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0-Closed Sets in Biclosure Spaces

Chawalit Boonpok

Abstract. In the present paper, we introduce and study the concept of
0-closed sets in biclosure spaces and investigate its behavior. We also in-
troduce and study the concept of d-continuous maps.

1 Introduction

A bitopological space (X, 1, S2) is a set X together with two topologies $q and o
defined on X. The study of bitopological spaces was initiated by J. C. Kelly [6].
Thereafter, a large number of papers have been written to generalize topological
concepts to bitopological setting. Closure spaces were studied in [1] (see also [2],
[3], [9], [10]) as sets endowed with a grounded, extensive and monotone closure
operator. In this paper, we introduce and study the concept of J-closed sets in
biclosure spaces and characterize their properties. Moreover, we define the notions
of 0-continuity and O-irresoluteness by using 0-closed sets and study some of their
basic properties.

2 Preliminaries

A map u: P(X) — P(X) defined on the power set P(X) of a set X is called a
closure operator on X and the pair (X, u) is called a closure space if the following
axioms are satisfied:

(N1) ub =0,
(N2) A CuA for every A C X,
(N3) ACB=uACuBforall A,BC X.

A closure operator u on a set X is called additive (respectively, idempotent)
if ABC X = u(AUB) = uA U uB (respectively, A C X = uud = uA).
A subset A C X is closed in the closure space (X, u) if uA = A and it is open if
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its complement is closed. The empty set and the whole space are both open and
closed.

A closure space (Y,v) is said to be a subspace of (X,u) if Y C X and vA =
uANY for each subset A CY. If Y is closed in (X, u), then the subspace (Y, v) of
(X, u) is said to be closed too. A closure space (X, u) is said to be a Tp-space if,
for any pair of points z,y € X, from = € u{y} and y € u{z} it follows that = =y,

and it is called a T% -space if each singleton subset of X is closed or open.

Let (X,u) and (Y, v) be closure spaces. A map f: (X,u) — (Y,v) is said to be
continuous if f(uA) C vf(A) for every subset A C X.
One can see that a map f: (X,u) — (Y, ) is continuous if and only if

uf~'(B) € f~(vB)

for every subset B C Y. Clearly, if f: (X,u) — (Y,v) is continuous, then f~1(F)
is a closed subset of (X, u) for every closed subset F of (Y,v).

Let (X, u) and (Y, v) be closure spaces. A map f: (X,u) — (Y,v) is said to be
closed (resp. open) if f(F) is a closed (resp. open) subset of (Y,v) whenever F' is
a closed (resp. open) subset of (X, u).

The product of a family {(X4,us) : @ € I} of closure spaces, denoted by
1] (Xa,ua), is the closure space ( I Xa, u) where [][ X, denotes the cartesian

a€el acl ael
product of sets X, a € I, and w is the closure operator generated by the projections

Mot H(Xavu) — (Xa,u),
acl

a € 1, i.e., is defined by

uA = H UaTa(A)
acl
for each A C [] Xa.
acl
Clearly, if {(Xq,uq) : « € I'} is a family of closure spaces, then the projection

map m3: [[ (Xa,ua) = (Xg,ug) is closed and continuous for every 8 € I.
aecl

Proposition 1. Let {(X,,us) : o« € I} be a family of closure spaces and let 3 € I.
Then F' is a closed subset of (X3,ug) if and only if F' x [[ X, is a closed subset

of al;[I(Xa’ Ug)- 275?

Proof. Let F be a closed subset of (Xg,ug). Since 7 is continuous, WEI(F) is a

closed subset of [] (X, uq). But
a€cl

w5 (F) =F x [] Xa,

aB
acl

hence F x [ X, is a closed subset of [] (Xa,ua)-

a#S3 acl
acl
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Conversely, let F'x [] X4 be a closed subset of [ (Xa,uq). Since mg is closed,

a#S3 acl
ael
s (F <1 Xa) —F
B
ael
is a closed subset of (X3, ug). O

The following statement is evident:

Proposition 2. Let {(Xa,uq) : @ € I} be a family of closure spaces and let § € I.
Then G is an open subset of (Xg,ug) if and only if G x [[ X, Is an open subset
of [T (Xasuq). Al

I
acl ae

Definition 1. Let (X, u) be a closure space. A subset A C X is called a generalized
closed set, briefly a g-closed set, if uA C G whenever G is an open subset of (X, u)
with A C G. A subset A C X is called a generalized open set, briefly a g-open set,
if its complement is g-closed.

