.1) requires the system in Eq. (7) to be bounded input bounded state (BIBS)
stable while assumption (A.2) is valid for systems that are not BIBS stable and,
even more, for unstable systems and systems with finite escape times.

We are now ready to show that high order neural network functions are capable
of approximating the indicator functions Iﬁiwm Let us define the following high
order neural network functions (HONNFs).

N(z,u;w,L) = Zwk H <I>d ), (21)

JEIx
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Where {I1,I5,...,I5} is a collection of L not-ordered subsets of {1,2,...,m+n},
d;(k) are non-negative integers, ®; are sigmoid functions of the state or the input,
which are the elements of the following vector

[ @y ] [S(21) ]
o, S(xn)
Pri1 S(u1) (22)
q)m+n _S(um)
where .
S(u) or S(z)= g i) (23)
and w := [wy - - - wg]T are the HONNF weights. Eq. (21) can also be written
N(z,u;w,L) = Zwksk(x,u). (24)

Where si(z,u) are high order terms of sigmoid functions of the state and/or
input.

The next lemma [24] states that a HONNF of the form in Eq. (24) can approxi-
mate the indicator function Ill’ :;Hm

Lemma 3.1. Consider the indicator function I b é ., and the family of the HON-

NFs N(z,u;w, L). Then for any ¢ > 0 there is a vector of weights w1 dntmilisln
and a number of L7t dntmili,uln high order connections such that
lys. cqpdLoesdndmily, Jsesdngmilyyeesln
sup {1, ’Jn+m(m,u) — N(z,u; w ntm n L nm M} <e
(z,u)ey

where § = y if assumption (A.1) is valid and gr = y if assumption (A.2) is valid.

Let us now keep L7t dntmilissln congtant, i.e. let us preselect the number of
high order connections, and let us define the optimal weights of the HONNF with

Litsintmilisoln high order connections as follows

Iyl l1,.. . con s dndmili,enln T A1, dndmili, - nln
l/j17~--1jn+m( )71.717 »]n+m(1”u) N(CE,U,'LU L )

It sdntmilisln . — arg min

l e Gt
x4 sup [Tt (o) = N, ugw, Ddnsnilieesty
(w.u)ey

and the modelling error as follows
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It is worth noticing that from Lemma 3.1, we have that sup, ,)ey Vﬁéﬁ (x,u)

can be made arbitrarily small by simply selecting appropriately the number of high
order connections.

Using the approximation Lemma 3.1, it is natural to approximate system in
Eq. (20) by the following dynamical system

A1) =32l () x N(2(k), u(k); wltdmtmiti st Lt ingmiliseobn),

,,,,, Jn+m

Let now z(k)[x(0), u(k)] denote the solution in Eq. (20) given that the initial state
at t = 0 is equal to x(0) and the input is u(k). Similarly we define z(k)[z(0), u(k)].
Also let

v(z(k),u(k)) =Y (@5 (wou) <y (2(k),u(k))). (25)

Then, it can be easily shown that

2(k)[2(0), u(k)] = x(k)[2(0), u(k)] + v[z(k), u(k)]. (26)
Note now that from the approximation Lemma 3.1 and the definition of v(z(k), u(k))
we have that modeling error can be made arbitrarily small provided that (z(k), u(k))

remain in a compact set (e.g. 7).

Theorem 3.2. (Kosmatopoulos and Christodoulou [24], Christodoulou et al. [5])
Consider the FDS (R, ll’ l] . ') and suppose that system in Eq. (7) is its underlying
system. Assume that either assumptions (A.1) or (A.2) hold. Also consider the
HONNTF in [5]. Then, for any € > 0 there exists a matrix ©* and a number L* high

order connections and © = ©* is a generator for the FDS described by the rules

IF Y1 is glj1 AND - ..

AND Yntm 18 G(ntm)jnim

l,sln o THEN

J1sesdntm
X1 i g1, AND ---AND x,, is §ni,
: il leln
with possibility 7; """
where
R iyl
max |m ' <e.

jlwu;jn«i»rn B ﬂj17~~-7jn+m

4. DIRECT ADAPTIVE NEURO-FUZZY CONTROL
4.1. Problem formulation and neuro-fuzzy representation
4.1.1. Problem formulation

We consider affine in the control, nonlinear dynamical systems of the form

= flz)+G(x) u
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y=uz (27)

where the state z € R" is assumed to be completely measured, the control w is in
R™, fis an unknown smooth vector field called the drift term and G is a matrix
with columns the unknown smooth controlled vector fields ¢;, ¢ = 1,2,...,n and
G =[g1, g2, - - -, gn]- The above class of continuous-time nonlinear systems are called
affine, because in (27) the control input appears linear with respect to G. The main
reason for considering this class of nonlinear systems is that most of the systems
encountered in engineering, are by nature or design, affine. Furthermore, we note
that non affine systems of the form given in (1) can be converted into affine, by
passing the input through integrators, a procedure known as dynamic extension.

The state regulation problem is known as our attempt to force the state to zero
from an arbitrary initial value by applying appropriate feedback control to the plant
input. However, the problem as it is stated above for the system (27), is very
difficult or even impossible to be solved since the vector fields f, g;, 1 =1,2,...,n,
are assumed to be completely unknown. To overcome this problem we assume that
the unknown plant can be modeled by the following neuro-fuzzy model, where the
weight values W* and W} are unknown.

& =—Ax+ XW*S(x) + XiWi S1(z)u (28)

Therefore, the state regulation problem is analyzed for the system (28) instead of
(27). Since, W* and W7 are unknown, our solution consists of designing a control law
u(W, W1, z) and appropriate update laws for W and W; to guarantee convergence of
the state to zero and in some cases,which will be analyzed in the following sections,
boundedness of = and of all signals in the closed loop.

