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ABSTRACT. Necessary and sufficient condition for discreteness and bounded-

ness below of the spectrum of the full-term singular differential operator ¢(y) =
n

w—%t—)— kzo(—l)k(pk (t)y(k))(k), t € [a,0), is established. This condition is based

on a recently proved generalized reciprocity principle for ¢ and on the rela-

tionship between spectral properties of £ and oscillation of a certain associated

(2n — 2)-order differential equation. An application to “Euler-type” fourth order
operator is given.

1. Introduction

In this paper we deal with spectral properties of the full-term self-adjoint
differential operator

n

fy) = E}t—)gﬂ)k(pk(t)y(“)““’ (1.1)

where ¢ € I := [a,0), p; 1\ Pp_1s-- 1P W € Ly (I), p,,w > 0 on I are
real valued functions, for some a € R. In particular, we look for necessary and
sufficient conditions for ¢ to possess the so-called property BD:

The spectrum of any self-adjoint extension of the minimal differen-
tial operator generated by ¢ in the weighted Hilbert space L2 (1)

(with the inner product (y,z), = [w(t)y(¢)z(t) dt) is discrete and
bounded below. I
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Key words: (non)oscillatory equation, reciprocity principle, linear Hamiltonian system, prop-
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ROMAN HILSCHER

The paper is organized as follows. In this introductory section we recall some
basic facts of spectral theory of singular differential operators and oscillation
of self-adjoint equations. In Section 2 we list auxiliary results. Main Theorem
of Section 3 gives necessary and sufficient condition for property BD of £. In
Section 4 we discuss a special case of Main Theorem — the case of fourth order
operators. In this case the oscillation of the unpleasant equation (3.1) can be
readily determined in view of deeply developed oscillation theory of the second
order equations. We illustrate the application on a special fourth order operator
of the form £y (y) = E%T)N* (r(t)N(y)), where N(y) = y" + gzy is the second
order “Euler-type” operator. Appendices are devoted to technical computations
for the reciprocal operator £ and for the proof of Theorem F'.

First recall briefly the basic facts of spectral theory of singular differential
operators (a comprehensive treatment of this topic may be found e.g. in [8], [11],
[14]). Denote the quasi-derivatives

y[]]:y(])’ j:071,...,n—17
y[n] _ pny(") ,
[n+j]

and let
D(M) = {y e L2(I): ™ € AC(I), k=0,...,2n—1, y27 ¢ qu(f)} :

The differential operator M: D(M) C L2 (I) — L% (I) given by M(y) = {(y),
y € D(M), and its adjoint M, := M* are called respectively the mazimal and
the minimal operator defined by £. Any self-adjoint extension K of M, (which
exists, since the functions p, are real, i.e., M, has the same deficiency indices
Y4, 7v_ for which n < v, = ~v_ < 2n holds) satisfies M; C K C M and all
self-adjoint extensions of M, have the same essential spectrum.

One of the most important problems in the theory of singular differential
operators is to find conditions which guarantee that the essential spectrum of
any self-adjoint extension K of M is empty, i.e. K has a spectrum which
is discrete and bounded below — the so-called property BD ([10]). Property
BD means, roughly speaking, that the singular operator behaves like a regular
one since it is known that the spectrum of regular operators consists only of
eigenvalues of finite multiplicities with the only possible cluster point at .

Spectral properties of singular differential operators of the form (1.1) are
closely related to the oscillation theory of self-adjoint, even order differential
equations. Two points t,,t, € I are said to be conjugate relative to the equation

n

6y = S (=10 (p (0y™P) =0 (1.2)

k=0
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SPECTRAL PROPERTIES OF SELF-ADJOINT EVEN ORDER DIFFERENTIAL OPERATORS

if there exists a nontrivial solution y of this equation for which y(?(¢,) = 0
=y9(t,), i =0,...,n — 1. Equation (1.2) is said to be nonoscillatory if there
cxists ¢ € I such that the interval (c,00) contains no pair of points conjugate
relative to (1.2), in the opposite case (1.2) is said to be oscillatory at co.

Besides the definition of (non)oscillation for linear differential equations de-
fined by means of (non)existence of an arbitrarily large pair of conjugate points,
we will need another (stronger) definition of oscillation properties, introduced
by Nehari and Levin. To distinguish these concepts from the above given ones,
we shall speak about N-disconjugacy, N-nonoscillation, etc.
DEFINITION 1.1. Consider a linear differential equation of nth order

y™ +p, By + -+ p(t)y =0, (1.3)

where p, € C(I). This equation is said to be N-disconjugate on an interval
I, C I whenever every nontrivial solution of (1.3) has at most n — 1 zeros on
I,, every zero counted according to its multiplicity. Equation (1.3) is said to be
N-nonoscillatory if there exists ¢ € I such that this equation is N-disconjugate
on (¢, +00).

