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Discrete limit laws for additive functions on the
symmetric group

FEugenyus Manstavicius

Abstract. Inspired by probabilistic number theory, we establish necessary and
sufficient conditions under which the numbers of cycles with lengths in arbi-
trary sets posses an asymptotic limit law. The approach can be extended to
deal with the counts of components with the size constraints for other random
combinatorial structures.

1. Introduction and Results

Many combinatorial and algorithmic problems involve permutations with the cycle
length constraints. Assume that these constraints change when the order of the
symmetric group increases. Then the following natural question arises: what is
the asymptotic behavior of the number of such permutations? If a permutation is
taken at random, this can be reformulated as the problem on the asymptotic value
distribution of sequences of linear statistics defined in terms of the cycle structure
vector. So far (see, for instance, [1] or [6]), numerous results were published on
the number of all or different length cycles, short cycles, long cycles, cycles in a
fortiori given interval et cet. We now discuss a general case and establish conditions
when arbitrary sequences of the cycle count functions possesses an asymptotic dis-
tribution. Until now, the results on the necessity of the conditions are pretty rare,
nevertheless some progress has been achieved in the functional limit theorems (see
[3] and [10]).

Let S,, be the symmetric group and o € S,, be a permutation having k;(c) > 0
cycles of length j, 1 < j < n. The structure vector is defined as
k(o) := (k1(c), ..., kn(0)). It satisfies the relation

1k1(0) + - - + nkn (o) = n. (1)
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Set vp(...) = (n)"1#{0 € S,,: ...} for the probability measure on S,, and E,, f(o)
for the mean-value of a function f(¢) on S, with respect to this frequency. If ;,
j > 1 are independent Poisson random variables (r.vs) given on some probability
space {Q, F, P} with the parameter E{; = 1/7, then (see [1], formula (1.15))

v (k(o) =) = ] %k], :P((a,...,m —F Y e = n) (2)

Jj<n i<n

where k € Zt", and (kl(a), o kn(0),0,... ) o (51, oy &ny En, - ) in the sense of
convergence of the finite dimensional distributions. Here and in what follows we
assume that n — oco. Despite to that, dealing with the asymptotic value distribution
of the linear combinations

hn(0) == ap1ki(c) + - + annkn(0), an; €R (3)

we face a lot of obstacles. The main reason is dependence of the summands arising
from relation (1). The first case of (3) with a,; = 1/logn describing the normalized
number of cycles of o was examined in the paper [5]. Using an analytic method,
the author of the present remark established the central limit theorem under the
Lindeberg type condition and some more general limit theorems (see [8]). Section
8.5 of the recent book [1] exposes a general probabilistic approach similar to that
cultivated in probabilistic number theory (see [7]). Comparing the results obtained
for functions hy,(c) on permutations with that achieved for the additive number
theoretical functions (see [4]) we see that, on this path, probabilistic number theory
is far ahead from combinatorics.

For permutations, the general problem can be formulated as follows:

Under what conditions the frequencies Vi (2; hy, ) := vy (hn(0) — a(n) < z)
with some a(n) € R weakly converge to a limit distribution law?

Only in the case of degenerated limit law we have (see [12]) the final answer.
To formulate this result, we set z* = min{1, |z|} sign .

Theorem 1.1 ([12]). Let h,(o) be defined in (3). The frequencies Vy(x;hy, )
weakly converge to the degenerated at the point x = 0 distribution function if and

only if

2

Un(h2) = 3 L2 2N

i<n J
and
a(n) =n\+ Z @ +o(1) (4)

for some sequence A = X\, € R..

In general, the formulated problem, especially its necessity part, seems to be
difficult. Proving sufficiency, one can first apply the total variation estimate

% Z {Vn(kl(a):klv"'vkr(a):kr)_P(é_l:klv'"»&":kr){:0(1)
K1, kor >0
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established in [1] for = o(n). In the next step, to show that a,, [cn)kjep)(0) +- -+
annkn (o) tends to zero in probability v, for each 0 < € < 1, one can use author’s
inequality (see [9])

Un (|hn(0) - LC| 2 y) S 3262P(|an1£1 + -+ annfn - £C| 2 y/S)v (5)

valid for arbitrary a,;,z € R and y > 0. This has proved to be useful (see [2] or
[3]). The analytic approach exposed in paper [8] goes even further, nevertheless it
requires some regularity of a,,; for large j.

The present remark is based upon a few ideas originated in probabilistic num-
ber theory, especially upon those proposed by J. Siaulys in [13]. For brevity, we
now examine the case when a,; € {0,1}. Then h,(c) just counts the cycles in
sequences of subsets J,: = {j < n: an;j = 1}. The first attempt [12] to investi-
gate the case when the Poisson limit law II, (x) with parameter 1 > 0 appears for
Vo (z) :== V,(z; hy, 0) gave an unexpected phenomenon. In what follows we add the
star over the sums to replace the condition a,; = 1.