The following mild assumptions are also imposed on (27), to guarantee the exis-
tence and uniqueness of solution for any finite initial condition and u € U.

Proposition 4.1. Given a class U of admissible inputs, then for any v € U and any
finite initial condition, the state trajectories are uniformly bounded for any finite
T > 0. Hence, |z(T)] < co.

Proposition 4.2. The vector fields f, g;, i = 1,2, ..., n are continuous with respect
to their arguments and satisfy a local Lipchitz condition so that the solution z(t) of
(27) is unique for any finite initial condition and u € U.

4.1.2. Neuro-fuzzy representation

We are using an affine in the control fuzzy dynamical system, which approximates
the system in (27) and uses two fuzzy subsystem blocks for the description of f(z)
and G(z) as follows

R l17 llau-vln

flo) = =A@+ filoi < I (a) (29)
. vl Lol

gile) = D @A < g (@) (30)

where the summation is carried out over the number of all available fuzzy rules, I, I
are appropriate fuzzy rule indicator functions and the meaning of indices Jll’ A
has already been described in Section 2.
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According to Lemma 3.1, every indicator function can be approximated with the
help of a suitable HONNF. Therefore, every I, I; can be replaced with a correspond-
ing HONNF as follows

fla) = —A&+ 3 Fg < Nis @) (3
gi ((IJ) = Z (g ).171177 Jn N ‘l711’7 ]n (m) (32)

where N, N; are appropriate HONNF's.

In order to simplify the model structure, since some rules result to the same output
partition, we could replace the NNs associated to the rules having the same output
with one NN and therefore the summations in (31), (32) are carried out over the
number of the corresponding output partitions. Therefore, the affine in the control
fuzzy dynamical system in (29), (30) is replaced by the following equivalent affine
Recurrent High Order Neural Network (RHONN), which depends on the centers of
the fuzzy output partitions f; and g;

Npf n /Npg;
CEZ—A$+Zf><Nl Z(Z (Gi)i x Nu(z )) . (33)
=1

=1 i=1

Or in a more compact form
&= —Az + XWS(x) + X, W, 5 (x)u. (34)

Where A is a n X n stable matrix which for simplicity can be taken to be diagonal as
A = diag[ay, as,...,a,] , X, X; are matrices containing the centres of the partitions
of every fuzzy output variable of f(x) and g(x) respectively, S(x), S1(x) are matrices
containing high order combinations of sigmoid functions of the state x and W, W,
are matrices containing respective neural weights according to (24) and (33). The
dimensions and the contents of all the above matrices are chosen so that XW.S(y) is
a nx I vector and X1 W1.51(x) is a nx nmatrix. Without compromising the generality
of the model we assume that the vector fields in (30) are such that the matrix G
is diagonal. For notational simplicity we assume that all output fuzzy variables are
partitioned to the same number, m, of partitions. Under these specifications X is a
nx n-m block diagonal matrix of the form X = diag(X*!, X2,..., X") with each X*
being an m-dimensional raw vector of the form

=i £ £l

or in a more detailed form
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where f;, denotes the center or the fuzzy pth partition of f;. These centers can
be determined manually or automatically with the help of a fuzzy c-means clus-
tering algorithm as a part of the off-line structural identification procedure. Also,
Sx) = [s1(x) - sk(X)]T, where each s;(x) with ¢ = {1,2,...,k}, is a high
order combination of sigmoid functions of the state variables and W isan-m x k
matrix with neural weights. W assumes the form W = [Wl W"]T7 where
each W* is a matrix [wi,] . . Xi is a n x n-m block diagonal matrix X; =
diag(* X1, 1 X2 ..., 1X") with each ! X? being an m-dimensional raw vector of the
form

X=gt gt e gl

or in a more detailed form

gt - gt o0 o0 0o --- 0

_2.2 _
1y 0o -+ 0 g ggf 0 0
0O --- 0 0o -~ 0 gpr .- g

where g}j denotes the center or the kth partition of g;;. Wi is a m - n x n block
diagonal matrix Wy = diag(*W?1,'W?2 ... 1W™"), where each 'W is a column vector
['w],,y, of neural weights. Finally, Sy (x) is a n x n diagonal matrix with each
diagonal element s;(x) being a high order combination of sigmoid functions of the
state variables.

According to the above definitions the configuration of the F-RHONN approxi-
mator is shown in Figure 1. When the inputs are given into the fuzzy-neural network
shown in Figure 1, the output of layer IV gives indicator function outputs which ac-
tivate the corresponding rules and are calculated by Eq. (24). At layer V, each node
performs a fuzzy rule while layer VI gives the function output.

The approximator of indicator functions, has four layers. At layer I, the input
nodes represent input and state measurable variables. At layer II, the nodes repre-
sent the values of the sigmoidal functions. At layer III, the nodes are the values of
high order sigmoidal combinations. The links between layer IIT and layer IV are fully
connected by the weighting vectors W = [Wl e W"}T, the adjustable param-
eters. Finally, at layer IV the output represents the values of indicator functions.

It has to be mentioned here that the proposed neuro-fuzzy representation, fi-
nally given by (34), offers some advantages over other fuzzy or neural adaptive
representations. Considering the proposed approach from the adaptive fuzzy sys-
tem (AFS) point of view, the main advantage is that the proposed approach is
much less vulnerable in initial AFS design assumptions because there is no need for
a-priori information related to the IF part of the rules (type and centers of member-
ship functions, number of rules). This information is replaced by the existence of
HONNFs. Considering the proposed approach from the NN point of view, the final
representation of the dynamic equations is actually a combination of High Order
Neural Networks, each one being specialized in approximating a function related
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Fig. 1. Configuration of a neuro-fuzzy (F-RHONN) approximator.

to a corresponding center of output state membership function. This way, instead
of having one large HONNF trying to approximate “everything” we have many,
probably smaller, specialized HONNFs. Conceptually, this strategy is expected to
present better approximation results; this is also verified in the simulations section.
Moreover, as it will be seen in Section 4.2.1, due to the particular bond of each
HONNF with one center of an output state membership function, the existence of
the control law is assured by introducing a novel technique of parameter “hopping”
in the corresponding weight updating laws.

