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A STUDY ON DECENTRALIZED H., FEEDBACK
CONTROL SYSTEMS WITH LOCAL QUANTIZERS

GUISHENG ZHAI, NING CHEN AND WEIHUA GUI

In this paper, we study decentralized Ho, feedback control systems with quantized sig-
nals in local input-output (control) channels. We first assume that a decentralized output
feedback controller has been designed for a multi-channel continuous-time system so that
the closed-loop system is Hurwitz stable and a desired Ho, disturbance attenuation level is
achieved. However, since the local measurement outputs are quantized by a general quan-
tizer before they are passed to the controller, the system’s performance is not guaranteed.
For this reason, we propose a local-output-dependent strategy for updating the quantizers’
parameters, so that the closed-loop system is asymptotically stable and achieves the same
H, disturbance attenuation level. We also extend the discussion and the result to the case
of multi-channel discrete-time H, feedback control systems.

Keywords: decentralized Ho, feedback control system, quantizer, quantization, matrix in-
equality, output feedback
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1. INTRODUCTION

In classical feedback control theory, various signals or data in the control loop have
been assumed to be passed directly without data loss, except in saturated systems.
However, this is not true in many real applications. For example, in networked
control systems [2, 4] where all signals are transferred through network, package
dropouts or data transfer rate limitations always happen. Another important as-
pect, which is well known in signal processing area, is signal quantization. Since
quantization always exists in computer based control systems, many researchers
have begun to study the analysis and design problems for control systems involv-
ing various quantization methods. Ref. [3] addressed the problem of stabilizing an
unstable linear system by means of quantized state feedback, i.e., state feedback
where the measurements of the system state are quantized. The quantizer in [3]
takes value in a countable set. Ref. [1] defined a quantizer taking value in a finite
set and considered quantized feedback stabilization for linear systems. It has been
shown there that if it is possible to change the sensitivity of the quantizer on the
basis of available quantized measurements, then a hybrid control strategy, for both
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continuous- and discrete-time systems, can be designed to guarantee global asymp-
totic stability. While the approach in [1] relies on the possibility of making discrete
online adjustments of quantizer parameters, Ref. [7] extended the approach for more
general nonlinear systems with general types of quantizers involving the states of the
system, the measured outputs, and the control inputs. The idea and results in [7] are
applied for stabilization of discrete-time LTI systems with quantized measurement
outputs in [§].

Later, Ref. [9] considered the stabilization problem for a discrete-time LTT system
via state feedback involving both quantized states and control inputs. As assumed
in [7], the system considered in [9] is supposed to be stabilizable and a stabilizing
state feedback has been designed without taking quantization into account. How-
ever, the system’s states are quantized before they are passed to the controller, and
the control inputs are quantized before they are passed to the system. This is a nat-
ural setting in networked control systems, where all informations (reference inputs,
plant outputs, control inputs, etc.) are exchanged through a network among control
system components (sensors, controllers, actuators, etc.). Due to the quantization
effects, the desired system stability can not be guaranteed. For this reason, Ref. [9]
defined the two quantizers with general forms as in [7] and then proposed a hybrid
quantized state feedback strategy where the values of the quantizer parameters are
updated at discrete instants of time. Further, they extended the results to H
feedback control systems in [10], dealing with both state feedback and dynamic out-
put feedback. The key point is to propose a state-dependent (or output-dependent)
strategy for updating the quantizer’s parameter, so that the system is asymptoti-
cally stable and achieves the same H,, disturbance attenuation level. It was also
noted in [10] that the control strategies of updating the quantizer’s parameter are
dependent on time in the existing works [1, 7, 8, 9], and such control strategies can
not be applied for the case of H,, control systems since the value of the disturbance
inputs is not available and thus we can not drive the state into an invariant region,
as done in [7, 8, 9]. As a great contrast, the control strategy in [10] is state or output
dependent, which is usually regarded to have more robustness.

In this paper, we extend the discussion in [10] to decentralized H, feedback con-
trol systems, as depicted in Figure. As also noted later, although the discussion and
the result are valid for the case where there are more than three input-output chan-
nels, we assume for notation simplicity that the number of input-output (control)
channels is two. Each channel has its own measurement output y; and generates
its own control input u; through a local controller. The word “local” here means
that although the controller’s structure (coefficient matrices) is computed in an of-
fline manner using the whole system’s various information, the controller’s output w;
only depends on the measurement output y; of the ith channel, while independent
on other channel’s measurement output.

