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ABSTRACT. In this paper we study the Lp-discrepancy of digitally shifted
Hammersley point sets. While it is known that the (unshifted) Hammersley point
set (which is also known as Roth net) with N points has Ly-discrepancy (p an
integer) of order (log N)/N, we show that there always exists a shift such that
the digitally shifted Hammersley point set has Lp-discrepancy (p an even integer)
of order v/log N/N which is best possible by a result of W. Schmidt. Further we
concentrate on the case p = 2. We give very tight lower and upper bounds for the
La-discrepancy of digitally shifted Hammersley point sets which show that the
value of the La-discrepancy of such a point set mostly depends on the number of
zero coordinates of the shift and not so much on the position of these.

1. Introduction

For a point set Xg, . .., Xy—1 of points in the 2-dimensional unit-interval [0, 1)?
the discrepancy function is defined as

A, B) == AN([O,a) X [(),ﬂ)) — Nafs

for 0 < o, < 1, where Ay ([O,a) x [0, ,B)) denotes the number of n satisfying
0<n<N-1landx, € [0,a)x[0,8). Now the L,-discrepancy, for p > 0, of the
point set is defined as the Ly-norm of the discrepancy function divided by the
cardinality of the point set and is a measure for the irregularity of distribution
of the point set over [0, 1)? (see for example [1], [4], [9], [11]). Le., for 0 < p < o0
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we set

1
P

1 1
1
Lyw(xa.oxw) = | [ [18@8)Pdads
0 0

For p = 0o, we get the usual star discrepancy
1

D;V(X()v”-axN—l) = N0<Sau[13)<1| (awB)|

of the point set.
From Schmidt [16] we know that for any p > 1 there exists a constant

¢p > 0 such that for the L,-discrepancy of any point set o, ...,xy_1 in [0,1)?
we have
NLp N > cpy/log N . (1)

(For p = 2 this result was proven by Roth [15].)

In this paper we consider the L,-discrepancy of the digitally shifted Hammer-
sley point set in base 2 with N = 2™ points. This is a generalization of the well
known Hammersley point set in base 2 (which is also known as Roth net as it
was first suggested by Roth [15]) and it is constructed as follows. Let m € N,
Cy the m x m identity matrix over Zg, and C5 the m X m matrix given by

0 0 0 1
00 ... 10
Co=1| .iiiiiiiiiiin.
0 1 0 0
1 0 0 0
Further choose vectors 71,05 € Z5*, 65 = (03 @), ..,a,(,{))T, 1<j<2.

Forn = 0,...,2"—=1 let n = ng + n2 —I— -+ nym_12""1 be the base 2
representation of n. Now for j = 1,2 define

0 o W0y )
2 22 2m

where A T
0 (), 9 (1) = o, . )+, € 2

Then the point set X, ..., Xgm_; with x,, = (x%l),msl )) is the digitally shifted
Hammersley point set in base 2 with N = 2™ points and shift vectors ¢; and
d2. If we choose 51 = 72 = (0,. .. ,O)T, then we obtain the classical Hammersley
point set in base 2. Further we remark that any digitally shifted Hammersley
point set in base 2 with N = 2™ points is a (0,m, 2)-net in base 2 as defined in
[12]; see also [13].
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As pointed out by Kritzer [7], it is sufficient to consider shifts only in the
second coordinate, i.e., &1 = (0,...,0)T, since for 1,52 € ZJ* the shifts

71=(0,...,000  and T =0y + 7, € 2T,

yield the same digitally shifted Hammersley point set.

From now on we consider the digitally shifted Hammersley point set in base 2
with N = 2™ points and with shift & = (0y,...,0m)7 € Z (in the second
coordinate). We denote this point set by H(&). The classical Hammersley point
set, i.e., @ = (0,...,0)T, will be simply denoted by H.

The star discrepancy of the Hammersley point set was studied in detail in [3],
[5], [6], [10] and the star discrepancy of the shifted Hammersley point set was
studied recently in [7], [8]. Here we deal with the L,-discrepancy, 2 < p < oo,
p even, of the digitally shifted Hammersley point set. In [14] it is shown that
for any p € N for the L,-discrepancy of the classical Hammersley point set H
we have

(NLyw(H))" = 352+ O((log NP ™Y),

where N = 2™ and where the constant in the O-notation only depends on p.
(See also Chen and Skriganov [2] for the special case p = 2.)