Self-adjoint equations (1.2) are closely related to linear Hamiltonian systems
(LHS)

' = A(t)z + B(t)u, ' =-C(t)z — AT (t)u, (1.4)
where A, B, C are m X n matrices, continuous on I, B and C symmetric.
Equation (1.2) can be rewritten into LHS (1.4) by the following way: let y be a
solution of (1.2) and set = = (y[O],...,y["“l])T, u= (yln—1 ... ,y["])T. Then
(z,u) is a solution of LHS (1.4) with

B(t) = diag{0,...,0,p;*(t)},
C(t) = - dla‘g{po(t)7 v 7pn_1(t)} )

1 for j=i+1,i=1,...,n—1,
A(t):Am.:{ or j=i+l, i=1...,n

0 elsewhere.

In this case we say that the solution (z,u) is generated by y. Simultaneously
with (1.4) we will consider its matrix analogy

X'= A(t)X + B(t)U, U'=-Clt)X -AT@t)U, (1.6)
where X, U are n xn matrices. A solution (X, U) of (1.6) is said to be isotropic
if XT(t)U(t) —UT(t)X(t) = 0. An alternative terminology is prepared [9], self-
conjoined [12], self-conjugate [13]; our terminology is due to [3]. An isotropic
solution (X,U) of (1.6) is said to be principal at oo if X is nousingular on an
interval [¢,00) C I and

-1

lim /X—I(S)B(S)XT—l(s) ds| =0.

t—o00
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Let (X,U) be a solution of (1.6) which is linearly independent of the principal
solution (X,U) (i.e. (X,U), (X,U) form the base of the solution space of
(1.6)), then (X,U) is said to be nonprincipal at co. A system y,,...,y, of
solutions of (1.2) is said to form the principal (nonprincipal) system at oo if the
solution (X,U) of the corresponding LHS (1.6) whose columns are generated

by y,...,y, is principal (nonprincipal) at oco. For example, concerning the
equation y(*® = 0, the functions yz =t"1 i =1,...,n, form the principal
system of solutions while §, = t"**~1 i =1,...,n, form the nonprincipal one.

The principal (nonprincipal) system of solutions at oo exists whenever (1.2) is
nonoscillatory.

Let g, h be solutions of (1.2). Then the expression

{g,h} =) <g{j~1]h[2n—j] _ g[2n—j}h[j—1]) (1.7)

Jj=1

is called Lagrange’s bracket of g and h.

2. Auxiliary results
The following fundamental result relates oscillation and spectral theories of
singular differential operators.

THEOREM A. ([8]) The following are equivalent.

(i) The operator £ possesses property BD.
(i1) The equation £(y) = Ay is nonoscillatory for every \ € R.
(iii) For every A € R there exists N € R such that

N/{Zpk ]dt>)\/

for any y € W™2(N, 00) with compact support in [N, +00).

One of the most important tools in the oscillation theory are transformations
of LHS’s and self-adjoint differential expressions.

THEOREM B. ([2], [4]) Let H,K € C'(I) be n x n matrices such that H is
nonsingular and H'K = KTH on I. Then the transformation

r=H@t)i, u=K(t)z+H'"(t)a (2.1)
transforms (1.4) into a linear Hamiltonian system

i =At)i+Bt)a, @ =-Ct)z—AT(t)a, (2.2)
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where

A=H'(-H'+ AH + BK),
B=H'BHT!,
C=HT(K'+CH + ATK)+ KT(—H' + AH + BK).
Suppose that (1.2) is disconjugate on an interval I, C I'. Then there exists a
symmetric solution @ = (Q, ]);‘ i=1 of the Riccati matrix differential equation
"+ ATH)Q + QA(t) + QB(H)Q + C(t) =0, (2.3)
with A, B, C given by (1.5). Denote ¢;(t) := —Q,, ,(t), i=0,...,n—1, and
consider the nth order differential operator
qn 1( ) 1 QO(t)
L(y) = y\™ + 2=l tgy(n=D 4 g 2002, (2.4
FXON X0) )

The adjoint operator L* is of the form

*(2) = (— nz(n) _1\n—1 qn—l(t)z (n=1) R ql(t) 2 ' qo(t)
Lz = (%7 + (1) (pn(w ) (pn<t>>+pn(t)

(2.5)
Using these operators we have the following statement concerning factorization
of £,.

THEOREM C. ([3]) Let (1.2) be disconjugate on I, C I. Then for any y €
C?"(1,) we have

6(y) = L*(p,()L(y)) (2.6)
where L, L* are given by (2.4), (2.5).