Proposition 3. Let (X, u) be a closure space. A set A C X is g-open if and only if
F C X —u(X — A) whenever F is a closed subset of (X,u) with FF C A.

Proof. Suppose that A is g-open and let F' C A be a closed subset of (X, ). Then
X—-ACX-—-F. But X — A is g-closed and X — F is open. It follows that
u(X —A) C X — F and hence F C X —u(X — A).

Conversely, let X — A C G where G is open. Then X — G C A. Since X — G
is closed, X — G C X — u(X — A). Therefore, u(X — A) C G. Hence, X — A is
g-closed and so A is g-open. O

Proposition 4. Let {(X,,uqs) : « € I} be a family of closure spaces and let 3 € I.
Then G is a g-open subset of (Xg,ug) if and only if G x [] X, is a g-open subset

of ozl;[I(Xo” Ug)- zé?

Proof. Let F be a closed subset of [] (Xa,uq) such that F C G x [] X4. Then

a€l a#B
acl

mg(F) C G. Since m3(F) is closed and G is g-open in (Xg,ug),

ma(F) € Xpg —ug(Xg — G).

Therefore,
FCry (Xp—up(Xs - Q) = [[ Xa - Huoﬂra<HXa ~ax[] Xa> .
acl acl acl a;é?
@

By Proposition 4, G x [] X, is a g-open subset of [] (Xa,uq).
o ael
acl
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Conversely, let F' be a closed subset of (Xg,ug) such that ' C G. Then

F x HXang HXQ.

aF#p aF#p
acl aecl

Since F' x [ X, is closed and G x [] X, is g-open in [] (Xa, ua),

a#S3 a3 acl
acl acl
F x HXagHXa—Huawa(HXa—Gx HXa>
a#fB acl acl acl a3
acl ael

by Proposition 4. Therefore,

Huaﬂ'a((Xg—G) x HXQ) C I Xe—Fx [[ Xa=Xs—F)x [] Xa-
o€l a#£p acl a#£p a£p
acl acl acl
Consequently, ug(Xs — G) C X3 — F implies F C X3 — ug(X3 — G). Hence, G is
a g-open subset of (X3, ug). O

Proposition 5. Let {(X,,uqs) : € I} be a family of closure spaces and let 3 € I.
Then F is a g-closed subset of (Xg,ug) if and only if F x [] X, is a g-closed

subset of [] (Xa, ta)- ars
ael *

Proof. Let F be a g-closed subset of (Xg,ug). Then Xg — F' is a g-open subset of
(Xg,ug). By Proposition 5,

(X5 —F)x [ Xa =[] Xa = F x [] Xa

a#p ael a#3
a€el ael

is a g-open subset of [] (X4,uq). Hence, F x [] X, is a g-closed subset of
() 2
Conversely, let G be an open subset of (X3, ug) such that F' C G. Then

F x HXang HXQ.

a3 a#
acl a€cl

Since F' x ] X, is g-closed and G x [[ X, is open in [] (Xa, tua),

oy oy acT
acl acl
Huoﬂra(Fx HXg) c@x [ Xa-
acl a0 B
acl a€el

Consequently, ugF C G. Therefore, F' is a g-closed subset of (X3, ug). O
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Proposition 6. Let {(X,,uq) : o € I} be a family of closure spaces. For each
G el, let
71'5 H Xa,ua Xﬁ,’LLg)
ael

be the projection map. If F is a g-closed subset of [] (Xa,uq), then w3(F) is a
g-closed subset of (Xg,ug). ael

Proof. Let F be a g-closed subset of [] (Xa,uq) and let G be an open subset of
ael
(Xg,ug) such that 73(F) C G. Then

FCmns'(G)=Gx [] Xa-

a#pB
acl

Since G x [] X, is an open subset of [] (Xa,ua),
a#p ael

acl
Huoﬂra ) C G x HX

a€cl a#B
acl

Consequently, ugmg(F') C G. Hence, mg(F’) is a g-closed subset of (X3, ug). O

Definition 2. A biclosure space is a triple (X, u;,us) where X is a set and g, usg
are two closure operators on X.