For p = 2 we have the following more exact result due to Vilenkin [17],
Halton and Zaremba [6] and Pillichshammer [14],

2
2 m 29m 3 m 1 1
N _m_em S _
(N Lz, (H)) 64 102 T8 16.2m " 1.9m 72.m>

where N = 2™. Further Halton and Zaremba [6] gave a digital shift o'y 2
such that the Lo-discrepancy of the resulting point set H (EH Z) is given by

2 _5m 3 Ten 1 Em 1

(Nan(H@nz)) =195+ 5~ 51 Y 1o Y 16.0m 12020 @

where N = 2™ and where &,, is zero if m is even and one if m is odd. The shift
vector given by Halton and Zaremba is

. (1,0,1,0,...,1,00T  if m is even,
OHZ = T - .
(1,0,1,0,...,1,0,1)" if m is odd.

So the number of zero coordinates of Ggz is m/2 for even m and (m — 1)/2 for
odd m.

It is the aim of this paper to show that for any even integer p and m € N
there exists a shift & € Z5* such that the Lj,-discrepancy of the point set H (&)
is of best possible order with respect to the result of Schmidt (Theorem 1
and Corollary 1). Further we prove very tight lower and upper bounds for the
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Lo-discrepancy of a digitally shifted Hammersley point set (Theorem 2 and The-
orem 3). We compare our results with the result from Halton and Zaremba
and draw some interesting consequences. The results are presented in the sub-
sequent Section 2. In Section 3 we collect some lemmas which will be needed
in the proofs of our theorems. Finally the proofs of our theorems are given in
Section 4 and Section 5.

2. The L,-discrepancy of digitally shifted
Hammersley point sets

First we have the following result which shows that on the average the L,-dis-
crepancy of a digitally shifted Hammersley point set is of best possible order with
respect to Schmidt’s lower bound.

THEOREM 1. Let p be an even positive integer and let m € N. Then we have

gim Z (NLyn (H(5)))" < %mpﬂ +O(mP/?1)

GeLy
where N = 2™ the constant in the O-notation only depends on p, and S(p,p/2)
is a Stirling number of the second kind.

The proof of Theorem 1 is deferred to Section 4. From this theorem we obtain
the following results.

COROLLARY 1. Let p be an even integer and let m € N. Then there exists a shift
vector ¢ € Zy' such that the Ly-discrepancy of the digitally shifted Hammersley
point set H(c'f*) s bounded by

5 25(p, p/2) _
(NLP’N (H(U*)))p < o2 mP/? 4 O(mp/2 1,
where N = 2™, the constant in the O-notation only depends on p, and S(p,p/2)

s a Stirling number of the second kind.

Remark 1. The bound in Corollary 1 is best possible with respect to the lower
bound from Schmidt (1).

COROLLARY 2. Let p be an even integer. For any € > 0 and any ¢ > 0 we have
1
lim — {a €T Lo (H(F)) < cm%+e} —1.

m—oo 2M
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Proof. With Theorem 1 it follows that

2
5(229;5/2) mP/2 4 O(mp/2—1)
1 o
> LY @ (@)
Fezp
> QmePm(%”ff)P# {& €T : 2 Lpom (H(F)) > cm%+€}

1
= 2—mcpm(%+5)p <2m —# {5" €ZT : 2™ Lyam (H(F)) < cm%"'e}) .
From this we obtain
1 4 m m g 1
2—m#{a EZT : 2™ Lyam (H(F)) < cpm2+5}
25(p,p/2) 1 1
21 Sn0 e O\ )

The result follows. O

If p = 2, it is possible to obtain more precise results, which shall be outlined
in the following. First we prove an upper bound for the Ly-discrepancy of a
digitally shifted Hammersley point set.

THEOREM 2. Let & € Z5* and let | denote the number of zero coordinates of &.
Then we have

(NLyn (H(3)))?

m2 19m Im 12 1 7 m l 3 1
S 12 T tite s T Tem e e
where N = 2™,

We also have the following lower bound.