Theorem 1.2 ([12]). Let hy,(0) be defined in (3) with a,; € {0,1}. The frequencies
Vo(x) weakly converge to I1,,(z) if and only if

*

> = uol) (6)

and
> Ly o(1) (7)

for each fixed 0 < € < 1.

The necessary condition (7) implies that counting the cycles with lengths in
[en,n] we can not obtain the Poisson law. By virtue of a,; € {0,1}, the sum
an1&1+ - -+ apnéy is also the Poisson random variable. It converges in distribution
to II,(«) if and only if condition (6) holds. So, condition (7) is the price we are
paying for dependence of the random variables k;(0), j < n. On the other hand (see
[10]), the Poisson law can be the limit for a sequence hy, (o) defined via unbounded
sequence a,; if j runs only the integers of the interval (n/2,n]. Such possibility is
contained in Theorem 1.4 below.

If a,; € {0,1}, the linear statistics hy (o) posses rather simple expressions for
the factorial moments E;h,(0)s), where 2y := x(x — 1) --- (z — s +1). The next
result is based on their analysis. Denote

L1 1 1. .
h<n Il p<nd? j<n e

Theorem 1.3. Let hy,(0) be defined in (3) with an; € {0,1}. The frequencies V;,(x)
weakly converge to a limit law if and only if there exist finite limits

n—oo
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for each s € N. Moreover, if (8) is satisfied, the characteristic function of the limit
distribution is
o0
1+5 Lt —1)*, teR.

s!
s=1

The next problem would be to describe the class of the limit laws appearing
in Theorem 1.3. We just observe that it contains the degenerated at zero and

arbitrary Poisson law. Moreover, the factorial moments of each limit law satisfy
the inequalities

Vs < Yr¥s—r 9)
for each 1 <r < s—1 and s > 2. Recall that the Poisson law can be reckoned by
the relation vs = «{ for each s > 1. What are the conditions for the convergence of

V() to a law V(z) which factorial moment v satisfies the last formula only for
some s = m > 27

Corollary 1. The weak convergence of V,,(x) to a law V (x) with the property ~m =
v for some m > 2 occurs if and only if condition (6) of Theorem 1.2 with y1 = u
and

Y = =o(1) (10)
n/m<j<n J

are satisfied and there exist finite limits
*

nleréo Z jil Z %2 Z il{j1+j2+-~-+j5§n}=vs

ji<n/m 7 ja<n/m je<n/m
foreach s=m+1,m+2,...

The corollary generalizes Theorem 1.2. Condition (10) shows that, in the case
of limit law satisfying ~,, = 7" for some m > 2, the main role is played only by the
cycles with lengths not exceeding n/m. Going along this path, we can characterize
the case of limit distribution with a finite support.

Corollary 2. Assume that V(x) is a distribution function of a r.v. taking values
0,1,...,m—1. Then V,,(z) weakly converges to V(z) if and only if

> Lo (11)

and the finite limits

* * *

. 1 1 1. .
[0 DD SN Sl STV R UR A At
n/m<ji<n Ju n/m<js<n J2 n/m<js<n s

exist for each fized s € N.
Now, the short cycles are negligible by virtue of condition (11). Finally, to give

some impression what happens in the case of h, (o) defined in (3) with unbounded
an; € Z, without proof we include the next result.
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Set

an; if 0<an; <m,
an;™ =<{m if Qpj > m,
0 if Anj < 0

and h(o) := agﬁl)kjl (o)+--+ aggb)k;n(a).

Theorem 1.4. The distribution functions V,(x) weakly converge to the Poisson
limit law I1,,(z) if and only if

Z l_zo(l), W}gnoohmsup Z

i i<n i
ap;<—1 apj=m
and
lim limsup E,h;'(0) ) = lim liminf E A7) (o)) = (13)

for each fized s € N.

Now the expressions of the factorial moments in (13) become fairly compli-
cated, nevertheless their analysis is not hopeless.

2. Auxiliary Lemmas

Lemma 1 ([1]). For arbitrary natural numbers j1 < -+ < jm and lq, ..., 1y, we
have

B (ki (0) @) - K (0) 1) = Tl + -+ b S0FE(G1 1)+ G 1,))-
For brevity, we use < as an analog of O(+).