Definition 3. A subset A of a biclosure space (X, u1, us) is called closed if ujus A =
A and it is open if its complement is closed.

Clearly, A is a closed subset of a biclosure space (X, uy,us) if and only if A is
both a closed subset of (X, u;) and (X, ug).

Let A be a closed subset of a biclosure space (X, u1,us). The following condi-
tions are equivalent

(i) uour A = A,
(ii) 1A= A, ugA = A.

Proposition 7. Let {(X,,ul,u ) a € I} be a family of biclosure spaces. Then F'

Q7 (o3

is a closed subset of [] (X ul,u?) if and only if F is a closed subset of [] (Xa,ul)

acl a€el
and ] (Xa,u?).
ael

Proof. Let F be a closed subset of [] (Xa,ul,u2). Then

[e 3] o «
acl

F = Huéwa(H uiﬂa(F))

acl acl
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Since F C [] u2ma(F),

acl
H ulmo(F) C H u}lﬂa(H uiﬂ'a(F)) =F.

acl acl acl

Hence, F' is a closed subset of [] (Xq,ul). Since [] u2no(F) C ] uina(F),
acl ael ael

H uimo(F) C H ulm, (H uiﬂ'a(F)) =F.
acl aecl acl

Therefore, F is a closed subset of [] (Xa,u2).

acl
Conversely, let F be a closed subset of [ (Xa,ul) and [] (Xa,u2). Then
acl ael
F=T] ulna(F) and F = [] u?7(F). Consequently,
acl acl
F = H uiwa(H uiwa(F)) .
ael acl
Hence, F is a closed subset of [] (Xq,ul,u?). O
ael

Proposition 8. Let {(X,,ul,u?) : a € I} be a family of biclosure spaces and let

(e

B € 1. Then F is a closed subset of (Xg,up,u3) if and only if F x [] X, is a
closed subset of ];[I(Xm ul,u?). ‘275?

Proof. Let F be a closed subset of (Xg,uj,u3). Then F is a closed subset of
(Xp,up) and (Xp,u3), respectively. Therefore, F x [] X, is a closed subset of

aFp
acl
[T (Xa,ul) and [] (Xa,u?). Consequently, F x [] X, is a closed subset of
acl acl a#S3
[1 (Xa, ug, ud)- act
acl
Conversely, let F' x [] X, be a closed subset of [] (Xa,ul,u?). Then
a#S3 acl
acl
Fx [[ Xa isaclosed subset of [] (Xq,ul) and ] (Xa,u?2), respectively. Hence,
a#? ael ael
ae
F is a closed subset of (Xﬁ,ub) and (Xﬁ,u%). Consequently, F' is a closed subset
of (X, up, u3). O

Definition 4. Let (X, u1,u2) and (Y, v1,v2) be biclosure spaces and let ¢ € {1,2}.
A map
f: (Xa u17u2) - (K U1, UQ)

is called i-continuous if the map f: (X,u;) — (Y, v;) is continuous. A map f is
called continuous if f is i-continuous for each ¢ € {1, 2}.
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Definition 5. Let (X, u1,u2) and (Y, v1,v2) be biclosure spaces and let ¢ € {1,2}.
A map
fr (X ur,u2) — (Yivr,02)

is called i-closed (resp. i-open) if the map f: (X,u;) — (Y,v;) is closed (resp.
open). A map f is called closed (resp. open) if f is i-closed (resp. i-open) for each
ie{1,2}.

3 O9-Closed Sets

In this section, we introduce a new class of 0-closed sets in biclosure spaces and
study some of its properties.

Definition 6. A subset A of a biclosure space (X, uq,us) is called a 9-closed if
us A C G whenever G is a g-open subset of (X, u;) with A C G. The complement
of a 0-closed set is called 0-open.