We remark that the factorization of ¢, is not unique — it depends on the
choice of a symmetric solution @ of the Riccati equation (2.3).

In [5] the following generalized reciprocity principle for £ is proved.

THEOREM D. Suppose that (1.2) is nonoscillatory at +oco and let (2.6) be any
factorization of £, near +oo. Then the equation

4L(y) =wt)y, de L*(p,(t)L(y)) = w(t)y, (2.7)
is nonoscillatory at +oo if and only if the “reciprocal equation”
1
Lh(2) = ————L* z z 2.8
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is nonoscillatory at +00.

This is a generalization of the well known reciprocity principle for two-term
differential equation of the form

(~1" (a0 ™)"™ = w(t)y, (2.9)
which states that (2.9) is nonoscillatory at +oco if and only if
(n)
1 1
qyn ( y<n)) -1, (2.10)
0 ew 0

is nonoscillatory at +oo ([1]).

Remark 2.1. The operator {5 given by the left hand side of (2.8) is self-adjoint,
even order differential operator and hence it is of the form
n
Cr(z) = S (=1 (ry ()29 ™ (2.11)
k=0

with the leading coefficient r, = %, see [11; Chapter I]. Computing the co-
efficients 7, k = 0,...,n, means essentially to differentiate the products of
functions in £ (z), see Appendix A. However, these coefficients depend both on
the original coefficients p,, K = 0,...,n, and on the weight function w. For
one-term operators

iy = (w(l))n(pn(t)y ) " (2.12)

this is not the case since the reciprocal operator is then again a one-term operator
with the only leading coefficient r,, = L.

Recently O. Do§ly proved a general necessary condition for £ having prop-
erty BD.
THEOREM E. ([5]) Suppose that (1.2) is nonoscillatory at +oco and let (2.6)
be any factorization of ¢, near +oo. Let z,,...,z, be a principal system of
solutions at +oco of the equation

lh(2) =0, i.e. of the equation L ( 0 (z)) =0. (2.13)

If the operator ¢ has property BD in the weighted Hilbert space L? (I), then for
any ¢ = (cq,...,c,)T € R* we have

[ rt e (9)+ -+ 6,2, (5))" ds
tl_lgl() — =0, (2.14)
cr fX (s)B(s)XT-1(s )ds] c
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where X is the Wronski matriz of z,,...,z, and B = diag{0,...,0,w}.

The aim of this paper is to prove the converse — requiring an additional
nonoscillation of a certain associated (2n — 2)-order equation.

THEOREM F. Let h 76 0 on I be such that the quasi-derivatives (with respect
to the operator £p) hUl € AC(I), j =0,...,2n —1, A" = ¢,(h) € L*(I).
Then the transformation z = h(t)u yields

n

(6 p(z) = S ()R (yu®) ¥

k=0
For the coefficients R, we have: R, =7 h? and fori=1,...,n

Ryy = =m0 (1P Y (05 () (b)) ik

+ (pg) (r i) i)

n—i—1

th Z (= 1)’““2 [ llc_-t]lc 1 (Ti+kh(2k—l+1))(l+l)
(o ith ) (g h )Y
# 3[R, — (DR,

where K, ; are entries of the matriz K, see the proof - formulas (B.2) - (B.4),
(B.6).
Particularly, Ry = hlg(h) and

R, , =n(n—1)r, (k> —hh") —nh(r

Moreover, z is a solution of (2.13) if and only if u

Z( *(R, (H)u®)™ =0. (2.16)

W) —r _ h%.

# 14s a solution of equation

n n—1

Proof. See Appendix B. O

Remark 2.2.

(i) Observe that by taking h = z; (a solution of (2.13)) we get R, = 0.

(ii) Observe also that if g and h are solutions of (1.2), then v = v’ = (£)’
is a solution of (2n — 2)-order equation

zn:(—l)k_l(Rkv(k_l))(k_l) =k, (2.17)

k=1
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where k is a real constant. In [7; Lemma 2.3], it is shown that x = {g,h}.
Moreover, if {g,h} = 0, then the transformation v = (£)'% transforms (2.17)
(with k = 0) into

n

S 1)k (R D)EY <o, (2.18)

k=1
where Rl, cee ]:Zn are obtained by an application of Theorem F, with ]~%l =0.

(iii) In [2], it is shown that quadratic functionals transform upon the trans-
formation z = hu essentially in the same way as their Euler-Lagrange equations,

oo [

for any z € W»?(N, +00), where u = =

To prove the main statement we need also the following Wirtinger-type in-
equality ([10]).