Now, as in our previous work, we assume that for the system, a decentralized
static output feedback controller has been designed such that the closed-loop sys-
tem is stable and some H., disturbance attenuation level is achieved. However, the
measurement outputs y; are quantized before they are passed to the controller, and
due to the quantization effects, the desired system stability and H., disturbance
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attenuation level can not be guaranteed. Here, we suppose that the quantizers are
in a generalized form and there is a zoom parameter which can adjusted. Then, we
propose to update the quantizers’ parameters in a reasonable decentralized online
manner, i.e., to change the parameter’s value depending on each control channel’s
measurement output information. We show that under some flexible sufficient con-
dition, there exists a decentralized control strategy for updating each quantizer’s
zoom parameter, such that the closed-loop system is asymptotically stable and the
same H., disturbance attenuation level is achieved.

Controller
Ky Quantizer 1
H1q1 (%)
Input Ty [ n Output
System
Input Output
+ _
Y2
H2 %(:‘%)
Quantizer 2
Controller
Ky

Fig. Decentralized feedback control system with quantized local measurement outputs.

The rest of this paper is organized as follows. Section 2 gives the definition and the
property of generalized quantizer. Section 3 formulates the control problem in the
case of decentralized continuous-time system and proposes a local-output-dependent
strategy for updating the quantizers’ parameters, so that the closed-loop system
is asymptotically stable and achieves the same H., disturbance attenuation level.
Section 4 extends the discussion to the case of decentralized discrete-time system,
and obtain nontrivial parallel results. Section 5 gives some important remarks and
observations, and finally Section 6 concludes the paper.

2. QUANTIZER DESCRIPTION

First, we give the definition of a quantizer with general form as introduced in [7]. Let
z € R! be the variable being quantized. A quantizeris defined as a piecewise constant
function ¢ : R! — D, where D is a finite subset of R!. This leads to a partition of
R! into a finite number of quantization regions of the form {z € R' : ¢(z2) = i},
i € D. These quantization regions are not assumed to have any particular shapes.
We assume that there exist positive real numbers M and A such that the following
conditions hold:
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2| < M (1)

then
la(z) — 2| < A. (2)

2. If |z| > M, then |q(z)| > M — A.

Throughout this paper, we denote by |- | the standard Euclidean norm in the n-
dimensional vector space R™, and denote by || - || the corresponding induced matrix
norm in R™*™.  Condition 1 gives a bound on the quantization error when the
quantizer does not saturate. Condition 2 provides a way to detect the possibility
of saturation. We will refer to M and A as the range of ¢ and the quantization
error, respectively. We also assume that ¢(z) = 0 for  in some neighborhood of the
origin. The example of satisfying the above requirements is given by the quantizer
with rectangular quantization regions in [1, 6].

In the control strategy to be developed below, we will use quantized measurements

of the form
A z
qu(2) = ng (u) : (3)

where p > 0 is the parameter. The extreme case of u = 0 is regarded as setting the
output of the quantizer as zero. The range of this quantizer is M u and the quanti-
zation error is Au. We can view p as a “zoom” variable: increasing p corresponds to
zooming out and essentially obtaining a new quantizer with larger range and larger
quantization error, while decreasing p corresponds to zooming in and obtaining a
quantizer with smaller range but also smaller quantization error. We will update
u later depending on the system local state (or the local measurement output). In
this sense, it can be considered as another state of the resultant closed-loop system.

3. CONTINUOUS-TIME SYSTEM DESIGN

Although the discussion in this paper can be easily extended to the case where there
are more than two control channels in the system, we focus our attention on the
case of two channels (as in Figure) which are described by

