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ABSTRACT. We discuss some fundamental statistical notions for a quantum
system in the simplest case when only a finite number of different states is possible
and all states are pure. Thus our non-commutative statistical space is described
by a Hilbert space H with a finite system of unit vectors (¢4, 6 = 1,...,n). Each
statistic is described by a self-adjoint operator S in H. We define the sufficiency of
S in some natural way motivated by the classical factorization criterion. We show
that a generalization of Blackwell-Rao theorem cannot be obtained. Moreover,
some linear space containing all non-biased estimators with minimal variance is
described in the paper. In fact, this space is huge, compared to the commutative
case.

1. Introduction

Our concept of a non-commutative sufficient statistic is motivated by the
following observation. Let a system of distributions in a classical statistical space
be given by densities (f,, # € ©) with respect to a given measure p on a sample
space (X,F). Let S be any statistic on (X,F). The sufficiency of S can be
described using geometry of the space L? = L?(X, F, uu). The densities f, can be

1
described by unit vectors ¢, = f¢ in L?. A real statistic S can be identified with
a self-adjoint operator in L?. The classical factorization criterion for sufficiency
of S can be formulated as follows (see [7]).

THEOREM 1.1. The statistic S is sufficient if and only if there exist a function
A € L? and Borel functions ®,: R = R satisfying

09 =fo=24(Sx, 0€0O.

In the simplest quantum case, probability distributions are described by unit
vectors in a Hilbert space H. Random variables are replaced by self-adjoint
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operators, called observables, and a distribution of an observable T in a state
¢ € H, |lo|| =1, is given by the formula pTw(Z) = (ep(2)p,p), Z € Borel R,
with ep(-) being the spectral measure of the operator 7'. Thus the following
definition seems natural.

DEFINITION 1.2. Let (p,, # € ©) be a set of unit vectors in a separable

Hilbert space H . A self-adjoint operator T'= [ Aej(d)) is a sufficient statistic
—00
if there exists a vector x € H, ||x|| = 1, and Borel functions ®,, § € O,
satisfying
e = (®,T)x, fecO.

Formally, Definition 1.2 gives an exact generalization of classical sufficient
statistic, via factorization criterion. We add some elementary discussion of the
new notion in the language of quantum measurement and relative information.
Assume that a quantum system is in a state ®,(5)x. We measure an observ-
able S, obtaining a value s, and after this we obtain a value ¢ measuring an
observable T'. Let

S= [ Aeg(d\), T=[xep(d))
/ /

be the spectral representations of these self-adjoint operators. A non-commuting
pair ST # TS is allowed. According to the classical von Neumann theory of
measurement, the pair (s,t) belongsto Ax B, A, B € Borel R, with probability

P50y (A x B) = / (er(B)B,(s)es(ds)x, By(s)es(ds)y) -
A

A conditional probability of the event (¢ € B) given a value s can be obtain as
a Radon Nikodym derivative

dpg,(s,T)(‘ x B) B <6T(B)es(ds)x, es(ds)x>

dpg (s,1)(- x R) (eg(ds)x, eg(ds)x)

and does not depend on 6. This leads to the following remark.

Remark 1.3. Let S be a sufficient statistic according to Definition 1.2. If any
observable T is measured after the measurement of S, then the value t of T
does not contain any new information on the parameter # if only s is known.

The opposite implication is also rather obvious and can be obtained by con-
tradiction.
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Remark 1.4. Assume that T is measured after S. Suppose that any condi-
tional distribution of the value ¢ of T given the value s of S does not depend
on 0. Then S is a sufficient statistic according to Definition 1.2.

The problem of the existence of a sufficient statistic for a class of states
(¢4,---,¥,) can be also explained.

THEOREM 1.5. For a given system of states (q,...,p,) there exrists a suffi-
cient statistic if and only if

(0pe,) ER  forany i,j<n. (1)

Proof. The necessity of (1) is obvious. Assume that the condition (1) is
satisfied and let (e,...,e,) be an orthonormal system obtained by a Gramm-
Schmidt orthogonalization of ¢,,..., ¢, . It is enough to use e, ..., e, as eigen-
vectors of §. O

Obviously a sufficient statistic is not unique.