THEOREM 3. Let ¢ € ZT" and let | denote the number of zero coordinates of &.
Then we have

(NLyn (H(3)))®
_m_2 19m lln_+l2+£+i+m_ l N 5 1
- 64 192 16 16 4 16 8.2m 4.2m  16.-2m T72.4m’
where N = 2™,

The proofs of Theorem 2 and Theorem 3 will be given in Section 5. Observe
that our upper and lower bound only differ by the almost negligible quantity
g(1—27m)

3 .
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Remark 2. With the help of Theorem 2 and Theorem 3 we can improve The-
orem 1 in the case p =2 to

m 5 5 1 1 o\ 2
2 6 62  T2am - om Ezezm(NLQ’N(H(U)))
m 7 3 1

<=4 =+

=924 16 ' 16-2m 72.4m’

where N = 2™,

Now we obtain the following result.

COROLLARY 3. Let m € N and N = 2™.

(1) If m is even, let ¢ € Z* with | = m/2 zero coordinates. Then we have

5m 5 5 1 )
2, 2 _ < (N .
192 + 16 + 16.2m  792.4m — ( L2,N(H(U)))
cm 7.3 __1
—192 16 16-2m 72.4m°

(2) If m is odd, let ¢ € Z5* withl = (m — 1)/2. We then get

om 13 7 1 )
90, 2 _ < .
102 T 51 T 15~ am S WEhan(H(G)))

om 21 5 1

<4 - .
_192+64+16-2m 72 - 4m

Of course the Lo-discrepancy (2) of the point set given by Halton and
Zaremba lies between the bounds given in Corollary 3. Theorem 2 and The-
orem 3 show that the value of the Ls-discrepancy of a digitally shifted Ham-
mersley point set does mostly depend on the number of zero coordinates in the
shift vector and not so much on the position of these. In fact, numerical results
suggest that the value of the Lo-discrepancy of a digitally shifted Hammersley
point set is exactly the same for all shift vectors with the same number of zeros.
We remark that this is not the case for the star discrepancy of digitally shifted
Hammersley point sets, see [8].

It is remarkable that it is possible to obtain better results than Halton and
Zaremba by using the bounds outlined here.
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COROLLARY 4. Let me€ N and N = 2™.

(1) If m is even, let & € Z5* with l = (m — 4)/2 zero coordinates. Then we
have
5m 1 13 2
oo T TR - <
192 + 16 + 16-2m  72.4m = (NLZN(H(U)))
Jom, 3, 1 1
=102 716 " 16-2m  72.4m°
(2) If m is odd, let & € ZT* with | = (m — 3)/2. We then get
5m b 11 1 e
5 T - <
2 Ta T e am o < Ve (H(5)))
5m 13 9 1

< — - .
—192+64+16-2m 72.-4m

The upper bound given in Corollary 4 for even m > 4 is lower than the value
(2) of Halton and Zaremba. The same is true for the upper bound for odd
m > 3. The special choice of [ to obtain the latter bounds is motivated by the
following observation. If we take, for fixed m,

W= %64 192 16 T16 ' 4" 16 ' 8-2m 4.2m ' 16-2m  72.4m’

as a function of /, we find that g has a minimum at
m—4 1

l PR—

=5 Tomu1-

Finally we obtain the following interesting result.

THEOREM 4. We have
lim | min 2" Lo (H(E)) = / _.5_
m—oo \ GeZF vm SV 192°

Proof. It is easy to show that

m?  19m lm+ﬁ+l+5>5m
64 192 16 16 " 4 16 — 192°
for any | € {0,1,...,m}. Therefore it follows from Theorem 3 that for any

m € N and any ¢ € Z7* it is

2 _ om m 5 1
2m m (H(J > — — — .
(@7 Lo (H(9))" 2 153 ~ §ogm * Tg.9m ~ 72.4m
Together with Corollary 3 (or equality (2)) the result follows. O
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3. Auxiliary results

In this section we collect some lemmas which will be used in the proofs of our
results from the previous section. First we present a very useful formula for the
discrepancy function of a digitally shifted Hammersley point set. Throughout
the paper we use the following notation: for

(03] [67°%

and ﬁ:%l—++’§_:

with a;, 3; € {0,1} we say in the following « (resp. ) is “m-bit”.

LEMMA 1. Let o and 3 be m-bit and let & = (01, ...,0m)T € ZZ*. Then for the
discrepancy function of H(3&) we have

m—1
A(avﬁ) = Z ||2u:8|| (_1)Gu+l (am—u @D O‘m-}-l—j(u)) )
u=0

where @ denotes addition modulo 2, || - || is the distance to the nearest integer
function, and where j(u), 0 <u <m —1, is defined by

0 ifu=0,
j(u) = if amy1-j =0 ®0;
forj=1,...,u,

max{j Su: amy1-; B @ Uj} else.