T = Ax + Blw + BQl'LL1 + B22u2

= Cix + Dw ()
y1 = Cox
y2 = Cnx

where x € R” is the system’s state, u; € R™! and us € R™2 are the control inputs
of channel 1 and 2, respectively, w € R" is the disturbance input, z € RP is the con-
trolled output, y; € R? and y, € R? are the local measurement outputs of channel
1 and 2, respectively. The matrices A, By, Bay, Baa, C1, Ca1,Ca and D are constant
and of appropriate dimension. We assume that the triple (A, [By; Bas), [C1; CL]T)
is stabilizable and detectable.
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Suppose that for the system (4), we have designed a decentralized controller
composed of two local static output feedbacks

ur = K1y, us = Koy (5)

so that the closed-loop system, composed of (4) and (5), is stable and the Hy, norm
of the transfer function from w to z is less than a specified level . More precisely,
the closed-loop system is written as

{ T = Agx + Biw

6
z = Cix + Dw (6)

where A, = A+ By1 K1C5 + BasKsCs. Then, the hypothesis is that, without
taking quantization into consideration, the gains K; and K5 in (5) are designed so
that A is Hurwitz stable and | D+ Cy(sI — Ae) "' Bil|so < . Therefore, according
to the well known Bounded Real Lemma [5], there exists a positive definite matrix
P satisfying the matrix inequality

ALP+ PA, PB; CY
BTP —~I DT | <0 (7)
Cl D —’}/I

or equivalently,

ALP+PAq+LcTer P+ LcTD 0 .
Bfp+1ipre, —yI+1DTD '

Since (8) is a matrix inequality, we can always find a positive definite matrix R
such that
ALP+ PAy+2CTC + R PBy+ £CTD ; o)
< 0.
Bfp+1ipre —yI+1DTD

Throughout this paper, we will let A,,,(-) and Aps(+) denote the smallest and the
largest eigenvalue of a symmetric matrix, respectively. Then, for any positive definite
matrix W, the inequalities

An(W) |2? < 2TWa < Ay (W) |z (10)
hold for any =x.
Here, as depicted in Figure, we deal with the case where only quantized local

output information is available. For this reason, we modify the static output feedback
(5) using the quantized information of y; and y, as

ur = Ky <y1> , Uz = Koiogo <y2> . (11)
1 k2

For any fixed positive scalars p; and ps, the closed-loop system composed of the
system (4) and the quantized output feedback (11) is given by

z = Cix+ Dw,



142 G. ZHAI, N. CHEN AND W. GUI

where F(p,y) = Fi(pi,v1) + Falpz, y2)
A
Fi(pa,y1) = paBar Ky ((h(fﬁ) - %) (13)

A
F2(:“27y2) = o Bos Ko (q2 (%) _ %) )

Now, the control problem is very natural. Due to the existence of quantization error,
the stability of the closed-loop system and the desired H, disturbance attenuation
level v is not guaranteed. For this reason, we formulate our control problem as
follows:

Decentralized Quantizer Design Problem. Design a decentralized control
strategy which adjusts p; depending on the local output y; and adjusts po de-
pending on the local output y» appropriately, so that the stability of the closed-loop
system and the same H,, disturbance attenuation level ~ is achieved.

We are in the position to state and prove the first main result in this paper.

Theorem 1. Assume that for the two quantizers M; is chosen large enough com-
pared to A; so that

PBy,K; ;
|| 2 z””CQlH i=1.92. (14)

Mi 4A’L ) 9
g A (R)

Then, there exists a control strategy for updating p;, which is dependent on the
local measurement output y;, such that the closed-loop system (12) is asymptotically
stable and the H., disturbance attenuation level v is achieved.

Proof. Since % = % (i = 1,2) is quantized before being passed to the feed-
back, we obtain by using the properties of general quantizers in (1) and (2) that

whenever |y;| < M;u;, the inequality

()

i

is true. We consider the Lyapunov function candidate
V(z) = 2" Px (16)

for the closed-loop system (12). By using the matrix inequality (9), we obtain that
when |y;| < M;u;, the derivative of V(z) along solutions of (12) satisfies

V = (Agz + Biw + F(u,y))" Pz + 27 P (Agx + Byw + F(u,y))

ATP+PAy, PB [«
= [ wT][ “Cprp 01][w]+2xTPF(u,y)

-R-1cfc -icTp
T T ! s x T
[:E w ]|: _%DTCV1 ’}’I—,lyDTD][’w:|+2x PF(,U,y)