LEMMA 2.1. Let P: [a,b]) C R — R be a continuously differentiable function
with P'(t) # 0 on [a,b]. Then

b b
P2 9
1 2 <
/|P|z dt_4/—lp,|z

forany z € Wol’z(a, b).

For the application in Section 4 we give here the following Leighton-Wintner-
type nonoscillation criterion for the second order equation of the form

(r)y') + Aa(t)y =0, (2.19)
where p~t,g € L, .(I), p>0,¢>0on I, A\>0 constant.

LEMMA 2.2. Suppose that one of the following hypotheses holds:

o0 o0 2
E an i ds ) e 00
/p < 400 d tl_’rgxop( )q(t) (/ p(s)) 107 < 4oo. (2.21)

¢ 2

~+00 and lim p(t)q(t) /ds
t—o00

- — 2
o) (0 < +o0, (2.20)

'BIH

or

172



SPECTRAL PROPERTIES OF SELF-ADJOINT EVEN ORDER DIFFERENTIAL OPERATORS

Then (2.19) is nonoscillatory for all A < ﬁg

Proof. The well-known Leighton-Wintner criterion states that (2.19) is
nonoscillatory provided

t—o00

/%=+w and lim A S/q ds<-—

t
Using 'Hospital’s rule the last limit takes the form

A [q(s)ds t 2
lim —*

- T ds — 202 1
A~ =7 = dm Ap(B(®) / o | T <1
fd_s
p(s)

oo
If [1 < +oo, the transformation y = h(t)z with h(t) = [ 9% transforms
(2.19) into the equation

(B(8)2") + A g(t)z =0 (2.22)

~ 2 T ds T1
where p(t) = p(t)( e )) and G(t) = q(t) (tf —(—) Now [ % = +oo and
hence, by the first part if

00 2

NN ds a2
tl_lglop(t)q(t) /173—) =:0* < 400,
t

then (2.22) (and hence (2.19)) is nonoscillatory for A < ;57 . However, the last
t o -1
limit equals (2.21) since f;‘z:;) = (f %) . 0

3. BD criterion for full-term differential operators

We say that a system z,...,2,, of solutions of (2.13) forms an ordered
system at +oo if z;>0,j=1 .,2n, for large ¢t and

40, j=1,...2n-1,

for t — 4+00. Such system of solutions exists whenever (2.13) is N-nonoscillatory
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Let zy,...,2,, Z,...,%, be an ordered system of solutions of (2.13). Then
the functions z,,...,z, form a principal system of solutions of (2.13) and the
functions Z,,...,Z, form a nonprincipal one (see [3; Chapter III]). Denote by
(X,U) and (X,U) the solutions of the associated linear Hamiltonian system
generated respectively by z;,...,z, and z},...,%, andlet § =5, = XTU -

UTX be the (constant) Wronskian-type matrix of (X,U) and (X,U).
MAIN THEOREM Suppose (1.2) is N-nonoscillatory at +oco andlet z,,...,2

Z,. 2, (X,U), (X,U), S be as above. Let (2.6) be any factorization of 4
near +o0o with L, L* given by (2.4), (2.5). Suppose that there exists an index

i€ {l,...,n} and Xy > 0 such that the equation

« _1\k MONQI. Slelzz(t)
kzz:o( 1) (Rk+1(t) ) /\W’(t) l,i() W( )er1() (31)

15 nonoscillatory for all X < X\, where

l:=min{j € {1,...,n}| S;; #0},

the functions R, (t), k = 1,...,n, are given in Theorem F with h = z; and
W = W(%,...,%2,), Wy, = W(z,..., 251,22, %,) are the Wron-

skians of the functions in brackets. Then the operator £ given by (1.1) possesses
property BD if and only if

O ELOIE
tl_l}glos Wl@(t)/pn(s) ds=0. (3.2)
t

Remark 3.1. N-nonoscillation of (2.13) easily follows from the requirement of
N-nonoscillation of (1.2).

Proof.
— : By Theorem E we have that for c =e, = (0,...,1,...,0)" € R* (with
1 at the ith entry)

fp‘l 2(s
lim — =0
t—o00
el [fX (s)XT-1(s )ds] e

’L

with B = diag{0,...,0,w}. Next we will show that

=1. (3.3)

lim
t— o0

SHIEICLE X“‘()ds]*lei
S

,i(t)
(t)
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By a direct computation one may verify that (X~!X)" = X~!BX7-1§ and so

t -1
l:/X_l(S)B(S)XT_l(S) ds =S5X1X.
In [3; Chapter III], it is proved that
W(z . , ey 2)
X1X 1) ’j 1’z z-{-l n 3.4
( ) Wi(z,...,2,) (3:4)
and according to the definition of z,...,z2,, 2;,...,%, we have for j >k
Jim (X71X), /(X71X), =0, (3.5)
Thus
-1
{/X $)XT=1(s) ds} e;
= (e 5) (X' Xe,)
5 5 _ T
Z(Sil’ .. Sin)'(( 1X)1i?"'7(X lX)n,i)
- -1
— Sz . (j{*—lX)l . Si,l+1(‘)f X)H-l,i . Sz,n()f X)n,z
’ ’ S (X71X),, S (X1X),