Remark 1. For a subset A of a biclosure space (X, u1,us), the following implica-
tions hold:

A is closed = A is 0-closed
The implication is not reversible as shown by the following example.
Example 1. Let X = {a,b} and define a closure operator u; on X by
wld=0, wi{a}=u{d}=uX=X.
Define a closure operator us on X by
usd =0, wusf{a} ={a}, ux{b}=uX=2X.
Then {a} is 0-closed but it is not closed.

Proposition 9. Let (X, u1,u2) be a biclosure space and let us be additive. If
A and B are 0-closed subsets of (X, u1,us), then AU B is d-closed.

Proof. Let U be a g-open subset of (X, ;) such that AUB C U. Then A C U and
B CU. Since A and B are 0-closed, us A C U and us B C U. Since uo is additive,

’LLQ(AUB) ZUQAUUQB g U.
Hence, A U B is d-closed. O

Proposition 10. Let (X, u1,us2) be a biclosure space and let us be idempotent. If
A is a O-closed subset and A C B C usA, then B is 0-closed.

Proof. Let G be a g-open subset of (X, u;) such that B C G. Then A C G. Since
A is O-closed, ug A C G. Since uy is idempotent,

UQB Q ’LLQUQA = UQA Q G.

Hence, B is 0-closed. O



58 Chawalit Boonpok

Proposition 11. Let (X, uj,us) be a biclosure space and let A C X. If A is
0-closed, then us A — A has no nonempty g-closed subset of (X, u1).

Proof. Let F be a g-closed subset of (X,u1) such that F C usA — A. Then
AC X — F. Since A is d-closed and X — F is a g-open subset of (X, u),

uAC X —-F.
Hence, F' C X — up A. Consequently,
FC(X —uwA)NuA=0.
Therefore, F' = {). O

Proposition 12. Let (X, u1,us) be a biclosure space and let A C X. Then A is
0-open if and only if
FCX —us(X — A)

for every F' is a g-closed subset of (X,u;1) with F C A.

Proof. Assume that A is d-open and let FF C A be a g-closed subset of (X, uq).
Then X — A C X — F. Since X — A is 0-closed and X — F' is g-open subset of
(X’ ul)a

up(X —A)C X - F.

Hence FF C X — uy(X — A).
Conversely, let U be a g-open subset of (X, u;) such that X — A C U. Then
X —U C A. Since X — U is g-closed subset of (X, u1),

X-UCX—-—u(X—-A).
Consequently, ug(X — A) C U. Hence, X — A is O-closed and so A is d-open. [

Proposition 13. Let (X, u1,us) be a biclosure space. If A C X is 0-closed, then
ugs A — A is 0-open.

Proof. Suppose that A is J-closed and let F' be a g-closed subset of (X, u1) such
that F' C us A — A. By Proposition 11, F' = () and hence

FQX_UQ(X_(UQA_A)).
By Proposition 12, us A — A is d-open. U

Proposition 14. Let {(X,,ul,u2): a € I} be a family of biclosure spaces and let

oy Yoy Yo

B € I. Then G is a 0-open subset of (Xmu%,u%) if and only if G x [] X4 is a
d-open subset of [] (Xa,uk,u?). o

(6] o «
acl
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Proof. Let F be a g-closed subset of ] (Xa,ul) such that F C G x [[ X4. Then
acl o
m(F) C G. Since m(F) is g-closed in (Xg,up), o€l

Wﬁ(F) C Xg —u%(Xg —G)

Therefore,
F oy (Xp—ud(Xs - Q) = [[ Xa - Hugwa(HXa—Gx HXQ).
acl ael a€el a;ﬁ?
ag

By Proposition 12, G x [] X, is a d-open subset of [] (Xa,ul,u?).

a#B acl
acl

Conversely, let F' be a g-closed subset of (X, u};) such that ' C G. Then

F x HXang HXQ.

a#f a#f
acl acl

Since F' x [] X, is g-closed and G x [] X, is 9-open in [] (Xa,ul),

a#S a#S3 acl
acl acl
Fox [ Xa € [ Xa - Huiﬂa<HXa—G>< HXQ)
a3 acl acl acl a3
ael acl

by Proposition 12. Therefore,

Huiwa<(Xg—G)>< HXQ)CHX —Fx [[ Xa=Xs-F)x [] Xa-

acl a#S acl a#S3 a#3
ael acl a€el
Consequently,
ui(Xs—G)C Xg— F
implies
FCXg—uj(Xs—G).
Hence, G is a 0-open subset of (Xg, uj, u3). O