IN
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1
< —;sz +ywTw — 2T Re + 22T P(Fy (1, y1) + Fa(p2, y2))
L T
< ——2'z+yw w
1 |PB21 K1||
(R YN eetiial |
n(mlel (1o - 0, 120,
1 | PBa2 Ka||
—=An(R —4Ay——=
(el (1o - 10,1222l
1
< —;ZTZ + fwaw
1 || ( [P By K |[[|Con | )
—=An(R —4A
P T N e D W
1 |z| < ([ P Baa K ||[| Caz | >
—=An(R —4A . 17
According to (14), we can always find a scalar € € (0,1) such that
[ PBai K ||| Cai | 1
M; > 4A, : 18
A(R) 1-¢ (18)
which is equivalent to
1 [P Bai K ||| Cai |
4A; i < M. 19
T X k)" I (19)
Therefore, for any nonzero y;, we can find a positive scalar y; such that
1 [P Bai K ||| Cai|
T % o (B) i < |yl I (20)

This is also true in the case of y; = 0, where we set u; = 0 as an extreme case and
consider the output of the quantizer as zero.

In other words, since we can always choose ; so that (20) is satisfied, (17) holds
and thus

ST 2 )
V < —ZT(t) — —eAn (R + , 21

where I' = 272 — y2wTw.

First, by setting w = 0 in (21), we see clearly that the closed-loop system is
asymptotically stable. )

Next, since V(t) > 0, we obtain from (21) that V' < —%F(t), and thus for any
t > to,

V() — Vity) < _% /t I(r)dr. (22)
Using V(t) > 0 again, we obtain
/t 2T (T)2(r)dr < AV (o) + 72/t w’ (T)w(r)dr, (23)
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which implies that the H,, disturbance attenuation level ~ is achieved. This com-
pletes the proof. O

Since decentralized state feedback is the special case of decentralized static output
feedback, we briefly summarize the result as follows.
Suppose we have designed a decentralized state feedback

Uy = Kll‘, Ug = K2$ (24)

so that the closed-loop system, composed of (4) and (24), is stable and the H,, norm
of the transfer function from w to z is less than a specified level 7. Now, the inputs
to the quantizers are the system state instead of local measurement outputs.

If we use the same notation A, = A+ Bgy K1 + Baa K> as before (without causing
confusion) to denote the closed-loop system matrix, the same matrix inequality (8)
holds and thus (9) holds with some positive definite matrix R. Then, using similar
calculation as for Theorem 1, we obtain easily the following corollary.

Corollary 1. Assume that for the two quantizers M; is chosen large enough com-
pared to A; so that 1P B K|
3 3

Am(R)

Then, there exists a control strategy for updating p;, which is dependent on the
system state x, such that the closed-loop system is asymptotically stable and the
H, disturbance attenuation level 7 is achieved.

M; > 4A,; L i=1,2. (25)

4. DISCRETE-TIME SYSTEM DESIGN

Consider the multi-channel discrete-time system described by

z(k) = Crz(k) + Dw(k)
(k) = Cara(k) 20
yg(k) = CQQ.’L'(/C)

where all the notations have the same meaning as before but now all vectors are in
discrete-time form.

Suppose that for the system (26), we have designed a decentralized static output
feedback (5) such that the closed-loop system, composed of (26) and (5), is Schur
stable and the H,, norm of the transfer function from w to z is less than a specified
level y. Therefore, A, is Schur stable and ||D+C1 (21 —Aq) "' Biloo < 7. According
to the Bounded Real Lemma for discrete-time systems [5], there exists a positive
definite matrix P satisfying the matrix inequality

-P PAy PB, 0
ATp —p 0o (T
BP0 —~I DT

0 ¢ D —I

<0. (27)
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Since this is a matrix inequality, we can always find a positive matrix R such that

P  PA, PB 0
ATp —P+R 0 CT

BT P 0 —~yI DT <0 (28)
0 Cy D —~I
The above matrix inequality is equivalent to
P PA, PB;
ALP —P+R+iCTCH lcto <0 (29)
BTP ipTe —yI+1D7TD

and

ALPAy - P+ R+iCTCy  ALPBi+1CTD . 0
<0.
B PAu + £DTCy ~yI + BT PBy + D™D

Furthermore, since P > 0, we can always find a positive number £ > 1 such that

(1-¢)P PAy, PB

AT P 0 0 <0, (31)
BTP 0 0
or equivalently,
P PA, PB £P 0 0
ATP 0 0 < 0 0 0. (32)
BTP 0 0 0 00

Again, we assume that only quantized local output information is available in the
feedback, and thus the static output feedback (5) is modified using the quantized
information of y as in (11). For any fixed positive scalars p; and ps, the closed-loop
system composed of the system (26) and the quantized output feedback (11) is given
by

{ z(k+1) = Aaz(k) + Buw(k) + F(u, y(k)) (33)

z(k) = Cx(k) + Dw(k).