According to (3.4), (3.5), the validity of (3.3) is now easily seen.
<= : By Theorem A it suffices to show that the equation

(6(y) =) L*(p,()L(y)) = Mw(t)y (3.7)
is nonoscillatory for every A € R, which holds if and only if the equaticn
(Ca(z)=) L <LL*(z)> A (3.8)
w(t) Pa(t)

is nonoscillatory for every A € R (Theorem D). The final step is to show that
the quadratic functional

+o0

Fr(z) = / [zL<%L*(z)) - Api z2] dt
N

n

is positive for all z € W»*(N,4o00), z # 0, for some N € R.
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Since (1.2) is nonoscillatory it follows that (3.7) is nonoscillatory for every
A<0.

Put M(t) := %(—t—) and let A > 0 be arbitrary. Suppose (3.2) holds. Then
for € := —Q there exists NV, € R such that

1 ooz?(s)
— t ds<e for te€[N,,+00).

For any N, > N, and for any z € Wg"*(N,, +00) it follows (C-S stands for
Cauchy-Schwartz inequality)

+o0 +o0 9 9
0</iz2dt=/z—"(—) dt
N2 N2

ol (2) ] e

e +eo n M2 12
Fp(z) = / zeR(z)_Azz] dt > / S (@) —arell (2)7] a
Pn k=0 IM| 2

N N =
z=h(t)u Theorem F +o0
h=z; , Remark 2.2 (iii) ! R ( (k))2 /\ M? 2 adt >0
v:u’:(_zii) k+1 2 |IV[I| Z Y,
Ro=0 N k=0
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since the last integral is the quadratic functional of (3.1) with A = i\i‘l < A, and

M2 M? S W
301 = =00 W, — W,

The proof is complete. O

Remark 3.2.

(i) The result of the above theorem is a natural generalization of Theorem 4.1
of [6] where only one-term operators (2.12) are taken into consideration. This
field has been extensively explored in [7] for the fourth order differential operators
where explicit (3.2)-like criteria for property BD of £(y) = s (r@®)y” )" are
formulated.

(ii) In the Main Theorem we need the concept of N-disconjugacy (N-non-
oscillation) for (1.2). One-term operators of the form (2.12) are disconjugate
(N-disconjugate) in their nature.

(ii1) It is possible to formulate Main Theorem also for the so-called normalized
system of solution of (2.13), i.e. for such system for which the corresponding
Wronskian-type matrix S is the identity matrix. In that case it is not necessary
to require the existence of 2n positive solutions z,, ..., Z, of (2.13) but it suffices
to have the only one — for the transformation of the quadratic functional Fp.

(iv) We are making use of the solution @ of the Riccati equation (2.3).
However, solving (2.3) is as complicated as solving the original equation, so
the result yields a practical use “only” for the operators ¢ for which either the
solution of (2.3) is known or its factorization is available from somewhere else.
Therefore, to apply Main Theorem, one may proceed from the other way around.
Let be given a disconjugate differential operator

Ny =y™ + g, 1 Oy™ D+ + gy (t)y (3.9)

of order n and let be given a (fixed) weight function w. Let us consider a
disconjugate self-adjoint differential operator

0y (y) = %N* (r(ON®)) (3.10)

of order 2n with the leading coefficient r. We want to find (3.2)-like condition
which guarantees the property BD of ¢y in L2 ([a,+0c)). In this way one
may study operators at least of this particular form (in fact every disconjugate
operator of order 2n can be factorized in this way — Theorem C). We illustrate
the above procedure on the example of the next section.
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4. A special fourth order operator

Let N(y) = N*(y)=y" + 72y, r ' € L,.(I), >0 on I. Then we have

_ 1 m! T(t) / ' T(t) ! T(t)
In(y) = ol {(r(t)y )+ <2t2 y ]+ e + Tt | Y ( (4.1)
The reciprocal operator £, takes the form

yp(z) =N (Ett—)N(z)> = (r2(t)z”)” - (r (t)z')’ +74(t)z, (4.2)

"
Le. ry(t) = ﬁ, r(t) = _ma ro(t) = (4#1;(,5)) + 16t41w(t)'

NOTATION. To simplify expressions and formulas we use an abbreviated no-
tation for integrals — without the integration variable t, s, dt, ds and without
t

the lower integration limit. For example, under the symbol [ swln % we under-

t o)
stand the function ¢~ [ sw(s)Int ds, or the symbol [ tw means the constant
c

o0
[ tw(t) dt, for some c € R.
C
The fundamental system of solutions of the reciprocal equation
yp(z) =0 (4.3)

is formed by the functions

¢ t
Vi, Vilnt, \/f/swlng, \/Z/swlnsln%.

