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Trigonometric approximation

by Norlund type means in L”-norm

BoGpAN SzAL

Abstract. We show that the same degree of approximation as in the theorems
proved by L. Leindler [ Trigonometric approzimation in LP-norm, J. Math. Anal.
Appl. 302 (2005), 129-136] and P. Chandra [Trigonometric approxzimation of
functions in LP-norm, J. Math. Anal. Appl. 275 (2002), 13-26] is valid for
a more general class of lower triangular matrices. We also prove that these
theorems are true under weakened assumptions.
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1. Introduction

Let f be 2m-periodic and f € LP[0,2x] = LP for p > 1. Denote by

n

(a coskx + by sinkz) = Z Uk (f;2)
1 k=0

NE

SulF) = S (fio) = 3 +

el
Il

the partial sum of the first (n + 1) terms of the Fourier series of f € L? (p > 1)
at a point x, and by

1
1 2m P
antri0)= s Lo [T n - s ao
0<|h|<6 ™ Jo
the integral modulus of continuity of f € LP. If, for o > 0, wp(f;9) = O(6%),
then we write f € Lip(a,p) (p > 1).
Throughout the paper || - ||z» will denote LP-norm, defined by

1

|mm—{§A%umwmf (FeLip=1)).

We shall consider the approximation of f € LP by trigonometrical polynomials
T.(f;x), where

T, (f;2) =T, (f, A;z) := Zanm_ksk(f;x) (n=0,1,2,...)
k=0
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and A := (an,x) is a lower triangular infinite matrix of real numbers such that:
(1.1) ank > 0fork<n, apr=0fork>n (k,n=0,1,2...)

and

(1.2) k=1 (n=0,1,2...).
k=0

If ap k_p};",wherePn—po—Fpl—F -+ pn # 0 (n > 0), then we denote

the corresponding trigonometrical polynomials by

1 n
= FZPn—kSk(f;x) (n=0,1,2...).
" k=0

The case ank = =7 fork<nandank_0fork>nofT(f, x) yields
(fi)= L S (fe) =012
On \J5 —n+1k:0 kS =Y e

‘We shall also use the notations
Aap = ar, — agy1,  Aplp g = Gn g — Gn gt 1

and we shall write I; < I if there exists a positive constant K such that Iy < K.

A nonnegative sequence ¢ := (cy,) is called almost monotone decreasing (in-
creasing) if there exists a constant K := K (c¢), depending on the sequence ¢ only,
such that for all n > m

en < Kem  (Kep > cem).

For such sequences we shall write ¢ € AMDS and ¢ € AMIS, respectively.

When we write that a sequence (an ) belongs to one of the above classes,
it means that it satisfies some of the above conditions with respect to k =
0,1,2,...,n for all n.

Let An g = 75 Yoimp g Gnyi- If (Any) € AMDS ((A,x) € AMIS), then we
shall say that (a, k) is an almost monotone decreasing (increasing) upper mean
sequence, briefly (a, ) € AMDUMS ((an 1) € AMIUMS).

A sequence ¢ := (¢,,) of nonnegative numbers will be called the head bounded
variation sequence, or briefly ¢ € HBVS, if it has the property

)_.

m—
(1.3) |Ack| < K(c

k=0
for all natural numbers m, or only for all m < N if the sequence ¢ has only finite
nonzero terms and the last nonzero term is cy.
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Therefore we assume that the sequence (K(a,))S2, is bounded, that is, that
there exists a constant K such that

0<K(an) <K

holds for all n, where K(«,,) denote the sequence of constants appearing in the
inequalities (1.3) for the sequence a, = (ank)7>,- Now we can consider the
conditions to be used later on. We assume that for alln and 0 <m <n

=

|Akank| S Kanm
k=0
holds if o, := (ank)72, belongs to HBVS.
It is clear that

NDS c HBVS ¢ AMIS

and

NIS ¢ AMDS,

where NDS (NIS) is the class of nonnegative and nondecreasing (nonincreasing)
sequences.

In the present paper we show some embedding relations between the classes
AMDS and AMDUMS and the classes AMIS and AMIUMS.