We now state and prove the second main result in this paper.

Theorem 2. Assume that for the two quantizers M; is chosen large enough com-
pared to A; so that

KBTI PB, K,
Mi>2gA¢||c%||\/” ) (34)

m(R) ) )
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Then, there exists a control strategy for updating p;, which is dependent on the
local measurement output y;, such that the closed-loop system (33) is asymptotically
stable and the H., disturbance attenuation level v is achieved.

Proof. Since % = % (i = 1,2) is quantized before being passed to the feed-
back, we obtain that whenever |y;| < M;u;, the inequality
i (k i(k
i (k) 1 (k)

is true. We consider the same Lyapunov function candidate (16) for the closed-loop
system (33). By using the matrix inequalities (30) and (32), we obtain that when
lyi (k)| < M;pi(k), the difference of V(x) along solutions of (33) satisfies

Viz(k+1)) — V(xz(k))

= (Agz + Biw + F(p,y))" P(Aaz + Biw + F(u,y)) — 2" Px

[ ATPA,—P ALPB, | [
BTPA, BIPB, || w
+2F" (1,y) P (Aqx + Biw) + F" (1, y) PF ()
[ —-r-1cfc,  -icfp "

I —%DTCl vl — %DTD w
+2F" (u,y) P (Aqx + Byw) + F* (1, y) PF (1, y)

L or

IN

8
N

g
N

< — 2Tz 4+ ywTw — 2T Rz
v
+2F" (1, y) P (Aaz + Biw) + FT (1, y) PF (. y)
1
= — 2Tz 4+ ywTw— 2T Ra
v
Ia T P PA, PB; Ia
+ | = ATP 0 0 T (36)
w BIfP 0 0 w
1
< —=2T2 4+ ywTw — 2T Re + E2FTPF
v
1
= —;sz +ywTw — 2T Rx + E2(FT + FL) P(Fy + F)
1
< ——2T2 4 ywTw — 2T Re + 26*(FL PF, + F] PF,)
v
1
< —;sz +ywlw — 2T Re + 28213 A2 || KT Bl PBo K ||

+262 13 A3|| K3 B3, PBao Ky ||
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1
< —=Tz4 vaw
~

147

r 2
Am(R) || 12 |K{ B3, PBa K ||
- — | 2¢A
9 || AV A (R) 1
- -
Am(R) 9 HKTB o PBas Ks||
- 26A
5 | |27 = | 2642 —® 112 (37)
Since we need using the measurement output information, we use |y;| = |Caz| <
|C2:||x| in the above inequality to obtain
1
V(z(k+1)) — V(z(k)) < —;sz + ywTw
r 2
Am (R) 2 | KT B3, PBoy K|
—— — | 26A4]|C
2”021”2 |y1| 5 1H 21” )\m(R) ILL1
Am(R) 9 HKTB o PBas Ks||
- — | 26A,]|C 38
2”022”2 |y2| 5 QH 22” R) 2 ( )
According to (34), we can always find a scalar € € (0,1) such that
|IKT BL PBy K| 1
M; > 260;]|Cy; = , 39
i € ZH 2’L|| )\m(R) m ( )
which is equivalent to
1 I, Pkl
X 26A;||Co; i < M. 40
Therefore, for any nonzero y;, we can find a positive scalar p; such that
1 ||KTB PBQzK ”
= X% ||2||\/ il < il < Mg (a1)

In other words, since we can always choose ; so that (41) is satisfied, (38) holds

and thus

VSTl -

1

1 ly1|?
—eAm (R +
g= A () <||021||2

|y )
[|[Caal|?

(42)

The remaining proof, concerning the asymptotic stability and the H,, disturbance

attenuation level, is the same as in Theorem 1, and is thus omitted.