Further we set a1 1= 0.

Proof. From [10, Theorem 1] this result follows for the (unshifted) Hammersley
point set. It easily follows from the proof that the assertion is also true for the
digitally shifted Hammersley point set. O

Remark 3. Let o, 3 € [0,1] (not necessarily m-bit). Let again H (&) denote the
Hammersley point set that is digitally shifted by an arbitrary vector ¢ € Z3'.
Since all points of H (&) have m-bit coordinates, it follows that

A(a, B) = A(a(m), B(m)) + 2™ (a(m)B(m) — af3) , (3)

where a(m) and 8(m) are the smallest m-bit numbers larger than or equal to «
and (3, respectively. If « is greater than 1 — 27™, choose a(m) = 1. Similarly,
choose B(m) =1 if B is greater than 1 — 2™,

18
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LEMMA 2. Let & and j(u) be defined as in Lemma 1, and choose an m-bit
number 3. Let 1 <k < m —1 be an integer and vy,...,vx € {0,1,...,m — 1}
with v; #vj for 1 <i# j <m—1. Then we have

2m—-1 k
Z H(am—vi ® O y1-j(o) =277
2ma=14i=1
2m -1
(Here and in the following . means summation over all & > 0 m-bit.)
2ma=1

Proof. Observe that for given u € {0,...,m — 1}, j(u) depends only on

Omtl—us---,®m and not on ai,...,0m—y. The rest of the proof follows ex-
actly the lines of the proof of [14, Lemma 2]. O

LEMMA 3. Let & and j(u) be defined as in Lemma 1. Let a be m-bit and choose
u € {0,...,m — 1} arbitrary. Then we have

2m—1

92m=2 _gm=2 _9gmHu=2 < 3" 9™y D g 1—i(u))
2ma=1

< 22m—2 _ 2m—‘2 + 2m+u—2 )

Proof. We have

2m—1
Z 2ma(am_u S am+1—j(u))

2ma=1
m ‘ 1

= Z m—1 Z Qg (am—u S am+1—j(u))
i=1 A1,yeeey 0y =0

m—u—1 1 !

=2 2" Y (m—u @ amiijw) T2° D (m—u® Amp1jw)

i=1 g, am=0

19
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:m§—12m_i 21: (a i 21: (am-u@am+1—j(u))>

15 50i—1=0 @4 1,...,0m -1, =0
1 1

+2v ) Y. (1@ amiijw)

a1,y Om—u—1=0 @m 41—y m =0

+ i 2m Zl: i (a 21: (am_u@am+1_j(u)))

i=m4+1-u mtl—u,®i—1=0it1,...,0m=0 1y y@m—u=0

=: X1+ X9 + X3.

Since j(u) depends only on @m41—u;-- -, ®m and not on ay, ..., am—, and since
0 < j(u) < wu, it follows that
m—u—1
21 — Z 2m—i2m—u—22u ,
i=1
m
23 — Z 2m—i2m—-u—12u—1.
i=m+1l—u
Further we have
0< ¥,y <2uam—t

This yields the result. O

LEMMA 4. Choose an m-bit number 3. Let 1 < k < m — 1 be an integer and
V1,5V € {0,1,...,m — 1} with v; # vj for 1 < i # j < m — 1. Further let
r1,...,Tk be positive integers.

(a) We have
gm 271 ) ] om
v 1 v k
T S > ol2ms)™ -2 S omF Aok
2m B=1
Moreover, we have equality for the lower and for the upper bound if
ri=--=7r=1.
(b) For 0 <u<m—1 we have
2m _1 " 2 22m +22u+1
Z 12411" = 3.9m+2
2m B=1

Proof. Part (b) and the upper bound in part (a) is [14, Lemma 3]. The proof
of the lower bound in part (a) is similar to the proof of the upper bound. O
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4. The proof of Theorem 1

The following lemma is the first step in the proof of Theorem 1.

