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ABSTRACT. Recent results of the author about the existence of spectral mea-
sures for elements of o-MV-algebras are applied to o-complete lattice ordered
effect algebras. It is shown that every element of a o-complete lattice ordered
effect algebra E admits a spectral measure that does not depend on the block to
which the element belongs, and every element is uniquely defined by its spectral
measure. Further, every o-additive state defined on the orthomodular o-lattice
of sharp elements Sh(E) uniquely extends to a o-additive state on the whole
effect algebra, and pure states extend to pure states. To every element a in F,
there is the smallest sharp element dominating it, and this sharply dominating
element is contained in every block to which a belongs. Finally, it is shown that
an effect-algebra commutator of two elements is sharply dominated by the com-
mutator of their corresponding spectral measures, considered as real observables
on Sh(E).

1. Definitions and known results

In this section, we give a review of recent results about the existence of
spectral resolutions for elements of o-MV-algebras and Dedekind o-complete
{-groups, which are analogous to the spectral resolutions of self-adjoint op-
erators on a Hilbert space [28], [29]. These results are based on generalized
Loomis-Sikorski theorems for ¢-MV-algebras and Dedekind o-complete Abelian
¢-groups, obtained by Dvurec¢enskij and Mundici, independently ([7],
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[27]), an on the theory of compressible groups recently developed by Foulis
in his pioneering papers [12], [13], [14], [15]. A useful tool is also the Butnariu
and Klement theorem ([2]).

For more details about MV-algebras see [5], effect algebras [9], orthomodular
o-lattices [35], [31], Abelian £-groups [18].

Most of the results mentioned in this section are known, up to Theo-
rem 1.8, which yields a characterization of regular spectral representations of
o-MV-algebras.

An effect algebra, introduced in [11] (see [25] and [17] for equivalent defini-
tions) as an abstraction of the effect algebra of Hilbert-space effects (self-adjoint
operators 1" on a Hilbert space such that 0 < T < I) for the purposes of quan-
tum mechanics, is an algebraic structure (E;+,0,1), where + is a partially
defined binary operation and 0 and 1 are constants, such that the following
axioms hold:

(E1) a+b=b+a;

(E2) a+ (b+c)=(a+b)+c;

(E3) for every a € E there is a unique a' € E such that a +a’ = 1;

(E4) a+ 1 is defined iff a = 0.

The equalities in (E1) and (E2) mean that if one side is defined, so is the other
and the equality holds. An effect algebra is partially ordered by the relation
a < b iff there is ¢ such that a4+ c = b. The element c is then uniquely defined.
This enables us to introduce another partial binary operation — by b —a = ¢
iff a4+ c =0, so that b — a is defined iff @ < b. In particular «’ = 1 — a. In
the ordering <, 1 is the largest and 0 is the smallest element in E. We also
have that a + b exists iff a < V', and a +b = (' —a)’. We say that a and b
are orthogonal if a < ¥, i.e., iff a + b is defined. More generally, we say that
elements a,,a,,...,a, are orthogonal if a; + a, + ... + a,, exists in E, where
the later element is defined recurrently.

An important example of effect algebras is obtained in the following way.
Let (G,u) be an Abelian group with strong unit «w. The unit interval {g € G :
0 < g <u} = [0,u] endowed with the operation + such that a + b is defined iff
a+b < u,and then a+b=a+b,and o’ = u—a becomes an effect algebra with
the same ordering as that inherited from (G, u). Effect algebras arising this way
are called interval effect algebras.

In particular, if we take (G, u) as the group of all self-adjoint operators on
a Hilbert space H and u as the identity operator I, then the interval [0, I] of
self-adjoint operators between the null and identity operator (so called Hilbert
space effects) forms an effect algebra.

Another important case is obtained by considering the interval [0,u] of a
lattice ordered group G. It can be proved that in this case the corresponding
effect algebra can be organized into an MV-algebra. We recall that an MV-algebra
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is an algebraic structure (M;®,*,0,1) consisting of a nonempty set M, a binary
operation @, a unary operation * and two constants 0 and 1 satisfying the
following axioms:

(M1) a®b=0b®a;

(M2) aGB(bGB c)=(a®b)dc;

(M3) a®a*=1;

(M4) a®0=a;

(M5) a** = a;
(M6) 0* =1;
(M7) a®1=1;

(M8) (a*®b)*Db=(a®b*)*Da
Boolean algebras coincide with MV-algebras satisfying the additional condition
@z = . A routine computation ([5]) shows that the axiomatization is equiva-
lent to the original one due to Chang [3], where MV-algebras were introduced
as an algebraic basis for many-valued logic. A prototypical MV-algebra is given
by the real unit interval [0,1] = {z € R: 0 < z < 1} equipped with the
operations z* = 1 —z, £ ® y = min{l,z+y}. Chang’s completeness theorem
([4]) states that if an equation holds in [0,1], then the equation holds in every
MV-algebra. An MV-algebra is ordered by the relation z < y iff z* ey = 1.
This ordering makes M a distributive lattice with smallest element 0 and largest
element 1. Suprema and infima in M are given by

tVy=(z"0y)" dy, rAy=(z"Vy")".