Remark 1.6. If for a system of linearly independent states ¢,,...,¢,, n > 2,
there exists a sufficient statistic .S, then one can find another sufficient statistic
T and moreover ST # T'S. Indeed, let (e,,...,e,), (f,.--,f,) be any different
orthonormal systems such that coefficients of ¢, in (e;) as well as in (f;) are
real for 1 <@ < n. Then always (e;) and (f;) can be taken as eigenvectors of
S and T, respectively.

2. Sufficient statistics and non-biased estimators

As usually, see [4] or [2], we say that S is a non biased estimator of a para-
metric function v: 6 — R if

(Swg.0e) =(6), feo.

The variance of a non biased estimator is given by the formula

D35 = ((S = 7(0)) 09, 99) = (S*0ys 9o) —1(0)*,  0€O.

Obviously, S should be non biased and of minimal variance to be used as a good
estimator of y(-).

Let S be a sufficient statistic. Roughly speaking we show that a linear space
B spanned by all good estimators has to be drastically larger then the space of all
Borel functions of S, see examples below. Thus a generalization of the classical
Blackwell-Rao theorem cannot be obtained ([7]). A complete description of such
linear space B is given in this section.
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The literature on quantum statistics is now extremally diverse from abstract
theory of operator algebras to specialized applications. The well-known concept
of sufficiency is connected with the theory of conditional expectation given a
subalgebra of an operator algebra M . Namely, one assumes that this conditional
expectation does not depend on a state (see [3], [8]). Our concept seems to
be different. It is more elementary and connected with classical descriptions of
quantum measurement ([6], [1], [5]). The estimation theory is widely developed
also for continuous parameters (see monographs [4], [2]). But a general notion
of sufficiency is not discussed there.

We denote by é the one dimensional projection z +— (z,e)e given by a unit
vector e € H. The indicator of any Borel set Z is denoted by 1.

EXAMPLE 2.1. There exists a parametric function () with a non biased esti-
mator for which each estimator being a function of a given sufficient statistic is
biased.

Let (e;,e,) be an orthonormal basis in a Hilbert space H = C*. For the
system of states ¢, = e;, v, = €,, Y3 = (e; + e,)/V2, and for the statistic
S =é,, we have ¢, = ®,(S)x, i =1,2,3, with &, = V2. 1{1}, o, = V2. Lioys
®, =1, x = ¢;. Each function v: {1,2,3} = R has a non biased estimator T
given by the matrix

T— ey ¥(3) = 5(v(1) +(2))
7(3) = 5(v(1) +~(2)) 7(2)
On the other hand, v has a non biased estimator being a function of § = ¢, if
and only if v(3) = 1 (7(1) +v(2)).
EXAMPLE 2.2. There exists a sufficient statistic S with the following property.
For any statistic 7', a function ®: R — R can be found so that T and ®(S)
are non biased estimators of the same parametric function. But, for some T, the
variance of ®(S) has to be drastically larger than the variance of T'.
Let H = C*, S = Y ie,, with the system of states ¢, = e, @, = e,,
i<3
@, =1/3 — 5 (e, +e,)++/Ees, 0 < e < 1.The function of S being a non biased
estimator of the index @, for all states {p, : 6 =1,2,3}, should be of the form
. R 3 3\,
(D(S) = 61 + 262 + ('Q; + 5)63.
In the state 5, the variance of ®(S) is given by
2 —9 9 1
D, ®(5) = p= 2 15
and tends to infinity for ¢ — 0. Obviously,

3 1+4e
1 ilj&‘ 0
T= |34 2 o
0 0 0
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is also a non biased estimator of the parameter, and DZ,BT = -2 4 2 +

9 (1+¢)? 1

17— 77 ase—0.

3. On minimal spaces of non biased estimators
The phenomenon pointed out in the former examples is not accidental, it
proves to be a general property of quantum systems.

PROPOSITION 3.1. Let T'S # ST for some self-adjoint operators S, T . There
erists states ©,, Py, p3 such that S is a sufficient statistic, but each function
®(S) is a biased estimator of the function (i) = (Tp;,¢,), i =1,2,3.