LEMMA 5. Let p be a positive integer and denote by A the discrepancy function
of a digitally shifted Hammersley point set H(&) with &@ = (01,...,0m) € Z3.
Then we have

1 1 2m_12m_1 p
2_‘m Z 2m ; ; <2m’2m> =0

for odd p, and
m?/25(p, p/2) a1 ¢ S ’
LG EE D YD D W

922p+p/2
O1ye,0m=0

mP/%5(p,p/2) _
S——2—2p— ( p/2 1).

for even p, where the constant in the O-notation only depends on p and S (n,p/2)
1s a Stirling number of the second kind.

Proof. We have

1 1 2m—12m-1 P
2_m Z 2m ; Z A(Qm 2m)

Ul,...,Um—O

1 1 2m—1 2m-1
= 2_m Z 22m Z Z A(a ﬂ)P
O1yee0,0m=0 2ma=12mp=1

Applying Lemma 1, the term above equals

2m—-1 2™-1 p

Ly LYy H( anmmu )7 (B 1509 )

01,00,0m =0 2mg=12mpB=11i=1
21
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which, by Lemma 2, is equal to

1 m—1 1 1 p 2m—1
IV ED SRR | (CUSI (ol | (B
UL,y Up=0 01,050 m=01=1 2mpB=11=1
2m—1
(ZHMWMWMJ
2ma=14=1
1 m—1 1 2m—-1 p
e > o > I oo (50 TT gl bt
Ul,...,up=0 O1,..,0m=01=1 2mpB=11=1
1 m—1 2m—1
-3 S g 2 e 3 flev)
Up,...,Up=0 2mpB=11=1 15-+,0m=01i=1
where k(u1,...,up) is the number of different u;s. Let now vy,...,v; be the
different u;s (k = k(u1,...,up)) such that v, appears r times, ..., vy appears

T times (11 + -+ 4+ rx = p). Observe that

1 k
_2Lm Z H 1)au i1 2%2m—k Z H(_l)okrk

cyom=01=1 O1,..,0x=01=1
k1
1
— ar;
=5 [[ DD
i=10=0

However, for each 1 <i <k,

! o 2 ifr; =0 mod 2,
S (1=
0 else.

o=0
Thus,
1
2m E H( 1)7utt = f(ry,..., k),
com=01i=1
where f(r1,...,7x) is one if 7; is even for all ¢ € {1,...,k} and zero otherwise.
Therefore we find that
1 1 2m—12m—1 P
DN DI Ny
T1yee0y0m =0 a=1 =
1 m—1 2m—1 (4)
- om Z 2k(u1, Sk (Ut rtp) Z H 125l -
Upyeees up=0 2mB=11:=1
TLyeens T even
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However, if p is odd, it is impossible that all of the r;, 1 < i < k are even,

since 1 + - -+ 4+ 1, = p. Thus, the result is shown for odd p. We can therefore
concentrate on even p. By Lemma 4 the latter term is bounded above by

1 = 1 om 1T = 1

om Z k(U1 yup) 9Pk (us,.up) 2P Z 92k (U, stip) |
UPyeeny up—O UL yeeny up=0
T1seeesy Tl even T1yeeny T even

Note that rq,...,7, can only be even if k < ’—2’. Let us denote the number of
tuples (u1,...,up) € {0,...,m—1}P such that k different u;s occur by #(p, k, m).
This is the number of mappings from {1,...,p} to {0,...,m — 1} such that the

ange has cardinality k. It is well known from combinatorics that the #(p, k,m)
are closely related to Stirling numbers of the second kind, S(p, k), via

#o.kem) = 11('} )50 0).

This follows easily from the fact that the number of surjective mappings from
{1

y..+,p} to {1,... Kk} is given by k!S(p, k). Since k < &, we have

1 1 2m_12m—1 p p/2 1
L g L 2 A(gegm) <p gk
OlyeeyOm= a=
1 p/2

1 m
k=0

p/2—1

= o2 )swpn+ 5 S () s

k=0

< ggpm(m = 1)+ (m— p/2+ 1)S(p,p/2) +

+%m(m — 1)+ (m —p/2 + 2)c(p)

p/2 (p,p/2)
_ mP*S(p, /2—1
= 52 + O(m? ),

p/2-1
where c(p) := Y 5%S(p,k).
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On the other hand, for even p, by Equation (4) and Lemma 4 we have

1 2m—12m-1

7 X wmy Lol

J— Ui
=5 2 2k(u1, 5 H“2 Al
U, up=0 27"[3 1i=1

TLseees T} even
1o 1 om
>on Dl R (ur, up) 4P

v
¥
[
]
|
]
M‘
=
~
)

1
= W#(P,p/Qam)

= st 0/ )y ) SGu072)

_ mP/2S(p,p/2)

sz T O ).