An additional binary relation © is defined by z ©®y = (¢* @ y*)*. An element
a € M is idempotent if a ® a = a. The set of all idempotents in M will be
denoted by B(M). With the operations V, A and * inherited from M, B(M)
is a Boolean algebra.

Let (G,u) be an Abelian ¢-group (additively written) with strong unit u.
Let

I'Gu)={zeG: 0<z<u}=[0,u]

be the unit interval of G equipped with the operations z* = u—2z, cdy =
uA(z+7y), 2Oy =0V (z+y — 1). For any morphism A: (G,u) = (G',u’),
let T'(A) be the restriction of A to [0,u]. Then I' is a categorical equivalence
between Abelian £-groups with strong unit and MV-algebras ([26]).

An MV-algebra that is a o-lattice is called a o -MV-algebra. oc-MV-algebras
are in categorical equivalence with Dedekind o-complete £-groups, and more-
over, the set of all idempotents in a o-MV-algebra is a Boolean o-algebra ([9]).

Every MV-algebra M becomes an effect algebra (with the same ordering) if
we restrict the operation @ to pairs a,b such that a < b*. Conversely, in [6] it
is proved that an effect algebra E can be organized into an MV-algebra (with
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the same ordering) iff E is a lattice and for every a,b € E there holds
(avb)—a=b-(aAb).

The MV-algebra operation & is defined by a®b = a+ (a’ Ab) and a* = a’. An-
other characterization of effect algebras that can be organized into MV-algebras
(so-called MV-effect algebras, [16]), is the following: an effect algebra F is an
MV-effect algebra iff E is a lattice, and satisfies the Riesz decomposition prop-
erties: a < (b+¢) = a=0b, +¢,, where b, <b, ¢, <c.

We recall that an effect algebra is o-complete iff the following condition
is satisfied: For every sequence (a;);cy such that every finite subsequence is

orthogonal, the element @ a, := sup ®,_,,a, is defined. A lattice effect algebra
neN -

is o-complete iff it is a o-lattice ([22]).

Let (E;+,1,0) be an effect algebra. Two elements a,b € L are compatible,
written a < b, if there are elements a,,b,,c in E such that a, —i—bl +c is defined
and @ = a,+c, b = b, +c. If E islattice ordered, then by [6], a > b iff (aVb)—b =
a—(aAb). By [33], every maximal set of pairwise compatible elements (so-called
block) in a lattice effect algebra E is a sub-effect algebra and a sub-lattice
of E, which can be organized into an MV-algebra. In addition, every lattice
effect algebra is a set-theoretical union of its blocks. This result generalizes the
well-known result in orthomodular lattices, where blocks are maximal Boolean
subalgebras, [35], [31]. We recall that orthomodular lattices can be characterized
as lattice effect algebras with the additional identity a Aa’ = 0.

A state on an effect algebra E is a mapping m: E — [0,1] such that
m(a + b) = m(a) + m(b) whenever a L b, and m(1) = 1. A state is o -additive
if m(a,,) = m(a) whenever a, / a. A state m on E is pure if it cannot be
expressed as a convex combination of other states, i.e., if m(a) = am,(a) +
(1—-a)my(a), a€c E,0<a<1,then m =m,=m.

States (and also o-additive states) on MV-algebras coincide with states on
the corresponding effect algebras. Pure states on MV-algebras correspond to
MV-algebra-homomorphisms to the MV-algebra [0,1] ([9; Theorem 7.1.1]).

The following notion is a direct generalization of a o-algebra of sets ([9;
p. 452]). A tribe of fuzzy sets on a set  # () is a nonempty system T C [0, 1]¢
such that

(T1) 1€ T;
(T2) if a€ T, then 15 —a € T;
(T3) (a,)s, C T entails

o0
min( a,, 1) eT.

n=1
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Elements of T are called fuzzy subsets of Q. Elements of 7 which are charac-
teristic functions are called crisp subsets of ).