In 1937 E. Quade [8] proved that, if f € Lip(«, p) for 0 < o < 1, then ||o,,(f) —
fller = O(n™°) for either p>1land 0 <a <lorp=1and 0 < a < 1. He also
showed that, if p = a = 1, then ||o,(f) — fllz: = O(n"tlog(n + 1)).

There are several generalizations of the above result for p > 1 (see, for example
[1], [2], [3], [6] and [7]). In [4], P. Chandra extended the work of E. Quade and
proved the following theorems:

Theorem 1. Let f € Lip(«, p) and let (p,) be positive such that
(1.4) (n+ Dp, =0(P,).
If either
(i) p>1,0<a<1, and
(i) (
(i) p=1,0<a<1, and
(i) (

pr) is monotonic, or

pr) is nondecreasing, then
INw(£) = fllgs = O (n7).
Theorem 2. Let f € Lip(1,1) and let (p,) with (1.4) be positive, and

((n+1)"p,) € NDS for some n > 0.
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Then

1B () = fllpr =0 (n7h),
where R, (f;x) = P% Ezzoka’k(f;:v) and P, =po+p1+--+pn#0(n>0).
In [5] L. Leindler obtained the same degree of approximation as in Theo-
rem 1, where the conditions of monotonicity were replaced by weaker assumptions.
Namely, he proved the following theorem:
Theorem 3. Let f € Lip(a,p) and let (p,) be positive. If one of the conditions
(i) p>1,0<a<1and (p,) € AMDS,
(i) p>1,0<a<1, (p,) € AMIS and (1.4) holds,
(i) p>1, =1 and Zz;ll k|Apk| = O(P,),
(iv) p>1,a=1, 377 |Aps| = O(P,/n) and (1.4) holds,
(v) p=1,0<a<1and Zk——l |Apr| = O(P,,/n)
holds, then
INu(f) = fllo = O (n7%).

In this paper we shall show that the same degree of approximation as in the
above theorems is valid for a more general class of lower triangular matrices. We
shall also prove that the cited theorems are true with weakened assumptions.

2. Statement of the results
Our main results are the following.

Theorem 4. The following properties hold:
(i) if (anx) € AMDS, then (anx) € AMIUMS,
(ii) if (ank) € AMIS, then (a, k) € AMDUMS,
(i) if Ypzg [Aan x| = O(n™Y), then 3170 [AA, k| = O(nh),
(iv) if SpZy klAan k| = O(1), then Yp—3 [AA, x| = O(n™?).
Theorem 5. Let f € Lip(«,p) and (1.1), (1.2) hold. If one of the conditions
(i) p>1,0<a<1and (ani) € AMDUMS,
(i) p>1,0< a<1, (apk) € AMIUMS and (n + 1)a,,, = O(1),
)p>1a—1andzk 0|AkAnk| (_1),
(iv) p=1,0<a<land ) ;_ 71|Aank| O(n™1),
) P

(iii

v) p=a=1, ((k+1)"Pa, ) € HBVS for some 3 > 0 and (n + 1)a, o =
0(1)
holds, then
(2.1) ITa(f) = fllp. =0 (n77).

In the particular case a, = g—’z, where P, = po+p1+---+p, and P,y =
k+r1 > & Pi, we can derive from Theorem 5 the following corollary:
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Corollary 1. Let f € Lip(a,p) and let (pi) be positive. If one of the conditions
(i) p>1,0<a<1and (p;) € AMDUMS,
(i) p>1,0< a<1, (pg) € AMIUMS and (n+ 1)p, = O(P,),
(iii) p>1, a=1and Y327 |AxPui| = O(Pa/n),
(iv) p=1,0<a<1and Y7-", |Apr| = O(P,/n),
(v) p=a=1, ((k+1) Pp,_x) € HBVS for some 3 > 0 and (n+1)py = O(P,,)
holds, then

INa(f) = fllp. = O (n™°).

Remark 1. By Theorem 4 we can observe that Theorem 3 and consequently
Theorem 1 follow from Corollary 1(i)—(iv). Moreover, since NDC C HBVS we
can derive from Corollary 1(v) an analogous estimate as in Theorem 2 for the
deviation N, (f) — f in LP-norm.