Now we can give the proof of Theorem 1.

Proof. From equality (3) it follows that

A(a(m), B(m)) < A(a, f) < Aa(m), B(m)) + 2

For even p, the function z +— zP is convex and hence it follows that

< max(A(a(m), B(m))", (A(a(m), B(m)) +2)")
< (<m>,,6(m)) + (A(a(m), B(m)) +2)” .
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Now we have

/1 /1 A(e, B)P dadB

[A(a(m), B(m))” + (A(a(m), B(m)) +2)"] dadB

IN
O\H O\._. o

28 (a(m), 5(m))” 5> (’?)A(a(mxmm))l?—’] dadp

=0

2m P p—l 2m l
2 1 a b
o p—1 -
T 92m Z_ <2m 2m> +Z(l>2 22m bzlA(Qm’2m> :

=0

O\H o . °

Since for any shift & € Z5* the point set H(&) is a (0, m,2)-net in base 2 it
follows that A (2 2L) = 0 whenever a = 2™ or b = 2™. Now the result follows
from Lemma 5. O

5. The proofs of Theorem 2 and Theorem 3

The following lemma will be the basic tool in the proofs of Theorem 2 and
Theorem 3.

LEMMA 6. Let & € Z3' and let A be the discrepancy function of the digitally
shifted Hammersley point set H(G). Further let | denote the number of zero
coordinates of &. Then we have

2m—12m-1 2
1 0 .
22m ; Z (2m 2m) = 55 (9m® + 15m — 36lm. + 361° + 16 — 4>7™).

Proof. We have
2m_12m_1 2m_1 2m—1
m)

DI CEIEET S ST

2ma=12mp=1
The latter term equals

2m—1 2m-1 m—1

2
22m > 2 ( D 112481 (-1)7+ (am—u 690‘m+1—j(u))) = A+2B+C,

2ma=12mB=1  u=0

25
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where
2m_1 2m—1 m—1 2
2 S (F e enanw)
2ma=12mpB=1 u=0
Oy+1=0
2m_1 2m—1 m—1
22m > > ( Y 12980 (am—us ® A1)
2ma=12mp=1 uy=0
au1+1=0
m—1
(X 12l (s © s on)
du1;2+=10=1
and

2m—-1 2™m-1 m—1 9
22m Z Z ( z 2“6l (am—u@am+1—j(u))> .

u=0

2ma=12mpB=1
Tyu+1=1

Making use of Lemma 2 and Lemma 4, we find that

m—1

2m 2u+1
IR VD DL g =
24 22m 2m+2
uy1=0 ug=0
Tuy+1=0 Tyy41=0 0u+1 =0
u1Fu2
m—1 m—1
uy=0 ug=0
‘7'u.1+1=0 au2+1=l
and
m—1 m—1 m m—1 2m 2u+1
C=gm XX >
22m 24 22m 3. 2m+2
=0 ug =0
Tuy+1=1 Tyg41=1 °u+1 =1
uyFu2

Hence it follows that

1 m—1 22m +22u+1

— -1

A+2B+C = 22mz 3.9om+2 2™
u=0

1 2™

+22m 24

Straightforward computation yields the result.
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POINT SETS WITH LOW L,-DISCREPANCY

Remark 4. Setting | = m in Lemma 6 yields the third part of [14, Lemma 4].

Now we can prove Theorem 2.

Proof. Observe that

(NLy(H(3)))?
://(A(a,ﬁ))2dad6
~ 1—/2_"11_/2%(A(oz,ﬁ))2dozdﬁ+ 1—/2%/1 (A(a,8))* dBdar
0 0 0 1—-2—m
+ /1 1_/2_m(A(a,6))2dﬁda+ /1 /1 (A, #)* dadp

=hL+L+I3+1,.

Using A(a, 1) = 0 for m-bit o and Remark 3, we find for I3 that

he |
0

a=1 %;ﬁl- 1—g-m
B 25 5 25 N 2 1
T 36-2m 9.4m  36.-4m  3.8m  Q.16m
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I3 has the same value as I» and is calculated similarly. Calculating I4 is no prob-
lem by making use of Remark 3 again and employing the fact that A(1,1) = 0.