(o]
Proof. Let S = [ Xe(d\) be a spectral decomposition of S. It is suf-
—o0
ficient to choose unit vectors ¢, ¢, satisfying ¢, € e(Z,)H, ¢, € e(Z,)H
for some sets Z,, Z,, Z, N Z, = 0, and such that R(Ty,,p,) # 0. Taking

additionally ¢; = x = (¢, + ¢5)/V2 we have
pi=V2:-15(8)x, =12
py=1"Xx.
For any Borel function ® the equalities
<q)(5)%790i> = <T<Pi790¢>7 i=1,2,
imply
<‘I’(5)§037903> = <(lzl‘1’)(5)903v ‘P3> + ((122‘1’)(5)903, ‘P3>
= %(Q(S)‘Pp‘ﬁ) + %<®(5)4P2a¢2> = %(T%v%) + %(TWQ’¢2>
7 %<T(101’ P1) + %<T‘P27 ©2) + Re(Tpy, 0,) = (Tog, 05) -
O

Let now a system of states {¢, : 6 € ©} and a sufficient statistic S be fixed.
Two questions are of special statistical importance. How can the minimal space
M of observables be characterized to satisfy

(VT = T*)(3U € M)(¥8 € ©)({Tg, 09) = (Usg, 24)) ?

And also how can one characterize such minimal space N that for any observable
T there exists an observable U € N satisfying

(V8 € ©)((Ty, vg) = (Upg: )
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and

D> U<D*T  forall feco
Yo Yo
(or
2 2
D, U< D, T for some 6 €0©)?

The questions lead to tedious details and we postpone the discussion to sub-
sequent papers. We finish the section with rather expected observation.

PROPOSITION 3.2. Let P be the orthogonal projection on the closure of the
space lin{g, : 6 € O} spanned by a given system of states. Then for any
observable T' the statistic U = PTP satisfies

(Upg,09) = (Tg,09), €0, (2
D2U<DT, hco.

Proof. The equality (2) is obvious and
<U2<P97990> = (PTPypy, PTPyp,) = (PTpy, PTy,) = ”PTSOGHZ < HT799||2~

4. Comparison with non-commutative
sufficient subalgebras

From the point of view of statistical information a statistic § = S* can
be identified with a commutative von Neumann algebra generated by S. Thus
Definition 1.2 can be formulated as follows.

A commutative subalgebra A of B(H) is a sufficient statistic for a system
of states ¢,,...,¢, if there exists a vector x € H and self-adjoint elements
S,,...,S, in N satisfying ¢, = §;x, 1 <i<n.

On the other hand, the idea of Hiai et al., based on conditional expectation.
leads to the following definition.

DEFINITION 4.1. A commutative subalgebra N C B(H) is a Hiai-Ohya-
Tsukada sufficient (HOT-sufficient) statistic for states ¢,,..., ¢, if for any
i < n there exists a conditional expectation E, given N preserving state ¢, .
and E, does not depend on ¢.

As usually, a conditional expectation preserving state ¢ is defined as a norm
one idempotent E with the range A such that Er is positive and pEr = @1
for any positive z (cf. [8; §9, §10]).
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Remark 4.2. In general a sufficient statistic is not HOT-sufficient.

Hint. Take S = X\ é; + A\é,, €,

1

Y, = %el—F%eQ, n = 1. One can take £ = V1 —¢€2e; +¢ce,, 0 < e <1, to

show that a state preserving conditional expectation does not exist.

= (-, e;)e; for orthonormal (e;),_, ,, and

5. The class of all sufficient statistics

The class of all sufficient statistics for states ¢;,...,, can be described by
the use of vector measures and Bochner integrals of vector functions on R.

PROPOSITION 5.1. For a self-adjoint operator S = [ Ae(d\), let p denote a
R

Borel measure
p(A) =" [le(A)e;ll?
i<n

on R and let Borel measurable vector functions x,: R — H be defined by formula

e(A)p, = /mi(t) p(dt), A € Borel R,
A

j-a.e. Then S is a sufficient statistic if and only if
(z,(0),2;(1)) = £lz; Ollllz; DI, 4,5 <n,
jL-a.e..

Proof. The sufficiency is equivalent to the existence of some scalar func-
tions a;(t) and a vector function x independent of 7 such that x,(t) = «a,(t)z(t)
for i <mn. O

In particular, any vector e € H satisfying (e, ;) € R, i <n, can be used as
an eigenvector for some sufficient statistic S with a non-degenerate eigenvalue. A
minimal von Neumann algebra generated by sufficient statistics always coincides
with B(H).

We stress that Blackwell-Rao theorem is discussed in our paper in the context
of one sufficient statistic S. It is connected with a general concept of simulta-
neous measurements in quantum theory.

A discussion of the interpretation of non-commutative suflicient statistics
S,,S,,... is postponed to the next paper.
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