4.2. Adaptive regulation — Complete matching

In this subsection we investigate the adaptive regulation problem when the modeling
error term is zero, or in other words, when we have complete model matching. Under
this assumption the unknown system can be written as (28), where z € R™ is the
system state vector, u € R™ are the control inputs, X, X; are nx n-m block diagonal
matrices, W* is a n-m x k matrix of synaptic weights, W7 is a m-n xn block diagonal
matrix and A is a n X n matrix with positive eigenvalues which for simplicity can be
taken diagonal. Finally, S(x) is a n-dimensional vector and S () is a n x n diagonal
matrix with each diagonal element s;(x) being a high order combination of sigmoid
functions of the state variables.
Let us take a function h(x) : R — Rt of class C* having the following form

hz) = & [2? = %xTx (35)
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which involves the state variables. The derivative of the above equation with respect
to time according to Eq. (28) is

. ohT 0x  OnT X
h(z) = . [-Ax + XW*S(x) + X1 W7 S ()u]

which is linear with respect to W* and W} and can be written as

. OnT onT on” .
h+ 8—A = %XW S(x) + o —— X WS (z)u. (36)

Define now, the estimation error as

A onT onT T
onT onT onT onT
v 2 5 XWS(@)+ = Xa W18 (2)u— 5= XW*S () X, W] S (a)u
T T
sv 2 i)+ 2 s @ (39)

where W and Wy are estimates of W* and W7 respectively, obtained by update laws
which are to be designed in the sequel. This signal cannot be measured since h is
unknown. To overcome this problem, we use the following filtered version of error v

v=_E+ kE
and according to Eq. (37) we have that

T

£+ KE=—h+ 8% [—Az + XWS(z) + X1 W81 (z)u] (40)

where k a strictly positive constant. To implement Eq. (40), we take
A
E=¢—h. (41)

Employing Eq. (41), Eq. (40) can be written as

onT
¢+ ks =kh+ B [—Ax + XWS(z) + X1 W1.S1(x)u] (42)

with state ¢ € R. This method is referred to as error filtering. Furthermore, Eq. (42)
substituting Eq. (35) becomes

¢+ ks =kh — a2l Az + 2T XWS(z) + 2T X, W1 81 (z)u. (43)



364 D. THEODORIDIS, Y. BOUTALIS AND M. CHRISTODOULOU

To continue, consider the Lyapunov-like function

L= %52 + %tr {WTW} + %tr {Wle} . (44)

Where W = W — W* and Wy = W, — W
If we take the derivative of Eq. (44) with respect to time we obtain

L=¢f+tr {WTW} Ftr {Wle} . (45)
Employing Eqs. (40), (45) becomes
L= —k€+¢[—h—aT Ax+2T" XWS(z) 42T X W18 ()] +tr {WTVT/}+tr {WlTlfvl}
which together with Eq. (36) gives
L = —k€+¢—a"XW*S(z)2? X, Wi S (2)u+ 2T XWS(2) + 27 X, W18, ()]
+tr {WTW} +tr {WITWI}
or equivalently
L= k€ + T XWS(z) + €T X, W18y (z)u + tr {WTW} + tr {Wle} . (46)

Hence, if we choose

tr {WTW} — T XWS(x) (47)
and o ~
tr {WlT Wl} = —eaT X, W18, (2)u (48)
L becomes
L=-ke<0 (49)

which means that L is negative semidefinite. It can be easily verified that Eqs. (47),
(48) after using property (2) of Section 2.1 and making the appropriate operations,
can be element wise written as

a) for the elements of W
w?l = —Ef;xisl(x) (50)
b) for the elements of 1W*
w;l = _§§§i$iui5i($) (51)
or equivalently "W = —(* X)) T¢xu;s;(x) foralli,j=1,2,...,nandl=1,2,...,k.
Equations (50) and (51) can be finally written in a compact form as

W = —¢XTaST () (52)
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Wy = —eXT2'US, () (53)

where ¢ is a scalar magnitude, 2’ is a diagonal matrix such that '’ =diag [z1, 22, . . ., 2]
and U = diag [uy,us, ..., uy).

Now we can prove the following lemma
Lemma 4.3. Consider the system
T =—Ax 4+ XW*S(x) + X Wi S1(z)u

¢=—ks+kh— 2T Az + 2T XWS(2) + 2T X1 W1 51 (2)u

h(z) =1 |z
The update laws
W= —exXTzST(x), Wi = —eXT2'US, (x)
guarantee the following properties
o & fx| , W, Wi,¢ € Lo
o €[ €Ly
o limy o0 £(t) = 0, limy_yoo W(t) = 0, limy_so Wi(t) =0

provided that v € L.