Denote by B(T) ={A CQ: x4 € T} the system of all crisp subsets in 7T .
Then B(T) is a o-algebra of subsets of 2. By the Butnariu-Klement theorem
([2], [32; Theorem 8.1.12)), if f € T, then f is B(T)-measurable and moreover,
for every o-additive state m on T we have

m(f) = [ f(w) dp(w), (1)
/

where p(A) =m(x,), A € B(T), is a probability measure.
The following generalization of the Loomis-Sikorski theorem was proved in [7]
and [27], independently (see also [1] for a different proof).

THEOREM 1.1. For every o-complete MV-algebra M there exist a tribe T of
fuzzy subsets of a set Q@ and an MV-o-homomorphism h from T onto M.

We note that the set  in Theorem 1.1 is the set of all extremal states of
M which is a basically disconnected compact Hausdorff space. In addition, the
o-homomorphism h maps B(T) onto B(M) ([8)).

In view of the Butnariu and Klement theorem and the above generalization
of the Loomis-Sikorski theorem, we obtain that for every a € M, the mapping
A,: B([0,1]) —» B(M) from the o-algebra of Borel subsets of the interval [0, 1]
of reals to the Boolean ¢-algebra of idempotents of M, defined by A (D) :=
ho f7Y(D), where f, € T is such that h(f,) = a, is a o-homomorphism
(of Boolean o -algebras).

The following theorems have been proved in [28].

THEOREM 1.2. ([28; Theorem 3.1]) Let M be a o-MV-algebra. To every
a € M a o-homomorphism A,: B([0,1]) — B(M) can be constructed such
that the map a — A is one-to-one and for every o -additive state m on M we

have
1

m(a) = //\m(Aa(d)\)). (2)
0
Equation (2) enables us to prove the following statement.
THEOREM 1.3. ([28; Theorem 3.3]) Let M be a o-MV-algebra. Every prob-

ability measure on the Boolean o -algebra B(M) of idempotent elements in M
uniquely extends to a o -additive state on M .

We call any o-homomorphism A, satsfying conditions of Theorem 1.2 a
spectral measure or a spectral resolution of a, and the mapping a — A, is called
a spectral representation of M .
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In general, there might exist several mappings a — A, which satisfy state-
ments of Theorem 1.2. In accordance with [28], let us call a triple (X,7T,h),
where T is a tribe of functionson X, and h: 7 — M is a surjective MV-o-homo-
morphism, a representation of M. A representation is called regular if h(f) =0
iff h(N(f)) = 0, where N(f) = {z € X : f(z) > 0} is the support of f.
The representation constructed in the proof of the Loomis-Sikorski theorem is
a regular representation, which is called the canonical representation of M. It
was proved in [28] that every regular representation induces a mapping a = A,
that satisfies statements of Theorem 1.2. We call any such o-homomorphism A,
a regular spectral measure or a reqular spectral resolution of a, and the mapping
a > A, is called a regular spectral representation of M.

The mapping a — A_, where A is constructed via the Loomis-Sikorski rep-
resentation of M , is called the canonical spectral representation of M, and the
o-homomorphism A, is called the canonical spectral measure of the element a.

Using categorical equivalence between o-MV-algebras and Dedekind o-com-
plete £-groups and theory of compressible groups recently developed by Foulis

n [12], [13], [14], [15], enables us to prove the following statement ([29]).

THEOREM 1.4. FEvery regular spectral representation of a o -MV-algebra coin-
cides with the canonical spectral representation.

To illustrate the proof, let M be a o-MV-algebra, and let (G,u) be a
Dedekind o-complete £-group such that I'(G,u) = M. Recall that an element
p € G is characteristic, if 0 < p < u, and pA (u—p) =0 ([18]). The set P of
characteristic elements in G is isomorphic with the Boolean o-algebra B(M)
of M.

A generalization of the Loomis-Sikorski theorem for Dedekind o-complete
¢-groups with strong unit was proved in [7]. In this theorem, a generalization of
a tribe, so-called g-tribe is used, where a g-tribe is a set 7; of bounded functions
on a (nonempty) set X such that
(i) 0,1, €7,

(i) fxge€ 7': whenever f,g €T,
(iti) if (f,),, is a sequence of elements from 7, for which there is f € 7, with
fn < f (pointwise) for all n, then sup f, € T, .
n

The analogue of the Loomis-Sikorski theorem then claims the following.

THEOREM 1.5. For every Dedekind o-complete £-group G with a strong unit
u there is a g-tribe T, of bounded functions on a compact Hausdorff space X
and a o -lattice group homomorphism 1 from T, onto G with n(ly) =u.