L = /1 /I(A(a,ﬁ))2dad6

It remains to analyze ;.

1-27m1-2"T"

L = / /(A(a,ﬁ))zdadﬂ

0 0
1-27™1-2"™

= / / (A(a(m),ﬁ(m)) +2m (a(m)ﬁ(m) - ozﬁ))2 dadg
0 0
1—2~™1-2™™

= / / (A(a(m),ﬂ(m)))2 dadp
0 0
1-2"™m1-2"™

+22m / / ((a(m)ﬁ(m) - aﬂ))2 dadp

0 0
1-2""m1-2"T"

4 2m+! / / A(a(m), B(m)) (a(m)B(m) — af) dadp

0 0
2m—12m 2
= 22m Zl Z <2m 2m>
a= b=1

28



POINT SETS WITH LOW L,-DISCREPANCY

gm_ygm_1 T T

AP IDY //(‘z‘%‘“ﬂ) dordf

a— 1
2m 2
2m—12m—-1 byl b ab
+2m Z Z / A( ) (22m —aﬁ) dadg
a—1 b—1
2m

= X1+4+X2+2X;3.
From Lemma 6 we find that

Y1 = —(9m? 4 15m — 36lm + 3612 + 16 — 42~™).

576

Analyzing 39 is a matter of straightforward computation and yields

1

_ = Aom _ 2 .om __ A
Uy = — e (2 = 1)%(32-27 - 2547 - 8).

So it remains to deal with X3. Here, we find that

2m_12m—1 ab 1
g0 = 22 ZA(Qm ) g
2m_12m_1 11
=D Z A(2m 2m)424m(4ab 2(a+b) +1)
a=1
2m_12m—1
- 24m ; Z:(a+b (Qm Qm)
2m_12m—1
24m+1 ; z_: (2m’2m>
=: 24—25.
We start with X4.
2m_12m—1 1 2m_12m_1 a b
24 = 24m; ZaA(2m 2m)+§m; ;bA(Q—m,2—m>
1
=: (B4 + Z42) -

24m



PETER KRITZER — FRIEDRICH PILLICHSHAMMER

Using Lemma 1, we find that

m—1 2m-1 2m—1
1= Y, > 1281 Y. 27 e(0mou ® cmri—jw)
u=0 2mpg—] 2ma=1
"u+1=0
- 2m—1 2m—1
Z 1281 > 2™ (am—u ® i) -
auu+10=1 2m (=1 2ma=1

By Lemma 3 and Lemma 4, the latter term is bounded above by

m—1 m m—1

2 2m
s 22m—2 _ 2m—2 + 2m+u 2 s 22m——2 _ 2m—2 _ 2m+u—2
2 g ST )
Tut+1=0 "u+
:((l—(m—l))22m_2+(( 1) —1)2m 2 4 sz“ 24 Z2m+u 2)
°u+1 =0 u+1 1

It follows that
1 1 ! ! m m
— Y, < — - - )
5am 4’1_16-27" 16-4m+8‘2m 8_4m+16,4m 16 - 2m

On the other hand, using Lemma 1 and Lemma 2, we have

2™m -1 2m -1
Sap = Z 22m=1 N gll2ug - Z 22m=1 3" gl2ug| .
2mB3=1 2mpB=1
"u+1—0 °u+1 1

It was shown in the proof of [14, Theorem 2] that

2m -1

Y Bl2sl =

omB=1

It is now a matter of straightforward computation to show
1 1 /1 m
—Yyo=—|=——].
24m =42 ™ om (8 16)
Finally we analyze Y5 by using Lemma 2 and Lemma 4. Here, we find that
1 I m
Ys=——|=-——].
> gom <8 16)

Putting these results together, it is no problem to obtain
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m?2 19m Im 1* 1 7
LAL+L+I < —-—=—"_ 4 4242
R R T R T TR T3

+ m l + 3 1

g-2m  4.2m ' 16.2m 72.4m°

This is the desired result. O

We prove Theorem 3. '

Proof. The proof is similar to that of Theorem 2, with the only difference
that one has to establish a lower bound on ¥4 ;, which is no problem due to
Lemma 3. O
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