Proof. From Eq.(49) we have that L € L., which implies £, W, W; € Lo,. Since
u € Lo then z € Lo, hence h € L,,. Furthermore, £ = ¢ — h, hence ( € L.
Since L is a monotone decreasing function of time and bounded from below, the
lim; 00 L(t) = Lo exists so by integrating L from 0 to oo we have

° 1
|16 at= 2120 - Ll < 0
O 7"

which implies that €] € Ly. We also have that
€= —rE+2TXWS(z) + 2T X, W18 (z)u

_ Hence, € € Lo provided that u € Lo,. Having in mind that £ € Ly N Lo and
¢ € Lo, applying Barbalat’s Lemma [17] we conclude that lim; o £(¢) = 0. Now,
using the boundedness of u, S(x),S1(x), x and the convergence of £(t) to zero, we
have that W, Wi also converge to zero. O

To proceed further, we observe that i can be written as

h=2aT [-Az + XWS(z) + XiW181 (z)u] — 2T XW S (x) — 2T X, W1 S (2)u.
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Hence, if we choose the control input « to be
uw=—[X1W1 S (x)]" XWS(z) (54)
then / becomes
h=—2T Az — 2" XWS(2) — 27 X, W1 81 (2)u. (55)
Moreover, Eq. (55) can be written
h< =S laf* - € - re, (56)

where ¢ = 2nA\pin(A), with Apin(A) denoting the minimum eigenvalue of matrix A.
Observe that Eq. (56) is equivalent to

h<—ch—§—kE. (57)
Furthermore,
h=(—¢
hence, Eq. (57) becomes
¢ < -+ —KE (58)
< -t (et rR)lE,

which as it will be seen later, can be used to prove that x(t) — 0.

4.2.1. Introduction to the parameter hopping

It is important to say that, in order to apply the control law given by Eq. (54) we
have to assure the existence of [X;W1S1(x)]” . Since Si(x) is diagonal with its
elements s;(x) # 0 and X;, W are block diagonal the existence of the inverse is
assured when ' X% - 'W? #£ 0, Vi = 1,...n. Therefore, W; has to be confined such
that llXi . 1Wi’ > 0; > 0, with 6; being a design parameter. In case the boundary
defined by the above confinement is nonlinear the updating W; can be modified
by using a projection algorithm [17]. However, in our case the boundary surface is
linear and the direction of updating is normal to it because V [1Xi . 1Wi] = 1X1,
Therefore, the projection of the updating vector on the boundary surface is of no
use. Instead, using concepts from multidimensional vector geometry we modify the
updating law such that, when the weight vector approaches (within a safe distance
0;) the forbidden hyper-plane ! X*-1WW?* = 0 and the direction of updating is toward
the forbidden hyper-plane, it introduces a hopping which drives the weights in the
direction of the updating but on the other side of the space, where here the weight
space is divided into two sides by the forbidden hyper-plane. This procedure is
depicted in Figure 2, where a simplified 2-dimensional representation is given. The
magnitude of the hopping can be determined following the vectorial proof given
bellow.
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Fig. 2. Pictorial Representation of parameter hopping.

4.2.2. Vectorial proof of parameter hopping

In selecting the terms involved in parameter hopping we start from the vector defini-
tion of a line, of a plane and the distance of a point to a plane. The equation of a line
in vector form is given by r = a 4+ At, where a is the position vector of a given point
of the line, t is a vector in the direction of the line and A is a real scalar. By giving
different numbers to A we get different points of the line each one represented by the
corresponding position vector r. The vector equation of a plane can be defined by
using one point of the plane and a vector normal to it. In thiscase r-n=a-n=d
is the equation of the plane, where a is the position vector of a given point on the
plane, n is a vector normal to the plane and d is a scalar. When the plane passes
through zero, then apparently d = 0. To determine the distance of a point B with
position vector b from a given plane we consider Figure 4 and combine the above
definitions as follows. Line BN is perpendicular to the plane and is described by
vector equation r = b + An, where n is the normal to the plane vector. However,
point N also lies on the plane and in case the plane passes through zero

rn=0=b+MM)n=0=>A= ﬂfl'lT.

Apparently, if one wants to get the position vector of B (the symmetrical of B in
respect to the plane), this is given by

In our problem b = 'W?, our plane is described by the equation 'X? - 'W*% = 0 and
as it has already been mentioned the normal to it is the vector ' X°.

Theorem 4.4 below introduces this hopping in the weight updating law.
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Theorem 4.4. Consider the control scheme described from equations 52, 54, 55 and
60. The updating law:

a) For the elements of W given by (50)
b) For the elements of !¢ given by 51 modified according to the hopping method:

if [PX7 W > 6,
—f <1XZ)T.’EZU181(£C) or 1Xl . 1WZ = :|:91
and 1 X 1W? <> 0

Lyt = (59)

LT if 0 < 1XP. 1W<,
_f( Xz) xzuzsl(a?)— and 1X7- 1V > 0
(X)) orif —6; <'Xi - 1Wi <0

wfan Ty and X7 117 < 0

guarantees the properties of Lemma 4.3 and assures the existence of the control
signal.

Proof. In order the properties of lemma 4.3 to be valid it suffices to show that by
using the modified updating law for 'W? the negativeness of the Lyapunov function
is not compromised. Indeed the first part of the modified form of 1W is exactly the
same with (51) and therefore according to the development of (51) the negativeness
of V is in effect. The first part is used when the weights are at a certain distance
(condition if |1Xi W' > 6; ) from the forbidden plane or at the safe limit (con-
dition X - 1W% = 46;) but with the direction of updating moving the weights far
from the forbidden plane (condition *X* - "W <> 0).

In the second part of 1TV, term —W LXPIWE (L XHT determines the
magnitude of weight hopping, which as explained in the vectorial proof of “hopping”
and is depicted in Figure 4 has to be two times the distance of the current weight
vector to the forbidden hyper-plane. Therefore the existence of the control signal
is assured because the weights never reach the forbidden plane. Regarding the
negativeness of V we proceed as follows.

Let that 'W*? contains the actual unknown values of !W¢ such that

LXT AW > 0,

and that 1W¢ = 11/1” — Ly, Tben, the _Weight hopping can be equivalently written
with respect to W% as —20,1W?/|[!W?||. Under this consideration the modified

updating law is rewritten as W = —¢ (lXi)Txiuisil(x) — 20,'W*/|'W?|. With
this updating law it can be easily verified that

L=—k&—m6

with © being a positive constant expressed as

© = Y220, (W)W /W = 0
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where the summation includes all weight vectors which require hopping.