O

Similarly to Corollary 1, the following result is obtained easily from (37), corre-
sponding to the case of state feedback.
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Corollary 2. Assume that for the two quantizers M; is chosen large enough com-
pared to A; so that

T
M>%AWKB€ng,ﬁLZ (43)

Then, there exists a control strategy for updating p;, which is dependent on the
system state z, such that the closed-loop system is asymptotically stable and the
H, disturbance attenuation level v is achieved.

5. REMARKS AND OBSERVATION

In this section, we provide two important remarks and two observations concerning
the results in the previous sections.

Remark 1. Both the condition (14) in Theorem 1 and the condition (34) in The-
orem 2 are flexible, in the sense that we can choose the matrices P, R (and K;)
so that these conditions are satisfied. These matrices are not independent and they
must satisfy the matrix inequality (9) or (29), but we still have much design freedom
since these are inequalities and we can incorporate some optimization requirement
when solving (9) or (29).

Remark 2. The extension from continuous-time system to discrete-time system
is not trivial. To deal with the quantization error term, we introduce a parameter £
n (32) to estimate the final term in (36) and to deal with the interference between
F and (z,w). The parameter ¢ is also flexible, and we can choose it appropriately
such that the condition (34) is satisfied.

Observation 1. In Theorems 1 and 2, in order to obtain the conditions and the
updating strategies of the zooming parameters, we divide the term \,,(R)|z|? into

%)\m(R)\xP + %)\m (R)|z|? and then use each of them to deal with the local quan-
tization error term in (17) and (37). However, in real applications, we can have
more flexibility by dividing the term \,,(R)|z|? into BiAm(R)|z|?> + B2Am(R)|x|?
with 8; > 0 and 81 + B2 < 1. In doing so, the condition (14) can be modified as
([P Bai B[ [| Coi|

and the condition (34) can be modified as

M; > 2/, i=1,2, (44)

A ]| Coy KI'BL PB i K
_ il 2\/” : | i 1s, 5)
When there are more than three control channels, the above idea of introducing 3;’s
will gain much more flexibility so as to satisfy (14) or (34) for all channels. In fact,
this can be interpreted as a kind of cooperation among all control channels in a
pre-designed decentralized control system.
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Observation 2. As also mentioned in Section 3, we note that all the discussion
and the results can be easily extended to the case where there are more than two
control channels in the system (4), i.e.,

N
i=1 (46)
z = Cix + Dw

Yi = CQim7 121,,N

where N > 2 is the number of control channels, u; € R™i is the control input of
the ith channel, and y; € R% is the local measurement output of the ¢th channel.
This is a decentralized system since the control input wu; of the ith channel is only
dependent on the measurement output y; of the same channel.

Specifically, if we set the coefficient matrices in (46) as

Ann Az - Ain B 0 0
Ao A1 Az -+ Aoy B = 0 Biz -~ 0 7
An1 An2 - Ann 0 0 - Bin
0 Ch 0 - 0 D, 0 - 0
Baoi= | Bai |, Oy = 0 Ci2 0 D= 0 Do 0 7
g 0 0 .- Cin 0 0 --- Dy

(47)
where all the matrices have appropriate size, and divide the state x, the disturbance
input w and the controlled output z appropriately, then the system (46) becomes

N

&y = Ay + Brjw; + Boju; + Z Agj
i=1j#i (48)
zi = Criz; + Dyw;

yi = Cymy, i=1,---,N

which is obviously the well known large scale interconnected system. Therefore, it is
an easy matter to apply the discussion and the results in this paper to quantized de-
centralized H,, feedback control for the above large scale interconnected dynamical
systems.

6. CONCLUSION

In this paper, we have studied stabilization and H., disturbance attenuation prob-
lem for multi-channel feedback control systems where the states or the measurement
outputs are quantized before they go to the controller. We have proposed a local-
state-dependent (or local-output-dependent) control strategy for updating the quan-
tizers’ parameters on line so that the overall closed-loop system is asymptotically
stable and achieves the same H., disturbance attenuation level as in the case where
no quantization is involved.
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Our next interest is the H,, disturbance attenuation problem for multi-channel
feedback control systems with two local quantizers (quantization of both states/outputs
and control inputs) for each control channel, as mentioned in [9]. Furthermore, the
application of these results for design of large-scale networked control systems is an
interesting and challenging problem.
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