Notice that a g-tribe is Dedekind o-complete £-group with unit 1, its unit
interval is a tribe, and the restriction of 1 to F(Tg, lX) yields a Loomis-Sikorski
representation of the o-MV-algebra I'(G, u).
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An extension of the Butnariu and Klement theorem can also be proved,
that is, every f € 7, is measurable with respect to the o-algebra of sets
B(’T;) = {A CX: x4 € 7;} Moreover, every o-additive state m (pos-
itive functional with m(lyx) = 1)) on 7, admits an integral representation
m(f) = [ f(z) du(z), where p is the probability measure on B(7,) obtained

R
by the restriction of m ([10]).
The notion of a regular representation can be extended to a Dedekind-
o-complete unital £-group (G, u) as follows: a representation of (G,u) is a triple
(X, Ty n), where 7, is a g-tribe of functions on a set X and 7 is a o-£-group

homomorphlsm of 7; onto G with 17( ») = u. A representation is regular if

n(f) =0 iff W(XN(f)) =0, where N(f) ={z € X: f(z) # 0} is the support
of f.

In [29], the following theorem was proved.

THEOREM 1.6. Let G be a Dedekind o -complete £-group with strong unit w.
Let (X, Ty n) be a regular representation of (G,u). To every g € G, there is
a o- homomorphzsm A B(R) — P such that g — A, is one-to-one, and for

every o -additive state m on (G,u) we have m(g) = f)\m (A (d)\

Notice that in the above theorem, for g € G' and E € B(R), A (E) =
no f~'(E), where f € T, is any element such that n(f) =g.

Let (G,u) be a Dedekind o-complete £-group. For e € G, 0 < e < u, and
p € P, put J (e) = e A p. This mapping can be extended to a positive group
homomorphlsm Jy: G — G, with the properties: J (u) =p,0<e<p =
J,(e) = e, andJ(e)—elffJ o(e) =0, J(e)-OlffJ »(e) = e. That is,
J is a compression in the sense of Foulis, and since also J,, = J iff p=gq, Gis
a compresszble group ([12], [13]).

In addition, for every p € P, and every g € G, g = J(9)+J,_ o(9). Further,
for every g € G there is at least one p € B(G) such that J, (g) <0< J,(9),
and the elements J (g), J,_.(g9) do not depend on the ch01ce of a sultable p.

2 u=—p
Therefore, there is a uniquely defined decomposition into positive and negative
parts, gt = Jy(9), 97 = —J,_,(g) for every g € G. This means that G has the

general comparability property in the sense of [15]. Finally, G admits a Rickart
mapping, that is, a mapping ~: G — P such that p € P, J(9) =0 =
p < g~ ([14]).

Let ¢ € Q be any rational number that can be written as ¢ = m/n, where
m,n are integers and n > 0. In [14], it is proved that for any g € G, the element
P, = ((ng — mu)+)N does not depend on the choice of m, n in the expression

for ¢, and the family of elements (pq = ((ng— mu)+)N)qu is called a rational
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spectral resolution of G. In addition, every element g € G is uniquely defined
by its rational spectral resolution.

In [29], it was proved that for any regular spectral representation g — A g0
we have A ((—o0,q]) = ((ng — mu)™)"”. Since the spectral measure A, s
uniquely defined by the family (Ag(—oo, q])qe@,
defined by the rational spectral resolution of g, and does not depend on the
choice of a particular regular representation of (G,u). Restricting these consid-
erations to I'(G,u), we obtain analogous result for regular representations of
o-MV-algebras, and the proof of Theorem 1.4 follows.

Let M be a o-MV-algebra. According to Varadarajan ([35]), every spec-
tral measure A, : B([0,1]) — B(M) can be considered as a real observable as-
sociated with the Boolean o-algebra B(M). Notice that, since A,([0,1]) = 1,
we can consider A, as an observable from B(R) to B(M) by putting A (E) =
A (EN(0,1]).

[35; Theorem 1.6] enables us to introduce a functional calculus for real observ-
ables associated with a Boolean o-algebra £, which assigns, to any real observ-
ables &, 1=1,2,...,n, associated with £ and any Borel function ¢: R* — R,
a well-defined real observable associated with £, which is called the ¢ -function
of the observables ¢, i = 1,...,n, and is denoted by ¢(§;,&,,...,§,)-

Moreover, let ¢, , £ be real observables associated with £. According to [31;
Definition 6.1.2], we say that the sequence (¢,), converges to & everywhere if
for every € > 0, liggirgf({n —&)(—¢,¢e) = 1. [31; Theorem 6.1.3] gives a charac-

it follows that A, is uniquely

terization of everywhere convergence.
The following theorem is proved in [28; Theorem 5.3].