Therefore, the negativeness of Lis actually strengthened due to the last negative
term. O

The inclusion of weight hopping in the weights updating law guarantees that the
control signal does not go to infinity. Apart from that, it is also of practical use
to assure that X;W;S51(x) does not go even temporarily to infinity because in this
case the method may become algorithmically unstable driving at the same time the
control signal to zero failing to control the system. To assure that this situation
does not happen we have again to assure that [* X7 - 'W'| < p; with p; being again
a design parameter determining an external limit for * X% - 'WW?. Following the same
lines of thought with the case of weight hopping introduced above we could again
consider the forbidden hyperplanes being defined by the equation |1X i lWi‘ = p;.
When the weight vector reaches one of the forbidden hyper-planes ' X* - 'W* = p;
and the direction of updating is toward the forbidden hyper-plane, a new hopping
is introduced which moves the weights to the other forbidden hyper-plane keeping
however the direction of the updating intact. This procedure is depicted in Fig-
ure 3, in a simplified 2-dimensional representation. The magnitude of hopping is
—W LWt (L XHT being determined by following again the same vec-
torial proof and Figure 4. By performing hopping when ' X?- 1T reaches either the
inner or outer forbidden planes, ' X - 1WW? is confined to lie in space P defined by
these hyper-planes. The weight updating law for ' W? incorporating the two hopping
conditions can now be expressed as

XW=p
W, \
XW=6

Weight

upde;?ing /XW:O

direction
Outer -
Hopping\ XW=-6

XW=-p
W'I

L

Fig. 3. Pictorial Representation of inner and outer parameter hopping.
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\ Plane

Fig. 4. Vector explanation of parameter hopping.

iflxt.1wiep

or LX Wi = (£6; or =+ p;)
and 1X% - 1Wi <> or

>< 0

—¢ (1X1)T xiu;8; ()

if 0 <X Wi <o,

i — and ' X7 1V > 0 (60)
LT orif — 0, <1Xi.1Wi <
(XY wuisi(@)= g <
_2(x W1( Xt) ) or if LX"- 1W< —p;
r{ (L XOTIX and 1X7- 1T > 0

or if LX*-TW > p;
and 1X*- 1W< 0

The following lemma presents the properties of the hopping algorithm in detail.

Lemma 4.5. The updating law (60) incorporating the two ‘hopping’ conditions,
can only make Lyapunov derivative more negative and in addition guarantee that
LXt. 1Wi e Pforalli =1,2,...,n, provided that 1 X%(0) - LW?%(0) € P.

Proof. In order to prove that the hopping modification given by (60) can only
make L more negative, we go with the following cases.
Case 1: Activation of first (inner) hopping condition |' X" - 'W*| < 6;.

This case has already been examined in Theorem 4.4. L is augmented by the
following quantity

Ra = =10 = =31 X220, (W) /|1

where the summation includes all weight vectors which require inner hopping. Ob-
viously R, < 0.

Case 2: Activation of second (outer) hopping condition |1X ‘. 1Wi| > pi.
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Following the same lines of proof as with Theorem 4.4 it is easy to conclude that
in this case L is augmented by the following quantity

Ry = ~1101 = =71 X 20 (W))W /|7

where the summation includes all weight vectors which require outer hopping. Ob-
viously R, < 0

It is obvious that by following the procedure of inner or outer hopping, once
the initial weights are such that 1X%(0) - 'W?(0) € P then X' . 'W? will never
leave P. ]

Lemma 4.6. Let 7 be a C! time function defined on [0,T") where (0 < T < o0),
satisfying
1< —en+af(t) + B(1),

where ¢ is a strictly positive constant and a(t) and §(t) are two positive time func-
tions belonging to L2(0,T') that is

T
/ a*(t)dt < My < oo,
0
and
T
/ B2(t)dt < My < oo.
0

Under this assumption, 7(t) is upper bounded on (0,7") and precisely

My {77(0)4’\/%%}’ Vte [OuT)7

moreover, if T is infinite then

n(t) < ¢

lim sup 7n(t) <0.

t—o0

Observe that (58) with x = 1 becomes
¢ < —cs+ (1+r)IE], (61)

however, from Lemma 2 we have that |£] € La so (1+¢)|¢| € La. Furthermore,
observe that obviously T can be extended to be infinite. Hence, Lemma 4 can be
applied in (61) with M; = 0 to obtain

lim sup ¢(t) < 0. (62)

t—o0

Moreover, since h = ¢ — & and h > 0 we have ¢(t) > £(t), or

—(t) < —¢(1), (63)
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but from Lemma 2 we have

tl;ngo &(t) =0. (64)
Hence, (63) together with (62) and (64) prove
tlgg(} s(t) =0. (65)

Furthermore, since h = ¢ — £, (64) and (65) yield
lim 7 (z(t)) =0,

which by the definition of A(z) finally implies that

th_>nolo |z ()] =0,
therefore, we have proven the following theorem.
Theorem 4.7. The closed loop system

& =—Ax 4+ XW*S(x) + X WS (2)u,
¢ = —ks+ rh — 2T Az + 2T XWS () + 2T X1 W1 51 (2)u,
uw=—[X1Wi8(z)] ' XWS(z),£ 2 ¢ — h,
h(z) = %,
k=1,

together with update laws given by (50) and (60) guarantee that

t11_>r1;0 |z ()] = 0.

From the aforementioned analysis it is obvious that different choices of h(x) and
K, lead to different adaptive regulators. It is anticipated that appropriate selection
of k, could attenuate the effects of the uncertainties that may be present.