3. Auxiliary results

We shall use the following lemmas in proofs of Theorems 4 and 5.

Lemma 1 ([8, Theorem 4]). If f € Lip(a,p), p > 1, 0 < o < 1, then, for
any positive integer n, f may be approximated in LP-space by a trigonometrical
polynomial t,, of order n such that

If = tallps = O (n7%).
Lemma 2 ([8, Theorem 5(i)]). If f € Lip(e,1), 0 < a < 1, then

low () = fllzr = 0 (™).
Lemma 3 ([8, p. 541, last line]). If f € Lip(1,p) (p > 1), then

lon(f) = Sn(Pllp» = O (n71).

Lemma 4 ([8, Theorem 6(i), p.541]). If f € Lip(a,p), 0 < a <1, p> 1, then

180 (f) = fllp» = O (n=).

Lemma 5. Let (1.1) and (1.2) hold and let one of the following assumptions

(i) (anx) € AMDUMS,
(i) (anx) € AMIUMS and (n + 1)an., = O(1)

be satisfied. Then

n

S (E+1)ann k=0 ((n+1)"%)

k=0

holds for all 0 < o < 1.

579
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PROOF: Let r = [Z]. Then, if (1.1) and (1.2) hold,

ik‘Fl ann k<zk+1 ann k"’ T"‘l Zannk

=0 k=0 k=r+1

< Z(k: +1) k4 (r+1)7°
k=0

By Abel’s transformation and (1.2), we get
n r—1
Zk+1 am_ng{(kJrl)‘ (k+2)~ Zannz
k=0

+(r+1)" Za”" E+(r+1)7°

r—1

<Y {k+1) = (k+2)” Z anyi +2(r+1)""
k=0 i=n—k
r—1

(k+2)" — (k+ 1)
< TR )

Apr+2(r+1)7¢
k=0

Using Lagrange’s mean value theorem for the function f(z) = 2% (0 < a < 1) on
the interval (k 4+ 1, k + 2) we obtain

n r—1
Zk+1 an,n—kg nk+2('f’+1)_a
k=0 k:O k + 2
If (an,kr) € AMDUMS, then
n r—1
S+ tnnk <Ay Y+ (r+1)7"
k=0 k=0 (k + 2
1 n
n 1
<<r+1k§Ta ’“Z k+2 (r+ 1™

<(r+1) "« (n+1) “.

When (an,5) € AMIUMS and (n + 1)ay,,, = O(1) we get

n r—1
1
k 1 n,n— An 71 o\ )=«
kZ + a, <K ,()Z(k_’_% +(r+1)
=0 k=0
r—1 1
n,n 71 o\ 1_a
< ap, Z(k+2) +(r+1)

k=0
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Lapnr+ D7+ (r+ 1) < (n+1)7".

This ends the proof. (I

4. Proofs of the results

4.1 Proof of Theorem 4. (i) If (a, ) € AMDS, then Kay, »m > an, for m <1
and all n. We prove that A,, ,, < max{1, K*}A,,; for m <[ and all n. For m = [
this is true. Let m < [. Then

n

(I+1) Z an,i = (m+1) Z an,i+ (1 —m) Z Qi

i=n—m i=n— i=n—m

< max {1,K*} (m+1) Z i

i=n—I
Thus
1 - 1
m+1 i:;m (i = e {1’ KQ} I+1 .;lan,i

and (an,;) € AMIUMS.

(i) Let (anx) € AMIS. We get that anm < Kap, for m < [ and all n. We
show that ﬁfln m > Ay for m <[ and all n. If m = [, then it is true.
min{1, 25 ) )

Suppose m < [, then we have
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Hence

1 1
min{l }m—i—lzZ TZ i

k) K2
and (an k) € AMDUMS.
(iii) An elementary calculation yields that

n—1 n—1

1
2 Il = 2 G )

k=0
(4.1) < [(k+2) > ani—(k+1) > ans
i=n—*k i=n—k—1
n—1
= T TS nl_ k 1 n,n—k— °
kz:%)(/wrl k+2) Za + Dann-k-1
Clearly,
n k
(42) Z Qp i — (k + 1)an,n—k—1 = Z(l + 1) (an,n—i - an,n—i—l)
i=n—k i=0

holds for any 0 < k < n.
Using (4.2) and (4.1) we have

n—1

k
Z |AAn Ll = Z (k +1 k+ 2 Z Z +1 an,n—i - an,n—i—l)