THEOREM 1.7. Let M be a o-MV-algebra. For a € M, let A, be the cor-
responding canonical spectral measure. Then for every a,b € M, the following
holds:

(1) Aa.EBb = Aa ® Ab)
(11) Apy=A, VA,
(iii) Agp =AM, AN,
(iv) A, =(A)",

where the observables on the right-hand side are defined by the functional calcu-
lus. Moreover,
(v) if (a;); 1s a sequence of elements of M, then a; 7 a implies A, — A,
everywhere.

Notice that if (Q,T,h) is a regular representation of M, then for a € A,
A, = hoa !, where @ € T is such that h(a) = a. Then, according the

a
Varadarajan functional calculus, A, ® A, = ho (min(a-@, 1))—l = N,qp, the
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1

last equality holds by Theorem 1.7. Similarly, A,,, = homax(a,b) ™", A,,, =

ho min(a,g)_l, A,. =ho(1—a)~'. Moreover, if a; / a, then @,(w) — a(w)
for all w except on a set NV with hA(N) = 0. By [31; Theorem 6.1.3], the latter
convergence is equivalent with the everywhere convergence of the observables
A,, to the observable A, .

a

Now assume that a — A, is a one-to-one mapping on a o-MV-algebra M,
where for every a € M, A, is a real observable associated with the Boolean
o-algebra B(M). Then we can use [35; Theorem 1.4] to find a couple (X,X),
where X is a nonempty set and ¥ is a o-algebra of subsets of X, and a
o-homomorphism (of Boolean o-algebras) u from ¥ onto B(M), such that to
every A, there is a Y-measurable function f,: X — [0,1] with A, =uo ot
The function f, is unique in the sense that if g,: X — [0, 1] is another measur-
able function such that A, = uo g, !, then u({x €eX: f(z)# ga(zr)}) =0,
ie, f, = g, ae. [u]. Denote T := {f, : a € M}, and assume that condi-
tions (i) (v) of Theorem 1.7 are satisfied. We will prove that T is a tribe. If
fof, € T, then A, =uo f7l, Ay =wuo fy7 " According to our assumptions,
A,y = wo (min(f,+/p 1))_1, and hence min(f,+f,, 1) € T. For every a € M,
a®1 =1 implies f, = min(f,+f,,1), and this entails f; =1y a.e. [u]. Thus we
have 1, € T, and for every a € M, A, = wo(ly—f,) ', sothat 1y —f €T.

n
If {f, : i€ N} C T, then g, := min(zlfai,l) € T, and Aéa,- =uog!
= i=1

for all n. Then (g,), is an increasing sequence with g, — g pointwise, where
o0

g =supg, = min( > fais 1). By [31; Theorem 6.1.3], uog,' = uog™' ev-
i=1

erywhere, which entails Ag, = uo g~!, whence g € T. Let h: T — M be

a mapping defined by h(f) = a, where a is such that A, = uo f~'. Since
a — A, is one-to-one, this mapping is well defined o-homomorphism from 7T
onto M. Therefore the triple (X,7,h) is a representation of M. If f,g € T
are such that h(f) = h(g) = a, then A, =uo f~! =uo g~ !, which implies
that f = g a.e. [u]. In particular, h(f) = O implies f = Oy a.e. [u]. Let
}L(XN(f)) =a,ac€ M. Then A, = uoxx,l(f), A {0} = u(N(f)°) =1, so that
a = 0, and hence h(x N( f)) = 0. Inverting the direction of the reasonings, we
obtain that h(XN(f)) = 0 iff A(f) = 0, hence the representation is regular. As
a consequence, we obtain the following statement.

THEOREM 1.8. Let M be a o-MV-algebra, and let a — A, be a spectral
representation of M , satisfying conditions (i)—(v) of Theorem 1.7. Then a — A,
is induced by a regqular representation of M .
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2. 0-Complete lattice effect algebras

In this section, we apply the theory of spectral representations for o-MV-al-
gebras to o-complete lattice ordered effect algebras. The main tool used here
is the result, that every lattice effect algebra can be covered by blocks, that is,
maximal pairwise compatible sets, which form MV-(effect) algebras [33].

According to [24], the compatibility relation in a lattice effect algebra F
satisfies the following property: If a, € £/, i = 1,2,..., are such that a, <> b for
all i, and a =\ a, exists in F, then a <> b, and aAb=\a, Ab.