Remark 4.8. The control law (54) can be also extended to the following form
u=—[X W18 (z)] " (XWS(z) + Kz) (66)

where K is a positive definite diagonal matrix defined by the designer. It can be
easily verified that with this control law A becomes h = —zT Az — 2T XW S(z) —
2T X, W, S) (z)u. where A = A+ K is a stable matrix. Therefore, ¢ in (56) becomes
¢ = 2nAmin(A), with Apin(A) denoting the minimum eigenvalue of the A matrix.
Since Amin(A) < Amin(A) the proof of theorem 4.7 is still valid with the property of
tan;O |z (t)| = 0 being actually enhanced. Therefore term Kz is actually acting as a

robustifying term.

Conclusively, in our approach, referred to as direct adaptive fuzzy-RHONN con-
trol, the control law parameters are estimated on-line except from the centers of the
membership function partitions of vector fields f and g;, which are initially deter-
mined off-line. Moreover, it is assumed that the actual system is parametrized using
these parameters and this is an essential part of direct control schemes. The basic
structure of the direct adaptive fuzzy-RHONN controller is shown in Figure 5.
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Fig. 5. Overall scheme of the proposed direct adaptive neuro-fuzzy control system.

A

5. SIMULATION RESULTS

To justify our motivation for using the proposed neuro-fuzzy system representa-
tion, its function approximation abilities are first compared to two well established
approaches. The one uses only recurrent high order neural networks (RHONN) for
system function approximation [46], while the other uses conventional fuzzy adaptive
function approximation(Wang [52]). To demonstrate the potency of the proposed
scheme in controlling an unknown plant, we present three simulation results which
both assume only parametric uncertainty in the control phase. The first aims to
test the ability of the proposed direct control scheme to regulate a ‘Dc Motor’ and
shows a very good behavior. The other presents a comparison between the proposed
method and a simple RHONN direct controller [46] on the same ‘Dc Motor’, which
shows off the performance superiority of the proposed method. Finally, the proposed
scheme is tested on a benchmark problem presenting chaotic behavior, which is also
regulated using the proposed scheme.

5.1. Function approximation abilities of F-HONNF against RHONN’s
and Wang’s approximations, using a well known benchmark

Van der Pol oscillator is usually used as a simple benchmark problem for testing
identification and control schemes. It’s dynamical equations are given by

9.51 = T2 (67)
sz:l'g'(&—l'%)'b—l'l-i-u. (68)

It is our intention to compare the approximation abilities of the proposed Neuro-
Fuzzy approach with Wang [52] adaptive Fuzzy approach and RHONN [46]. Eq. (68)
is similar with Eq. (27), so we assume that f{z) and g(z) can be approximated using
Wang’s approach and Eq. (3) or alternatively by the XWS and X;W35; term of
Eq. (34) in the proposed approach, or WS and W;S; for RHONN approach [46]
respectively. The weight updating laws are chosen to be: For the Wang approach
([52], page 115)

b = —me" Pb(x) (69)

0, = —v2el Pbol(x)ue (70)

where only the simplified approach, without parameter projection case was necessary
to be used.



374 D. THEODORIDIS, Y. BOUTALIS AND M. CHRISTODOULOU

For the RHONN approach we use the adaptive laws, which are described in
[46], page 37. For the proposed F-HONNF approach we use the following adaptive
laws [51]

W = —XTpesT (71)
W, = —-XTprUST (72)
where F = diag(ey,...,e,) is a diagonal matrix containing the state variable er-

rors. Numerical training data were obtained by using Eq. (68) with initial conditions
[#1(0) 22(0)] =[1 1], and a persistently exciting input u = 1+ 0.8sin(0.001¢).

The approximation of the dynamical equations using conventional fuzzy system
approach requires a very large number of fuzzy rules for the approximation of the
unknown functions. Choosing 40 or more membership functions for each variable
x; results in very accurate fuzzy representation. This representation requires 1600
rules, which in turn leads to a parameter explosion when using an adaptive scheme
like that of Eq. (3) and consequently, it takes plenty of time for the simulations.

We are using the proposed approach with Eq. (34) to approximate Van der Pol
oscillator. The proposed Neuro-Fuzzy model was chosen to use 5 output parti-
tions of fand 5 output partitions of g. The number of high order sigmoidal terms
(HOST) used in HONNF’s were chosen to be first 2 (s(z1), s(x2)) and secondly 5
(s(x1), 8(x2), s(x1) - 8(x2), s%(x1), s2(w2)) for two different simulations with the same
benchmark. Therefore, the number of adjustable weights is 20 or 50 respectively,
which is a much smaller number to that used in the conventional fuzzy approach.

In order our model to be equivalent with regard to other parameters except the
adjustable weights we have chosen terms v, Pb. in Eq. (69), (70) and P (the updating
learning rate) in Eq. (71), (72) to have the same values. Also, the RHONN model
given from [46] is constructed with the same learning parameters and number of high
order terms with these of F-HONNF approach. The parameters of the sigmoidal
terms were chosen to be a; = 0.1, as = 6, by = by =1 and ¢; = ¢ = 0. Figures 6
and 7 shows the approximation of states 1 and x5 respectively while Figure 8 and 9
gives the evolution of errors x; and zs.

RHONN x1

F-HONNF x1

Time (sec)

Fig. 6. Evolution of variable z; for Wang, RHONN and F-HONNF approach.
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RHONN x2 Wang x2

F-HONNF x2

Fig. 7. Evolution of variable zo for Wang, RHONN and F-HONNF approach.
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Fig. 8. Approximation Error of variable x1 for Wang, RHONN and F-HONNF approach.
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Fig. 9. Approximation Error of variable x2 for Wang, RHONN and F-HONNF approach.
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Table 1. Comparison of Wang, RHONN and FHONNF approaches
for Van der Pol oscillator with 2 HOST.