Next we give the explicit description of principal and nonprincipal systems of
solutions of (4.3). We distinguish the following cases:

(A) [tw = +oo. Then
t t
2, =Vt, z,=+tht, Elzﬁ/swlni, Ezzﬂ/swlnslni.
o0 o0
(B) [tw < 400, [twlnt = +oco. Then

t

z, =Vt, zo =Vtlnt | sw++Vt [ swins,
1 2
t

¢
z, =Vtint, 22:\/i/swlnsln§.
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(C) [twlnt < +oo, [twln®t = +0co. Then
zlzx/f/swln%, 22:\/E,

00 t
lex/ilnt/swlns-i—ﬁ/swlnzs, 22:\/Elnt.

t

(D) [twln®t < 4+oc0. Then

o0 o0
z1=\/f/swln§, z2=\/1?/swlnsln%,
t t
z =Vt, z, = Vtlnt.

One may easily verify that in all the above cases the solutions z,, 2,, Z;, Z,
form an ordered system of solutions of (4.3). The matrix § = S§,; = (? _01) in
all the cases (A) - (D).

Equation (3.1) takes the form

2 !
_ (%Q L Ry(H = AG(t) v, (4.4)

where G(t) := 8, /W7 (t)/ (W' ()W, ;(t) — W(t)W/(t)) . By Remark 2.2(ii), if g
and h are solutions of (4.3) such that {g,h} = 0, then (4.4) is transformed into
the equation

W2(g,h) )\ W2(g,h) -
D7 NG —22 15— 4.
( o2 v) + MG e 0, (4.5)

where W (g, h) is the Wronskian of g and h. Applying Lemma 2.2 we get the
final criterion for property BD of £, in every single case (A) - (D).

For illustration, we give it here only for the case (A) but one may proceed
quite similarly in the other cases (c.f. [7; Criterions (A)—(D)]).
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o0
CRITERION A. Let [tw = +o0.

(i) Case (A1) If
. N2
J sw
b )

t—o00 t
2 t
t wfswlns

=¥ < 400, (4.6)

then the operator £y given by (4.1) has property BD if and only if

¢ ¢ t 2
fswfswln2s——(fsw1ns) o
lim / 5=0. (4.7)
t—00 t T

[ sw t

()

oo
win’t [swinsint

(i) Case (A2)%. If

2

lim

=: ) < 400, (4.8)

then the operator £y given by (4.1) has property BD if and only if

) sln’s
lim
t—o00

=0. (4.9)

t t t 2
fswfswln2s—<fswlns) )
/5

T
[ sw In%s t

EXAMPLE 4.1.

(i) Let w(t) = . Then ¥ = 2 and Criterion A(i) states that £, has
property BD if and only if

o0
lim 1n3t/~§—)ds=o.

t—o00 7"(3

1We have h = z; = V¢, ie. i = 1,1 = 2, Sll_—landtakeg_zQ_\/_lnt
(we could have taken also g = Z; but the ch01ce of the functlon g has no effect on the

t 2
finiteness of the limit (4.6)). Then W = W(%,,%,) = fswfswln s — (f swln s) and

¢
W, =W(z,2,) = — [ sw.
*We have h = z, = V/tlnt,ie. i=2,1=1, 5, =1 and take g = 2, = Vt (we could

¢
have taken also g = Z,). Then W = W (2,,%,) and W; ; = W (z,,%,) = [ swin?s.
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(ii) Let w(t) = “nt Then ¥ = +0o0 and Q = 1. Thus part (i) of Criterion A
does not apply to this case. However, part (ii) states that £, has property BD

if and only if
lim L/Snsdszo.
t

t—o00 1n t
(iii) By a direct computation one may verify applicability of Criterion A

(resp. (B) - (D)) to weight functions of the form w(t) = t*In ¢ or w(t) = t* ¢,
a,B,7 € R, or to any “sufficiently smooth” weight functions.