Using the above property, we can prove that if E is a o-complete lattice effect
algebra, then every block B of E is a o-MV-algebra. Moreover, the set of all
sharp elements Sh(E) is an orthomodular o-lattice. Indeed, let a, / a, where
a;, © € N, are sharp. Then aAa' = (\/a > A (/\a;) = \/(/\aj /\a;> =0,
hence a is sharp. i jti

An observable on an effect algebra E is defined as a mapping £: ¥ — F,
where X is a nonempty set and ¥ is a o-algebra of subsets of X, such that

(01) ¢(X) =1,

(02) for every sequence (A4;);cy, of disjoint elements of %,

£U4;) = DE4,).

If (X,%)C (R B(R)), we say that the observable ¢ is a real observable. De-
note by R(§) := {€(A) : A€ T} the range of an observable £. We say that the
observable £ is sharp if its range consists of sharp elements, i.e., R(£) C Sh(E).
Evidently, a sharp observable on E can be considered as an observable on the
orthomodular o-lattice Sh(F), and all results about observables on orthomodu-
lar lattices (see e.g. [31], [35]) can be applied. In particular, the range of a sharp
observable is a Boolean o-algebra and the observable is a o-homomorphism of
Boolean o-algebras. Moreover, if (X, X) C (R, B(R)), £&: £ — E is a sharp real
observable and m is a o-additive state on E, the mapping mo¢ is a probability
measure on ¥ C B(R) and we may define the expectation m(€) of the observable
€ in the state m as follows:

m(&) := [ Amog(dA) 3)
/

if the integral exists.

Using the results from [28], the following statement can be proved.
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THEOREM 2.1. Let E be a o-complete lattice effect algebra. Then for every
a € E there is a o-homomorphism A,: B([0,1]) — Sh(E) such that for every
o -additive state m on E,

1

m(a) = / Am(A, (dN)). (a)

0

Proof. Every a € FE is contained in a block B of E, which is a
o-MV-algebra, and the Boolean o-algebra B(B) of idempotents in B equals
B N Sh(E) C Sh(E). By Theorem 1.2, there is a o¢-homomorphism
AB: B([0,1]) — Sh(E) N B, which satisfies (4). O

The result of the next theorem can be interpreted as follows: every o-additive
state m on E is obtained by “smearing” of a o-additive state on Sh(FE). This
extends the results of [34].

THEOREM 2.2. Let E be a o-complete lattice effect algebra. Then every
o -additive state on the orthomodular o -lattice Sh(E) of all sharp elements in E
can be uniquely extended to a o -additive state on the whole E. In addition, a
pure state extends to a pure state.

Proof. Let m be a o-additive state on Sh(E). For every block B, the

restriction of m to Sh(E) N B is a o-additive state on the Boolean o-algebra
1

of all idempotents in B. Using Theorem 1.3, the map m(a) = [Am(AB(dN)),
0

where AB:a — Af is the canonical spectral representation of B, uniquely
extends m to the block B. Let a € E belong to two blocks B, and B, of E,
and let m; and m, be the extensions of m to B, and B,, respectively. Let
B = B, N B,. The restriction of m to Sh(E)NB is a o-additive state on B(B),
and by Theorem 1.3, m can be uniquely extended to a o-additive state on B,
hence 7, (a) = m,(a).

Therefore the map a — m(a) is well defined. Moreover, the restriction of m
to every block is a o-additive mapping. Hence m defines a o-additive state
on E which extends m.

Let m be a pure o-additive state on Sh(F). Assume that its extension
on E is of the form m = am; + (1 — a)m,, where 0 < a < 1 and m,,
m, are states on E. Then m = m/Sh(E) = am,/Sh(F) + (1 — a)m,/ Sh(F)
implies m, /Sh(E) = m,/Sh(E) = m. Since the extensions from Sh(F) to F
are unique, we have m, = m, = m. Hence 7 is pure on E. O

In the next theorem we show that canonical spectral measures of an element
of a lattice o-effect algebra are the same in all blocks to which this element
belongs. First we prove a lemma.
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LEMMA 2.3. Let M be a o -MV-algebra, and N be a sub-o-MV-algebra of M .
Let (X,T,h) be regular representation of M. Then (X, Ty, hy), where Ty =
{feT: h(f)eN} and hy = h]TN , 18 a reqular representation of N .

Proof. Clearly, Ty is asubtribe of the tribe 7, and h, maps T, onto V.
By the Butnariu and Klement theorem, each f € 7, is measurable with re-
spect to the o-algebra B(Ty) = B(T)NTy. If f € Ty, then its support
N(f) € B(Ty), and regularity of (X,T,h) implies that hy(f) = h(f) = 0
iff hy(N(f)) = h(N(f)) = 0, hence (X,7y,hy) is a regular representation
of N. O

THEOREM 2.4. Let E be a o-complete lattice effect algebra. Let a € E belong
to two blocks M, and M, of E. Denote Al and A2 the canonical spectral
measure of a taken in M, and M,, respectively. Then AL = A2.