Proposition 15. Let {(X,,ul,u?): o € I} be a family of biclosure spaces and let

B € 1. Then F is a 0- ClObed subset of (X, up,u3) if and only if F x ] X, is a
O-closed subset of [] (Xa,uk,u?). ozl

ar Yo a€el
acl

Proof. Let F' be a 0-closed subset of (Xg, uﬁ, uﬁ) Then X3 — F is a 0-open subset
of (X, up,u3). By Proposition 14,

(Xg—F XHX HXa—FxHXa
a#S3 acl a#s3
acl acl
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is a d-open subset of [] (Xa,ul,u2). Hence, F x [] X, is a O-closed subset of

sy b
T (Xa,ul,u?). ael o aZf

ay Way We acl
acl

Conversely, let G be a g-open subset of (Xg, ué) such that F' C G. Then

F x HXang HXQ.

a#p3 a#p
ael acl

Since F' x [] X, is a O-closed and G x [] X, is g-open in [] (Xa,ul),

ay (0%
a# a# aEl
ael a€el

Huiﬂa(Fx HXB) C G x HXa.
2 &

Consequently, u%F C G. Therefore, F' is a 0-closed subset of (Xg, ub u%) O

Proposition 16. Let {(X,,ul,u2) : o € I} be a family of biclosure spaces. For
each § € I, let
g H(Xa,u(ll,ui) — (Xg,ué,u%)
ael
be the projection map. Then

(i) If F is a O-closed subset of [] (Xa,ul,u?), then m53(F) is a O-closed subset
of (Xp, up, uj). ael

(ii) If F is a O-closed subset of (Xg, ub u%), then ﬂgl(F) is a 0-closed subset of
[T (Xa, ug, u3)-

acl

Proof. (i) Let F be a O-closed subset of [] (Xa,ul,u2) and let G be a g-open

)y ) «
ael

subset of (Xg,u) such that 74(F) € G. Then

FCmns'(G)=Gx [] Xa-

a#B
acl

Since G x [] X, is a g-open subset of [] (Xa,ul),
a#B ael

ael
[[wma(F) G x ] Xa-

acl a#f3
acl

Consequently, u37s(F) C G. Hence, m5(F) is a d-closed subset of (Xﬁ,u}j,u%).
(ii) Let F' be a J-closed subset of (X,@guk,u%). Then

w5 (F)=F x H X, .

a#B
acl
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By Proposition 15, F x [[ X, is a 0-closed subset of [] (Xa,ul,u2). Hence,

ay (Rl [

a;é? aecl

ae

75 (F) is a O-closed subset of HI(Xa, ul,u?). O
ac

4 9-Continuous Maps

In this section, we introduce the concept of d-continuous maps by using J-closed
sets. These maps are investigated and studied.

Definition 7. Let (X, u1,us) and (Y, v, v2) be biclosure spaces. A map
fr (X ur,u2) — (Yivr,02)

is called O-closed (resp. 0-open) if f(F') is a O-closed (resp. 0-open) subset of
(Y, v1,v2) for every closed (resp. open) subset of (X, u1,us).

Proposition 17. Let (X, uy,uz), (Y,v1,v2) and (Z,wy,ws) be biclosure spaces. If
go f:(X,u1,u2) — (Z,wi,ws)

is 0-closed and
[ (X, ur,ug) — (Y v1,02)

is surjective and continuous, then
g: (Y,v1,v2) — (Z,w1,w2)
is 0-closed.