Lemma 2. Let h(o) := hp(0) be as in (3) with a; := an; € {0,1}, v be defined
before Theorem 1.3, and s € N. Then

Enh(a)(S) = Tns < Vp1- (14)
Proof. Let z € C, |z| < 2, and £, (k) := 1ky + --- + mky,, where k =
(k1,...,kn) € Zt" and 0 < m < n. Grouping the permutations with the same

cycle structure and using (3) together with (2), we have

E, @ — |Z W) = 3 HZ““’/ —R)
s oES, "(k) nj=1
- Y ()L
Ly (k)=nJ=1

where the summation is extended over k € Z*" with the property £, (k) = n. Set

Ay

L (K)=m j=1
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where go(z) =1 and 0 <m < n. If w € C, |w| <1/2 is another variable, then

{55} - L5

j>1 §>1k>0

=z(zn(

m>0

) ) n;)gm

These series as well as the series involving the derivative with respect to z are
uniformly convergent if |z| < 2 and |w| < 1/2 therefore

Z a—_jz“fle Z gm(2)w™ = Z In(Z)w

> >0 "0
Hence
a; . _ 1
gn(2)=>_ 22 g j(2) = = gn_j(2)
j<n J j<n’d
and

s - 1 s—1
9@ =3 9. (15)
j<n’
for each s > 1. Using this equality and the agreement ~,,o := 1 for each m > 0, by
induction we derive the following formula

955)(1) = Yms> (16)
where 0 < m <n and s > 0. For the induction parameter, we take r =m + s > 0.
The well known Cauchy’s identity gives the value g,,(1) = 1 for each m > 0. Hence
gr(r?)(l) gm(1) = Ymo, confirming the first step of induction.
If g(s 1)( 1) = Yn—js—1, where 1 < j < n and s > 1, is already established,
then by (15)

gr(zs)(l) = Z ~Yn—j,s—-1

]<n
* *
= Z Z Y 4 js—1 <n—j}
J<n J1s<n— J Js—1<n—j

This is the equality in (16) for n = m. By the definitions g g)( 1) = E h(o)(s),
consequently, the equality in (14) is proved. Observe that v,s < YnrYn,s—r for each
1 <r<s—1ands > 2 Hence we obtain the inequality in (14). The lemma is
proved.

The main analytic ingredient is an estimate for the concentration function. For
the function h(o) defined via a;, 1 < j < n, we denote

Qn(u) = sup vy (lh(o) — 2| <u), u=>0,
zeR
and a;(\) = a; — j\. Set

min{u?, a;(\)?
D,y = 3 MG (0 min Dy ().

: , mi
i<n J
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Lemma 3 ([11]). We have
Qn(u) < uDy,(u)~Y/? (17)

with an absolute constant in <.

3. Proofs
Proof of Theorem 1.3. Sufficiency. Condition (8) of Theorem 1.3 implies

1
’Ynlzz—.—>’71<oo.
Jj<n

Hence by (14) the factorial moments v,s < C§ for some constant C; > 7 if n is
sufficiently large. Further we use (8) and the expansion

ithn (o) _ Tns it _ VYn,L+1 | it q|L+1
E,e = Z +O<7(L+1)!|e 1] )

L
- 1+Z k +O<7((inl)1)!>+0L(1)»

where either of the estimates is uniform in ¢ € R and the second one depends on
L > 1. Taking now n — oo and later . — oo, we complete the proof of convergence
of V,,(x) and obtain the formula of the characteristic function of the limit law.

Necessity. Let V,,(x) weakly converge to a limit distribution V(z) = P(§ < x),
where £ is a random variable taking values in the set ZT. Hence for the concentra-
tion function, we obtain

Qn(l)> max P(6=m) > ¢ >0,
meZ+

where the constant ¢ depends at most on &. In what follows we disregard such
dependence. Thus, by (17), we have D, (1;\) < 1 with some A = )\, € R. By
virtue of a,; € {0,1}, this leads to

Alj = 1* L
1> A= > = > log(n|A) -
= J 2/|A<j<n
if A # 0. Hence |\ < C/n with some C' > 0. Using this and (x + y)? < 2(2? + y?),
we obtain
2

(c
Y1 = Dyn(1;0) < D, 1/\+Z <<1+Zﬂ

i<n i<n J

C? )
< 1+FZ,]+ Z

ji<n/C n/C<j<n

l < (5 < o0.
J

As in the previous part, using (14), we see that sup,, E,,h,(0)(s) < C5 for each
s > 1. Consequently, from the weak convergence of V,, () we obtain convergence of
the factorial moments. Applying (14), we complete the proof of (8). Theorem 1.3
is proved.
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Proof of Corollary 1. Under its conditions by virtue of (9) we also have v, =
v = p® for each s < m. Thus, they imply (8), hence the sufficiency part follows
from Theorem 1.3.

If the limit distribution V() exists, then condition (8) is satisfied. Observe
that

1 1 1. ,
Vol = Yam = Z—. - .—"'Z.—l{]l‘f'"'-f—]mfn}
j<n’ h<n Il jandm
m
- 1
> > =
n/m<j§n‘7

Now the property of the limit law implies (10). Combining it with (8), we complete
the proof of the corollary.

Proof of Corollary 2. If the limit law V (z) exists and is concentrated in the set

{0,1,...,m — 1}, its factorial moment ~,, = 0. Consequently, from (8) we obtain
1
j<n/m

This is condition (11). Further using it, we reduce (8) to the form (12).
The sufficiency is trivial. The corollary is proved.

Acknowledgement. The author cordially thanks an anonymous referee whose com-
ments have helped to improve the exposition of the paper.
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