Proof. Denote M := M, N M,. Then a € M, and M is a o-MV-algebra.
Let A, denote the canonical spectral measure of a in M. Let (Q,,7;,k,) be the
canonical representation of M, and (QQ, T, h2) be the canonical representation
of M, . Applying Lemma 2.3, we construct regular representations of M as sub-
representations of (Ql,’l],hl) and (92,7;,h2), and from this we can derive,
using Theorem 1.4 that the spectral measures of A} and A2 are both equal to
the canonical spectral measure of a in M. O

Denote, for every a € E,

@ = A,({0)).

Then a™~ € Sh(FE), and a™ belongs to every block B of E to which a
belongs.
THEOREM 2.5. For every a in E, a™ satisfies the following conditions:

(R) peSh(E), pra, pAa=0 < p<a™.

Proof. We recall that every block B of FE is a subalgebra and a sublogic
of FE, therefore lattice operations taken in B coincide with those in E. If the
left-hand side of (R) is satisfied, there is a block B of E such that a € B and
p € B(B) = Sh(F) N B. Let (X,7,h) be a regular representation of B. Let
f €T, x4 €T besuch that A(f) = a and h(x,) = p. Then 0 = aAp =
h(f A x4) implies, by regularity, that h(N(f A x4)) = 0, hence

Ozh({xeX: f(:r)-XA(w);aéO}) :h({xeX: f(x);éO}ﬂA)
=h(N(f)Nn A).
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Now A =N(f)NAUN(f)°N A implies that
p=h(A) =h((N(f)°NA) =ho f71({0}) Ah(x,) =a~ Ap,

ie, p<La.
On the other hand, observe that a~ A a = h(f N f71({0})). But

N f({0}) = {z € X : f(z) xn(p- # 0} = 0, and by regularity,
a~ Aa=0. Therefore a A p =0 whenever p < a™. O

That is, a”™ is the greatest sharp element p compatible with a (possibly zero)
such that pAa = 0. In analogy with [14], we will call the mapping a — a”™ from
E to Sh(E) the Rickart mapping. Notice that if p € Sh(F), then p~ =p’.

THEOREM 2.6. For every a € E, a™~™ is the smallest sharp element that
dominates a. Moreover, a™~~ s contained in every block that contains a.

Proof. Let p € Sh(F) be such that a < p. Then a > p and a Ap’ <
pAp =0, hence p' < a~. This yields that a™' = a™~ < p. Hence a™~~ =
A{p € Sh(E) : a < p}, which yields that a < a™~. The rest of the proof
follows from a~ = A,({0}) and a™~~ = a™’. O

Notice that a similar result for complete lattice effect algebras was recently
obtained in [21], using different methods.

According to [19], an effect algebra E is sharply dominating if for every
a € E there exists the smallest sharp element p such that a < p. If, moreover,
p A a exist for every a € E and every sharp element p € E, then FE is called
S-dominating. As a consequence of Theorem 2.6 we have:

COROLLARY 2.7. Ewvery o-complete lattice effect algebra is S-dominating.

In what follows, we will investigate relations between commutators of ele-
ments a, b in E and commutators of the corresponding observables A, A, in
the orthomodular o-lattice Sh(E).

Let L be an orthomodular lattice. Then a,b € L are compatible (a > b) if
a=(aAb)V (aAb), equivalently, if it holds com(a,b) = 0, where

com(a,b) :=(aVb)A(a Vb)) A(aVV)A(a V).

The element com(a,b) is called the commutator of the elements a, b. The
commutator ¢ := com(a,b) has the following properties:
(i) aerec, bec,
(i) aANcd o bAL,
(iii) ¢ is the smallest element in L with properties (i) and (ii) ([31; §5.1]).
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If £&: B(R) — L, n: B(R) — L are real observables on an orthomodular
o-lattice L (that is, c-homomorphisms from Borel subsets of the real line to L),
then the element

com(&,n) := \/{com(m(E),y(F)) : EFc B(R)}

exists and is called the commutator of the observables ¢, 1. Put ¢ = com(¢,7),
then we have
(i) ¢+ &(E),n(E) for all E € B(R),
(il) E&(E)NCd <> n(F)Ac forall E,F € B(R),
(iii) ¢ is the smallest element with properties (i) and (ii) ([31; §5.1]).
Now let E be a (o-complete) lattice effect algebra. An analogue of the com-
mutator was introduced in [22]: for a,b € E, define

com,(a,b) := ((a V) = b)Ala = (aAb)),

where A is the symmetric difference, eAf = (eV f) — (e A f), e, f € E. Put
d := com,_(a,b). Then we have

(i) a ¢ biff d=0,

(i) aed, bed,

(iii) for any e € E, e > a, e +> b implies e > d ([23], [30]).