:w
)—AO

1
&+ D)k +2)

]
MM

('L + 1) |an,n7i - an,n7i71|

k=0 =0
n—1 1
k+1 _
k:O( + 1) ann—k — annkllz G0 T2)
n—1 n—1
< |an,n7k - an,n7k71| = Z |an,k - an,k+1| .
k=0 k=0

If 3770 [Aay k| = O(n~1), then we obtain that -7~ |AA, x| = O(n~), too.
(iv) Let r = [2]. Using (4.2) we get

(Z + 1) |an,n—i - an,n—i—1|

1
IR o S

@
= ”M”
(e}

= Z ! (Z + 1) |an n—i — An n—i—1|
k1) (k+2) : :

2
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n—2

k
+Z ZZ+1 |ann i an,n7i71|:: Il +I2
(k+1 )k +2) =

An elementary calculation yields that

r—1
1
L < (k+1)|ann— Qpyn— T —
S e ’”'mez)
r—1 n—1
< Z |an,n7k - an,n7k71| = Z |an,k - an,k+1|
k=0 k=n—r
1 n—1
< g Z k|Aan7k| .
k=n—r
If
n—1
(4.3) > k|Aan k| = 0(),
k=1

then I; = O(n™1).
On the other hand,

n—2 r—1
1
I, = E ' 1 n,n—i — Ann—i—
’ kZ_T(k+1)(k+2){i_o(z+ Hemnoi =t

k
+ Z(Z + 1) |ann—i — an,ni1|} = Io1 + Ipo.

1=r

Furthermore, using again (4.3), we get

n—2 r—1 n—1
1 n—r
121 S kZ:T (k T 1) ; |azn,n7i - a'n,,nfi71| S r+1 k;’r |an,k — Qn k41
n—1
<1 > klAank| =0 (n7")
k=n—r
and
n—2 1 k 1 n—2 k
122 S Z (k—|—1) Z|ann71 ann7171| S T‘—|—1 ZZ|Qn n—i Apn—i—1

k=r 1=r k=r i=r

1 —Tr
< E Z k |an7k — an,k+1| =0 (n_l) .
k=1
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Summing up our partial result, we obtain that ZZ;S |AA, k| = O(n~1). The

proof is complete. O

4.2 Proof of Theorem 5. We prove the cases (i) and (ii) together using Lem-
mas 4 and 5. Since

To(f;2) = f(@) =Y anmr (Sk(f;2) — f(2)),
k=0
we have

”Tn (f) - f”Lp < Z An,n—k ”Sk(f) - f”Lp < Z (k + 1)_a anp—k =0 (nia)

and this is (2.1).
Next we consider the case (iii).
Using two times Abel’s transformation and (1.2) we get

NIE

Tn(f7 :E) - f(i[:) = Up,n—k (Sk(f,l’) - f(!E))

1T
= o

|
(]

(Sk(f7 ) Sk+1f7 Zann z+S(f7 ) f()

1T
= O

(Sk(fi7) = Sk (f;2) Z i + S (f32) — f (@)

i=n—k

el
Il
=)
I
-

n

=S, (f;x) = f(x) =Y (k+1)Upi1 (f;2) A

k=0
n—2 k
=S (fiz) = f(x) — (A, Ap k1 Zl-i-l Uit1(f; )
k=0 =0
n—1
- An,n—l Z (k + 1) Uk+1 (f7 $)
k=0

2

k
:Sn(fvx)_f(x)_ ( n,k — nk:—i—l ZZ+1 i+1 f7 )
1=0

0

3
|

>
Il

n n—1
lzanzz k+1 Uk+1(f7 )

i=1 k=0

3
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Hence
| Tn(f) = fllpe < 11Sn(f) = fllps
n—2 k41
+ Z | Ak — An k1] ZiUi(f)

(4.4) k=0 i=1 e

i1 ZkUk (f:2)

Lp

Since

7 (f30) = S0 (f50) = ——3 " KU ().
k=1

by Lemma 3 we get

ZkUk (f)
k=1

By (4.4), (4.5) and Lemma 4 we have that

(4.5) =n+1)llon(f) = Sn (Nl =0Q1).