Wang RHONN FHONNF
MSE z, 0.1038 0.0303 0.0058
MSE z5 0.1401 0.0259 0.0087

Table 2. Comparison of Wang, RHONN and FHONNF approaches
for Van der Pol oscillator with 5 HOST.

Wang RHONN FHONNF
MSE z; 0.1038 0.0180 0.0013
MSE z» 0.1401 0.0149 0.0018

The mean squared error (MSE) for Wang’s, RHONN and F-HONNF approaches
were measured and are shown in Tables 1 and 2, demonstrating a significant (order
of magnitude) increase in the approximation performance , although no a-priori
information regarding fuzzy partitions and membership functions of the inputs were
used.

Conclusively, the comparison between Wang and F-HONNEF’s leads to a huge
superiority of F-HONNF’s regarding the number of adjustable parameters and the
approximation abilities. With respect to the RHONN approach the proposed F-
HONNTF approach is also much better.

5.2. Direct control of DC Motor with parametric uncertainties

In this section we apply the proposed approach to control the speed of a 1 KW DC
motor with a normalized model described by the following dynamical equations [46]

dl,

iqy = ¥V
mi—? = oI, — KoQQ—my,
Tfi—f = —I;+V;
al
® = 1+g1f' (73)

The states are chosen to be the armature current, the angular speed and the
stator flux x = [Ia Q <I>]. As control inputs the armature and the field voltages
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U = [Va Vf] are used. With this choice, we have

1 1 1

T —Ta$1 — ﬁ$2$3 T, 0 u
s 1 Ky myr 1
x = — 7 _—
2 Tm T123 T T2 Tm + 0 0 U : (74)
i 1 0 Ll l"
Ty a—pxs3 T

Which is of a nonlinear, affine in the control form.

In many control schemes of the literature Vy is assumed constant. This may
naturally occur when the field is produced by a permanent magnet or when it may be
separately excited but is intentionally kept constant. This assumption may facilitate
things because if V; is constant then ® is constant and the above nonlinear 3¢ order
system can be linearized and reduced to a second order form having 2 states (x1 = I,
and zo = ), with the value ® being included as a constant parameter.

df
T, [, — o0+ V
dit +
dQ
Tm Ezéla - KOQ —mry. (75)

In the more general case however V; is not considered constant and this scheme
can also be used for armature and field weakening control of the separately excited Dc
motor. Moreover, if the motor characteristics are not exactly known we may consider
that the nonlinear model is unknown and therefore its control can be accomplished
using the proposed neuro-fuzzy approach. In this case the regulation problem of a
DC motor is translated as follows: Find a state feedback to force the angular velocity
Q and the armature current I, to go to zero, while the magnetic flux varies.

We first assume that the system is described, within a degree of accuracy, by a
2nd order nonlinear neuro-fuzzy system of the form (34), where x; = I, and x5 = 2.
So, the number of states and inputs is n = 2, the number of fuzzy output partitions
of each f; is m = 6 and the depth of high order sigmoid terms & = 5. In this case
s;(x) assume high order connection up to the second order. The number of fuzzy
partitions of each g;; is selected to be m = 3 using only first order sigmoid term.

T1=—ay @y + X WS (x) + X W s (2 )uy (76)
To=—agds + X°W*2S(2) + ' X' W*2s(25)us (77)

or in a more detailed form according to the simulation parameters given above

iy=—a1dy + fi (Wiisi(z)+ -+ W/ [ss(x)) + -

T (Wihsi (@) + -+ Wihss(a))+ ( PUWE gy ) s(em
dy=—azwy + [T (Wiisi(x) + -+ Wikss(a)) + -+ f3 ( Wehsi(z) +- -

o Wekss (@) + (G2 WE 4o+ 3P WE ) s(wa)uz,

However, in the simulations carried out, the actual system is simulated by using
the complete set of equations (74). The produced control law (54) is applied on this
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Table 3. Parameter values
for the DC motor.

Parameter Value

1T, 148.88 sec !
1T, 42.91sec™?

Ko /T, 0.0129 N -m/rad
T 31.88 sec

mry, 0.0

a 2.6

8 1.6

Table 4. Initial variable values
for the DC motor.

Parameter Value

1, 0.3p-u
Q 0.3p-u
P 0.98p-u
Wt 0

Ty 1

system, which in turn produces states x1,xs, which are in the sequel used in the
updating laws of the controller’s weights. In our example control laws are having
the form

i (Wiisi(@) + -+ Wigss(x) +- -+ f§ (Waasi(x) +- -+ Wi sss5(x))
(a0 Wi+ gy W) san)

St (Weisi(@) + -+ Wisss(@) +-- -+ f§ (Weis1(x) +
(!7%21W12,1 +-e +§§721W32,1) s(z2)

U1=— .
o Wisss(2))
Ug=— .

We simulated a IKW DC motor with parameter values that can be seen in Table 3.

In the control phase, we use the parameters a; = 0.2 and the range of partitions
f1[—182.5667, 0], f2[—19.3627,30.0566], g11[148, 150] and go2[42, 44]. The initial val-
ues of all variables can be seen in Table 4, where p.u (per unit) denotes relevance to
the nominal value of the variable. W% = 0 and 'W?* = 1 denote that weight matrices
W and 'W? have initial values 0's and 1’s respectively. Figures 10 and 11 show the
convergence of states 1 and x5 to zero.
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State x1

Fig. 10. Conv

State x2

10 T T T T

-8 L L L L

Time (sec)

ergence of z1 to zero for the Fuzzy-RHONN Model
without dynamic uncertainties.