Appendix A. The reciprocal operator ¢,

Differentiating the products in L and L* we get

ta(2) = L(5L7()

= — D (A1)
n n k k (i-m)
33 Y S @ |H(E) ] e
m
i=0 k=0 j=0 m=0 ’ Pp |W\P,
defining ¢, :=p,,.
LEMMA A.1. Let f be an integrable function. Then
t S1 Sk 1 t
/(/ (/f(f) dT> dsk...) ds, :E/(t—s)kf(s) ds.
Proof. By induction, integrating by parts, we get the result. O
To find the explicit form of the coefficients r,, k =0,...,n—1, (rn =1 ) we
may proceed as follows — formally insert the polynomial functions 1,¢,. t” !

into £p(z).
LEMMA A.2. For the coefficients T, of £y we have

TO = ER(I) )

T = k'(k} 1)' /(t—s)k 1\:R(3k)_z( 1) J)'( k—j)(j):\ ds
for k=1,...,n—1.
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Proof. Clearly, for z =1 we have £,(1) = r,. The equality

n

bp(z) —roz = Z(_l)i(riz(i))(i) —(r?)

i=2
implies that

t

/[ER(Z) —719z] ds = Z(——l)i(riz(i))(i_l) -rz.
i=2

Taking z =t we get
¢

T, = —/[ZR(s) — o8] ds.

In the analogous way we proceed in the case of 7, , k=1,...,n —1.
- W _ v (i) (k)
j j i i\t
lp(z) = (1) (r;29) " = 37 (=1) (r2®)" + (=1 (r,z®) ™
j=0 i=k+1

Integrating k-times (Lemma A.1) and inserting 2z = t* yields

t k—1

: 1 - k! e
(=1, = gy [ =9 et P oy (V) Ja
O

In Lemma A.2 we use the operator £ itself but the explicit form of £ is
already known, c.f. (A.1).

COROLLARY A.l. For the fourth order operator £ (n = 2) we have
Cp(2) = (ry2")" — (ry2") +7y2,

where

1
w

( ! 1 ! 2

T1:<L) +2_(<1_1> _o o O
Do W \ Py wp,  Wp3
" " '’

<_@'0_> _ l(_‘ﬁ) 4 1(&.)
wp,, w \ Py Py | W \ Py

2 / /
[0
+@§+q_1<_20_> __‘1L<A>
wpz Py \WPy WPy \ P2
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4y, @, are defined in the same way as in (2.4).

Another method for finding r, ..., r, isthe following: put together the terms

of (A.1) belonging correspondingly to ryz, (r,;2')',..., (1, z(")) . However, this
might cause technical difficulties for the higher order operators (computed for
n=2).

Appendix B. Proof of Theorem F

Proof. Equation (2.13) may be rewritten into LHS (1.4) with A given by
(1.5), B = diag{0,...,0,7,'} and C' = —diag{r,,...,r,_,}. The result is then
obtained via the transformation of Theorem B.

In [2] it was shown that there exist m x n matrices H(t), K(t) satisfy-
ing the assumptions of Theorem B such that (2.1) transforms LHS correspond-
ing to equatlon (2.13) into a LHS corresponding to (2.16), i e.e A=A, B =
diag{0,...,R'} and C diagonal. Then R, = —Cz+1,z+1’ i= 0 oon—1.

Particularly,

H, ;= (;l:ll)h“—ﬂ . P>,

Then both H and H~! are lower triangular and (H_I)Z.’j = (;:i) (%)(i_j),
i > j. The identity A = A reads as

HA=-H'+ AH + BK, (B.1)
which necessarily implies

K, ;= (")r,h 0 j=1,n. (B.2)

n,J

The entries K, ;, @ > j, (i.e. the entries below and on the diagonal) we determine

in such a way that the matrix D := K'+ CH + AT K + K A is upper triangular,
i.e. Di,j = 0 for ¢ > j. This equality implies

K, ~Kl, K, ~C, H ., — i>j,

i-1,5 — 1,]

where we define K, ;:=0for i =0 or j =0. Hence, by induction, for i > j

S
|
N

K, . =(-1)"" (n 1)K(7:t] 1k k)
k—0

n—i—1

k
+ Z( 1) Z )(Cii i z+k+1Hi+k+1,j—k+l)(”

(B.3)
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and substituting from (B.2) we get

I{ Z T‘ hn ]+k+1))(" i—k)
k=0
n—i—1 k 0
SRS SR IR RS SIS
k= l=0

(B.4)
We use the usual agreement that (Z) =0ifk>nor k<0.