Lr

n—2
1
1T (f) = fllpr < ot E |An i — Apgta] -
k=0

If 02 |AgAn k| = O(n=1), then

1T (F) = fllzo = O (n71)

and (2.1) holds.
Now, we prove the cases (iv).
By Abel’s transformation

T, (f7 ‘T) - f(i[:) = Up,n—k (Sk (f,l') - f(%))

k=0
n—1 k
= (an n—k An on—k 1) Z (
k=0 1=0
+ Qn,0 Z Sk f7 ))
k=0

ij e =t uir) (k1) (0 (f32) — /()
=0

+ano(n+ D) (on (f;2) = f(=)).

()

585
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Using Lemma 2 we get

n—1
1T (f) = fllzs < Z lann—k = ann—k-1|(k+1)[low(f) = fll
k=0
+ano(n+1)llon (f) = fll
n—1
D A [
k=0
+ ano(n+ 1)«
n—1
(7’L+1 (Z Qn,n—k — annk1|+an0>
k=0
n—1

where a,,,_1 = 0. When the assumptions (iv) hold we get

T (£) = fllr = O (n7%).

This ends the proof of the case (iv).

Finally, we prove the case (v).
Let ¢,, be a trigonometrical polynomial of Lemma 1 of the present paper. Then

for m <n,
Sm (tn;x) =ty and Sy, (f;2) —tm = S (f —tn;2) .
Thus
Zann ktk Zann kSk _tn;x)a
where
1 [%7 sin(k—i—%)u
Sk(f_trux)_; ; {f($+u)—tn($+u)}wdu~

By the general form of Minkowski inequality we get
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L1

n
- Z an,n—ktk
k=0
1

—%z/ﬁl n(u)] du/ﬂlf(x+u)—tn(x+u)| dx

:271r2/ |/2ﬂ (@) de
(4.6) ~Lyr-, HLl/ Ko (u)] du

2
2 Hf—tnnp/ 1K ()] du
m 0

) T/n T
- —injlfa Knu du Knu du
21f —tall (/ )l s [ 116,000 )

2
20 = tall (T + a),

where

Now, we estimate the quantities Il and I>. By (1.2)
T/n N
(4.7) 11<</ Zk—i—lann g du=0(1).

If (k+ 1)"Pa,,—r) € HBVS, then ((k + 1)"Pan,—x) € AMIS. Hence, for
0<l<m<n,

B
1
Kan n—m Z An n—1 ﬂ Z Qn,n—I-
’ SRR *

Thus (ann—k) € AMIS. Using this and the assumption (n + 1)a, 0 = O(1) we
obtain that

(4.8) L < an)o/ uw2du= O(l)
T/n

Combining (4.6)—(4.8) we have

n
- § an,nfktk
k=0

(4.9) < |If = tnllps -

s
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Further, by using (4.9) and Lemma 1 for p = a = 1, we get

IT0(h) = fl < [Tl =S ]+ | it — f
k=0

Lt k=0 Lt

1 = 1 <
< E + kzioan,nfktk - f < ﬁ + Zan,nfk ||tk - f”Ll

L1 k=0

1 < 4
- n,n— k 1
< n+;0a, p(k+1)

By Abel’s transformation

k

an n—k annk
ITa(h) = fllp < +Z T |
=0

an,0 .
(k 1
n+1ﬁ;0 *

n—1
1 An n—k Qpn—k—1
— 1) , _ "o
< n—i—(n—i— ) 1?—0 G+ 1P (ht 2P + an0

Since ((k + 1) Pa,.n_x) € HBVS and (n + 1)a, 0 = O(1), we obtain

T (f) = fllpr =0 (n7")

and (2.1) holds. This completes the proof of Theorem 5. O
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