2 L L L L

0.
Time (sec)

Fig. 11. Convergence of x5 to zero for the Fuzzy-RHONN Model

RHONN States x1 (blue line) and x2 (green line)

without dynamic uncertainties.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time (sec)

Fig. 12. Convergence of x1 and x2 to zero for RHONN Model.
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Fuzzy-RHONN States x1 (blue line) and x2 (green line)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time (sec)

Fig. 13. Convergence of x2 and z2 to zero for Fuzzy-RHONN Model.

5.3. Comparison between RHONN and Fuzzy-RHONN Models
for controlling a DC Motor

As concerning comparison abilities about controlling a DC Motor, Figures 12 and 13
give the evolution of the states x; and x5, which are the angular velocity and ar-
mature current of the RHONN and Fuzzy-RHONN models, with time respectively.
During the simulations we observe that the RHONN Model converge to zero despair-
ingly slow (after 8 minutes and 32 seconds for 0.3 seconds simulation time) according
to the time we measured with a computer clock, while the proposed adaptive control
algorithm converge to zero very fast (after 2,66 seconds for the same simulation time)
following the same steps. This shows that our method is superior when it comes
to real time problems. Hence applications such as plane control, ESP automobile
control etc. can be handled out by our method very efficiently. Specially, a huge
difference between the two approximations can be seen in Figures 14 and 15 where
we can observe that the evolution of the control input w; for the RHONN Model
has been exploded while the Fuzzy-RHONN has smooth development, a fact that
shows the superiority of our neuro-fuzzy method. Our method thus can be used in
several critical engineering applications.

5.4. Direct control of Lorenz system with parametric uncertainties

The Lorenz system was derived to model the two-dimensional convection flow of
a fluid layer heated from below and cooled from above. The model represents the
Earth’s atmosphere heated by the ground’s absorption of sunlight and losing heat
into space. It can be described by the following dynamical equations

:i‘l = 0'($2 — xl)
i’Q = pT1 — T2 — 13
i3 = —fz3 + 122 (78)

where x1, x2 and x3 represent measures of fluid velocity, horizontal and vertical tem-
perature variations, correspondingly. The parameters o, p and g are positive which
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RHONN control inputs u1 (blue line) and u2 (green line)

Fig. 14. Evolution of u; and us for RHONN Model.

Fuzzy-RHONN control inputs ul (blue line) and u2 (green line)

Fig. 15. Evolution of w1 and wuy for Fuzzy-RHONN Model.

Convergence of states x1, x2 and x3

Fig. 16. Convergence of states z1 (red line), z2 (blue line) and z3 (green line)
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20

15

10ft

Convergence of control inputs ul, u2 and u3

0.5 1 15 2
Time (sec)
Fig. 17. Evolution of control inputs ui (red line), uz (blue line) and us (green line)
for the Lorenz model.

represent the Prandtl number, Rayleigh number and geometric factor, correspond-
ingly. Selecting o = 10, p = 28 and 8 = 8/3 the system presents three unstable
equilibrium points and the system trajectory wanders forever near a strange invari-
ant set called strange attractor presenting thus a chaotic behavior [55].

However, the Lorenz system including control inputs can be expressed as [55]

S.Cl = O'(iL’Q 7(7]1) +U1
j?g = pr1 — T2 — T1T3 + uo
—Bxs + 1122 + U3. (79)

T3

The control objective is to derive appropriate state feedback control law to regu-
late the system to one of its equilibria, which is (0,0,0). In particular, we consider
that (79) has the following initial condition

xo = [-0.5,0.8,2]T.

The main parameters for the control law (66) and the learning laws (50), (60) are
selected as

A = diag(20, 10, 40)
K = diag(21,38,40).

The parameters of the sigmoidals that have been used are a1 = as = ag = 1,
pr=P2=pPs=1land 1 =72 =73 =0.

In the sequel, we first assume that the system is described, within a degree of
accuracy, by a neuro-fuzzy system of the form (34) with the number of states being
n = 3, the number of fuzzy partitions being p = 5 and the depth of high order sigmoid
terms k = 9. In this case s;(x) assume high order connection up to the second order.
Figure 16 shows the convergence of states x1, zo and z3 to zero exponentially fast.
Also, Figure 17 shows the smooth evolution of the control inputs.
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6. CONCLUSIONS

A direct adaptive control scheme was considered in this paper, aiming at the regu-
lation of non linear unknown plants. The approach is based on a new Neuro-Fuzzy
Dynamical Systems definition, which uses the concept of Fuzzy Dynamical Sys-
tems (FDS) operating in conjunction with High Order Neural Network Functions
(F-HONNFSs). Since the plant is considered unknown, we first propose its approxi-
mation by a special form of an affine in the control fuzzy dynamical system (FDS)
and in the sequel the fuzzy rules are approximated by appropriate HONNFs. The
fuzzy-recurrent high order neural networks are used as models of the unknown plant,
practically transforming the original unknown system into a F-RHONN model which
is of known structure, but contains a number of unknown constant value parameters
known as synaptic weights. The proposed scheme does not require a-priori experts’
information on the number and type of input variable membership functions mak-
ing it less vulnerable to initial design assumptions, is computationally extremely
fast and thus can be used in several critical and real-time engineering applications.
Weight updating laws for the involved HONNF's are provided, which guarantee that
the system states reach zero exponentially fast, while keeping all signals in the closed
loop bounded. A novel method of parameter hopping developed for the first time
by the authors, assures the existence of the control signal and is incorporated in
the weight updating law. Simulations illustrate the potency of the method both in
approximation abilities as well as in controlling unknown nonlinear plants such as
the DC-Motor and Lorentz system. Compared to simple RHONN direct control, the
proposed method proves to be superior.

(Received July 11, 2008.)
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