The remaining elements of K (i.e. the entries above the diagonal) we define
so as to satisfy HTK = KTH . Writing K in the form K = K + K where K is
lower triangular (its entries are given by (B.4)) and K is upper triangular with
zeros on the diagonal, we have

0=HTK -KTH=HT(K+K)- (KT + KT)H . (B.5)

The matrix HTK — KTH is antisymmetric, hence it can be written in the form
HTK—-KTH =U-UT, where U is lower triangular with zeros on the diagonal,
ie.
U (H'K - K"H), ; 2( -H, K, ;) ifi>j,
.. = =1 k2 ’
0 if i<
Consequently, (B.5) is satisfied if K = HT-1UT. So for i < j

1 n
= — k—1 — s _ _ .
K=K, => (O3 [(EDnE,, - (D) 9K,,]
4

1 (B.6)

<.
]

>
Il

This completes the definition of K.
Finally, since (B.1) holds, we have

C=H"(K' +CH+ATK)+ KTHA=HT(K' + CH+ ATK + KA)=H"D.

Thus C is upper triangular (it’s a product of two such matrices). Since C is
also symmetric, it is diagonal. For the diagonal entries we have

Coi=H, (K., +Ci ,H ,+K,_ ,+K,, ),
where H, ;= h, C;; =r,_, and
n—i
Kz{,i (B.4) (—1)"— (n,:z) (i—2~1) (,rnh(n—i+k+1))(n—z—k+1)
k=0
n—i—1 k ‘ .
+ (=1)* Z () itk ) (1, b)Y ’
k=0 1=0
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(B. ) ) i - —_
Kz',z'—l 3.4 (1) (nkz)(i—z—2) (Tnh(" z+k+2))(" i—k)

-1 k

30 GO () (i) (e h® ),

k=0 =0

B.6) 1 o [ /5 » _ »
K = h [(I:—;)h(k )Kk,i—l - (f—;)h(k +1)Kk,i]
k=

i

with K, ;_,, K, ; given by (B.4).
An easy computation shows that

(r,p?)~t ifi=j=n,

4l 0 else.

B,;=(H'BH™™), . = {

The proof is now complete. a

REFERENCES

[1] AHLBRANDT, C. D.: Egquivalent boundary value problems for self-adjoint differential
systems, J. Differential Equations 9 (1971), 420-435.
[2] AHLBRANDT, C. D.—HINTON, D. B—LEWIS, R. T.: The effect of variable change on

oscillation and disconjugacy criteria with applications to spectral theory and asymptotic
theory, J. Math. Anal. Appl. 81 (1981), 234-277.

[3] COPPEL, W. A.: Disconjugacy. Lectures Notes in Math. 220, Springer-Verlag, Berlin-
Heidelberg, 1971.

(4] DOSLY, O.: Transformations of linear Hamiltonian systems preserving oscillatory be-
haviour, Arch. Math. (Brno) 27b (1991), 211-219.

(5] DOSLY, O.: Generalized reciprocity for self-adjoint linear differential equations, Arch.
Math. (Brno) 31 (1995), 85-96.

(6] DOSLY, O.: Oscillation and spectral properties of a class of singular self-adjoint differ-
ential operators, Math. Nachr. 188 (1997), 49-68.

(7] DOSLY, O.—HILSCHER, R.: Spectral properties of fourth order differential operators,
Math. Bohemica 122 (1997), 153-168.

[8] GLAZMAN, I. M.: Direct Methods of Qualitative Spectral Analysis of Singular Differential
Operators, Israel Program for Scientific Translations; Daniel Davey & Co., Inc., Jerusalem;
New York, 1965; 1966.

[9] HARTMAN, P.: Self-adjoint, non-oscillatory systems of ordinary, second order, linear
differential equations, Duke J. Math. 24 (1956), 25-35.
[10] HINTON, D. B.—LEWIS, R. T.: Discrete spectra criteria for singular differential opera-
tors with middle terms, Math. Proc. Cambridge Philos. Soc. 77 (1975), 337-347.
[11] NAIMARK, M. A.: Linear Differential Operators, Part II, Ungar, New York, 1968.

[12] REID, W. T.: Sturmian Theory for Ordinary Differential Equations, Springer-Verlag, New
York-Berlin-Heidelberg, 1980.

185



ROMAN HILSCHER

[13] STERNBERG, R. L.: Variational methods and nonoscillatory theorems for systems of
differential equations, Duke J. Math. 19 (1952), 311-322.

[14] WEIDMANN, J.: Linear Operators in Hilbert Spaces, New York-Berlin-Heidelberg, 1980.

Received April 25, 1997 Department of Mathematics
Faculty of Science
Masaryk University Brno
Jandcékovo ndm. 2a
CZ-662 95 Brno
CZECH REPUBLIC

E-mail: houska@math.muni.cz

186



		webmaster@dml.cz
	2012-08-01T13:52:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