Proof. Let F be a closed subset of (Y, v1,v2). Then F is a closed subset of (Y, v1)
and (Y, v2), respectively. Since f is continuous, f~!(F) is a closed subset of (X, u;)
and (X, uz), respectively. Consequently, f~1(F) is a closed subset of (X, uy,us).
Since go f is O-closed and f is surjective, go f(f~1(F)) = g(F) is a d-closed subset
of (Z,wy,ws). Therefore, g is d-closed. O

Definition 8. Let (X, u;,us2) and (Y, v1,v2) be biclosure spaces. A map
f: (Xa u17u2) - (K VU1, UQ)

is called O-continuous if f~1(F) is a O-closed subset of (X, u1,us) for every closed
subset F' of (Y, v1,vs).

Clearly, it is easy to prove that
f: (X7 ’LL17U2) - (va U1, UQ)

is O-continuous if and only if f~(G) is a d-open subset of (X,uy,us) for every
open subset G of (Y, vy, v2).
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Proposition 18. Let (X, uy,uz), (Y,v1,v2) and (Z, w1, ws) be biclosure spaces. If
gof: (X7u1;u2) - (Zawlva)

is closed and
g: (Y7’U17/02) - (Zawl7w2)

is injective and O-continuous, then
[ (X ur,u2) — (Y, 02)
is 0-closed.

Proof. Let F be a closed subset of (X, u1,uz2). Then F is a closed subset of (X, u1)
and (X, us), respectively. Since go f is closed, go f(F') is a closed subset of (Z,w;)
and (Z,ws), respectively. Consequently, g o f(F) is a closed subset of (Z,wy, ws).
Since g is O-continuous and injective, g~ 1(go f(F)) = f(F) is a O-closed subset of
(Y,v1,v2). Therefore, f is O-closed. O

Definition 9. Let (X, u1,u2) and (Y, v1,v2) be biclosure spaces. A map
fr (X ur,u2) — (Yivr,02)

is called O-irresolute if f~1(F) is a O-closed subset of (X, u1,uz) for every d-closed
subset F' of (Y, vy, v3).

Clearly, it is easy to prove that
[ (X ur,ug) — (Y, v1,v2)

is O-irresolute if and only if f~!(G) is a d-open subset of (X,uy,us) for every
0-open subset G of (Y, v1,vs).
The following statement is obvious:

Proposition 19. Let (X, uy,us) and (Y,v1,v3) be biclosure spaces. If
[ (X ur,ug) — (Y, v1,v2)
is O-irresolute, then f is O-continuous.
The converse need not be true as can be seen from the following example.
Example 2. Let X = {a,b} =Y and define closure operators u; and uz on X by

wh =0, wufa}={a}, w{b}=wuX=X,
ul =0, wusfa} =ux{b} =uX =X.

Define closure operators v; and v on Y by

vld=0, vi{b}={b}, vi{a}=vnY =Y,
vl =0, wofa} =va{b} =Y =Y.
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Let
f: (X7u17u2) - (Kvlan)

be the identity map. Then f is d-continuous but it is not O-irresolute because
{b} is a O-closed subset of (Y,vy,v2) but f=1({b}) = {b} is not d-closed subset of
(X, ur,uz).

Definition 10. A biclosure space (X, u1,us2) is called a T -biclosure space if every
2
0-closed subset of (X, u1,ug) is a closed subset of (X, ug).

Proposition 20. Let (X,uj,u2) be a biclosure space. Then (X,uj,us2) is a
T5-biclosure space if and only if every singleton subset of X is either a g-closed

subset of (X, u1) or an open subset of (X, us).

Proof. Let x € X and suppose that {z} is not a g-closed subset of (X, u1). Then
X — {«} is not a g-open subset of (X, u;). The only g-open subset of (X, u;) con-
taining X — {z} is X, hence X — {z} is a O-closed subset of (X, u,us). Since
(X, u1,u9) is a T%*—biclosure space, X — {z} is a closed subset of (X, us). Conse-
quently, {z} is an open subset of (X, us).