Moreover, if a,b € Sh(F), then com,(a,b) = com(a,b) ([22]). Consequently,
two sharp elements a, b are compatible in F iff a, b are compatible in Sh(F)
(as elements of an orthomodular lattice).

THEOREM 2.8. For any a,b € E, if d = com,(a,b) and ¢ = com(A,, A,)
then d~ = ¢'.

Proof. Fix elements a,b € E, and let A, A, be the corresponding canon-
ical observables. Put ¢ = com(A,,A,), d = com (a b). Then ¢ € Sh(E), and
there is a block B, which contains the range R(A,) = {A,(E) : E € B(R)},
and the element c. Similarly, there is a block B that contains R(A,) and c.
It then follows that a € B;, b € B,. Assume that (X, T,h) is a regular rep-
resentation of B, . Let f,x, € T be such that a = h(f) d = h(xc). Then
Ao (B )—ho(f/\xc)'l( ). Since (f Axo) HE) ={z: f(z) e E}nC
if0¢ FE,and (fAxe) ME)={z: f w)EE}ﬂCUCCIfOEE we have

Agpe (B) = A, (E)AC if0¢ E,and A, ,(E) = (A (E)AC)Veif 0 € E. Anal-
ogous relations between Ay, (F) and (A,(F)) A, F € B(R), are obtained,
taking a regular representation of B, .

From the properties of the commutator ¢ we have that for all E, F' € B(R),
A (E)AC + A (F)Ac'. By the relations proved in the previous paragraph, this
1mphes that Ay e (E) < Ab,\C,( ) for all E, F, hence AaAC, < A, ., and this
in turn implies that a A ¢’ ¢ bAC. Therefore com,(a A cd,bAc)=0.
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Define C(c) := {e € E: e ¢ c}. From the properties of compatibility ([24],
[9; Theorem 1.10.17, Theorem 1.10.15])

(i) 0,1€C(o),
(ii) e€ C(c) = €' € C(c),
(iii) e,f € C(c) = eV f,eA f e C(c),
(iv) e,f€Clc), el f = e+ feCle),
(v) if M is an at most countable subset of C(c), then \/ M € C(c), and
moreover, (\/ M) Ac=\{mAc: me M}.

It follows that C(c) is a sub-o-effect algebra and sub-o-lattice of E. The ele-
ment c is sharp and is compatible with all elements in C(c), hence c is central
in C(c). This entails that for e,f € C(c), e L f, we have (e + f) Ac =
(eAc)+ (f Ae) ([24)).

Now let us return to the fixed elements a,b € E. We have a,b € C(c), and
since ¢’ is central in C(c), we obtain, similarly as in [30], that com,(a,b) Ac' =
com,(aAc,bAc") in C(c), but since the operations in C(c) are inherited from
those in E, the latter equality holds in E. So we obtained that com,(a,b) A ¢ =
dAc =0.From a,b € C(c) we obtain d € C(c). So we have ¢’ € Sh(E), ¢’ <+ d
and d A ¢ =0, which implies that ¢’ < d~.

To obtain the converse inequality, recall that d~ is compatible with all
with which d is compatible, and hence d~ < a,b. This implies that d~
A, (E),A,(F) for all E,F € B(R). From d~ € Sh(F), and a,b € C(d™) we ob-
tain that 0 = dAd™ = com,(aAd™,bAd™), which implies that aAd™ < bAd™,
and consequently, A ,;~ and A,,,. are compatible observables. This yields
that A(E) Ad™ < A (F)Ad™ for all E,F € B(R), where we used again the
relation between A, (E) Ad~ and A,,,~(E). Properties of the commutator ¢
then imply that d~ < ¢'.

This concludes the proof that d~ = ¢'. a

Notice that in the proof of Theorem 2.8 we can replace com,(a,b) by any
function d(a,b): E x E — E such that d(a,b) = 0 iff a > b (see examples
in [30]), and we obtain that d(a,b)~ =c'.

We note that in [19], compressible effect algebras were introduced and studied.
In a o-complete lattice effect algebra E, every block with the compressions
J (a) =pAa, p€ Sh(E)N B is a compressible effect algebra. The author does

P
not know if compressions can be defined on the whole E.
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