Conversely, let A be a 0-closed subset of (X, u1, us). Suppose that z ¢ A. Then
{z} € X — A and we have A C X — {z}. If {x} is an open subset of (X, us), then
X — {z} is a closed subset of (X, uz). Consequently,

us A Cug(X — {z}) = X — {2},

thus @ ¢ ugA. If {a} is a g-closed subset of (X,u;), then X — {z} is a g-open
subset of (X,u1). Since A is a d-closed, usA C X — {x}. Therefore, = ¢ us A. So,
we always have ug A C A. Thus us A = A or, equivalently, A is a closed subset of
(X, ug). Therefore, (X, uy,us) is a T’%"—biclosure space. O

Proposition 21. Let (X, u;,us2) and (Y, v1,v2) be biclosure spaces. Let
f: (Xa u17u2) - (K U1, UQ)
be surjective, 2-closed and O-irresolute. If (X, uy,us) is a T} -biclosure space, then
2

(Y, v1,v9) is a Ts -biclosure space.
2

Proof. Let F be a O-closed subset of (Y, v1,v2). Since f is O-irresolute, f~1(F) is
a O-closed subset of (X, u1,us). Since (X, ui,us) is a T5-biclosure space, f~1(F)
2
is a closed subset of (X, ug). Since f is 2-closed and surjective, F' is a closed subset
of (Y,vq). Hence, (Y,v1,v2) is a T5-biclosure space. O
2

Proposition 22. Let (X, u1,us), (Y,v1,v2) and (Z, w1, ws) be biclosure spaces. Let
fr (X ur,u2) — (Yivr,02)

and
g: (Y7U17’02) - (Z7w17w2)

be maps. Then
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(i) go f is O-continuous if g is continuous and f is O-continuous.
(ii) go f is O-irresolute if f and g are O-irresolute.
(iii) g o f is O-continuous if g is O-continuous and f is O-irresolute.

Proof. (i) Let F' be a closed subset of (Z,w;,w3). Then F is a closed subset of
(Z,w1) and (Z,ws), respectively. Since g is continuous, g~ (F) is a closed subset of
(Y,v1) and (Y, vq), respectively. Consequently, g~ (F) is closed subset of (Y, vy, vg).
Since f is d-continuous, f~1(g7(F)) is a d-closed subset of (X, u,uz). Therefore,
(go f)~L(F) is a O-closed subset of (X, uy,us). Hence, g o f is d-continuous.

The proofs of (ii)—(iii) are similar. O
Proposition 23. Let {(X,,ul,u?): o € I} be a family of biclosure spaces. Then
for each § € I, the projection map

g HX ul, u? (Xg,ué,u%)
ael

is continuous.

Proof. Let A C [] X4. Then

a€el
3 (H u(lxﬂa(A)) = u};ﬂg(A) .

acl

Hence,

Uy H Xo”ua Xg,uﬁ)
ael

is continuous. Similarly, since

3 (H uiﬂa(A)) =ujmg(A).

acl

Therefore,

R H Xmua Xg,uﬁ)
ael

is continuous. Consequently,
1,2 1,2
g H(Xa,ua,ua) — (Xp,ug,uj)
acl

is continuous. O

Proposition 24. Let (X, u1,us) be a biclosure space and let {(Yy,vl,v2): a € I}

o) Yar Yo
be a family of biclosure spaces. Let f: X — [] Y, be a map. If
acl

[ (X, ur, ug) —>H (Yo, vl 02)
ael
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is 0-continuous, then
Ta © f: (X7u17u2) - (Ya,’Ué,’l}i)
is O-continuous for each oo € I.

Proof. Let f be 0-continuous. Since 7, is continuous for each « € I, also 7, o f is
O-continuous for each o € I. O

Proposition 25. Let {(X,,ul,u?) : a € I} and {(Ya,v},v2) : a € I} be families
of biclosure spaces. For each a € I, let fo: Xo — Ya be a map and

be the map defined by f((xa)acr) = (fa(Za))acr- If

f:Hqu Hva

acl a€el

is 0-continuous, then
fo: (Xayul,u?) — (Yo, vl 02)
is 0-continuous for each « € 1.

Proof. Let F be a closed subset of (Y, vj,v3). Then F x [] Y, is a closed subset

of T (Ya,vk,v2). Since f is d-continuous, ffé?
ael
F (< I va) = 15y < I Xa
a#0 a#pB
acl aecl

is a O-closed subset of al;[I(Xa, ul,u?). By Proposition 15, fﬁ_l(F) is a O-closed
subset of (Xg,uﬂ,uﬂ) Hence, fg is 0-continuous. O
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