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(Communicated by Dubica Hold)

ABSTRACT. The purpose of this paper is to establish some relations between
the |C, ;6] and |R,p,; 4|, summability methods, where a > 0 and & > 1.

1. Introduction

Let > a, be a given infinite series with (s,,) as the sequence of its nth partial
sums. We denote by t& the nth Cesaro means of order a, with a > —1, of the
sequence (na,), i.e.,

a 1 -1
t = A—% ZAﬁ_vvav, (1)
where
A% =0(n%), Ag =1 and A2 =0 for n>0, a>-1. (2

The series ) a,, is said to be summable |C,a;0|,, k¥ >1,a> —1and § >0,
if (see (3])

o0
Z n® 1R < oo (3)
n=1

If we take 6 = 0 (resp. 6 = 0 and a = 1), then |C, a; |, summability is the
same as |C, a|, (resp. |C,1|,) summability.
Let (p,,) be a sequence of positive numbers such that

Pn=va—)oo as n — 0o, (P_,=p_;=0, i>1). (4)
v=0
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The sequence-to-sequence transformation

1 n

Tn = Fn vas‘u (5)
. v=0

defines the sequence (7},) of the (R,p,,) means of the sequence (s,), generated

by the sequence of coefficients (p,) (see [4]). The series Y a, is said to be

summable |R,p,|., k> 1, if (see [1])

[o o]
Y AT, [ < oo, (6)
n=1
and it is said to be summable |R,p,;d|,, £ > 1, and § > 0, if (see [2])
> nS AT F < oo, (7)
n=1
where n
p
ATn-—lz_PP" ZP—lava n>1. (8)

n® n—1 5—1
If we take 6 = 0, then |R,p,;d|, summability reduces to |R,p, |, summability.
The following theorems are known.

THEOREM A. ([5]) Let (p,) be a sequence of positive numbers such that
P, = 0(n®p,) as n—oo. (9)

If the series Y a,, is summable |R,p, |, , then it is also summable |C,al,, k > 1
and 0 < a<1.

THEOREM B. ([5]) Let (p,) be a sequence of positive numbers such that
P, = O(np,) as n— 0. (10)

If the series 3 a,, is summable |R,p, |, , then it is also summable |C, o, , k > 1
and aa > 1.

2.
The aim of this paper is to generalize above theorems for |R,p,;d|, and
|C, a; 4], summability methods. Now, we shall prove the following theorem.

THEOREM 1. Let (p,) be a sequence of positive numbers which satisfy con-
dition (9) of Theorem A. If the series 3 a, is summable |R,p,;d|,, then it is
also summable |C,e;6|,, k>1,0<a<1land 0<dk<1.
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THEOREM 2. Let (p,) be a sequence of positive numbers which satisfy condi-
tion (10) of Theorem B. If the series 3 a, is summable |R,p,;0|,, then it is
also summable |C,0;6|,, k>1, a>1 and 0< k< 1.

It should be noted that if we take § = 0 in Theorem 1 and Theorem 2, then
we get Theorem A and Theorem B, respectively.
We need the following lemma for the proof of our theorems.

LEMMA. ([6]) If ¢ > 3> 0, then
i ("“n¢ =0@*7). (11)

n=v+1

3. Proof of Theorem 1

Let t& be the nth (C,a) means of the sequences (na,), with 0 < a < 1. By
(8), we have that

P P,
a, = ——LAT, | +-—2=2AT, ,. (12)
n n—1
If we put (12 ) in (1), then we have that
P
= —ZA {—ﬂATv_1 +”—"2ATU_2}
n v=1 pv pv—l
=" a7 1 nf vao=1 Lo o p
= pnAg n—-1" Aﬁ ~ n—v pv v—1
a—1 Pv—-l
+——Z(v+1)An ol =2LAT,
n v=1 b,
L W\ Lar P,A%"] 1)40-1
—_pAO‘ n Aaz —l{vvnv (U+ Anvlvl}
n n y= 1
Since
_vPvAﬁ 11)+(1)+1)Aﬁ 11;-- v—1 = —vP, Aqu ‘ll)_vvag—tl) P Az—v 19
we have
nP 1 r
t& = — AT - — LA A%~ 1AT
n PnA% n—1 Agvz;v R viin—-v -1
1 a—1 1 S IPU 1
_Aﬁ zjl An YA +Aa Zl p Ag—ml; IAT’U—I
v n y= v

= tﬁ,l + tz,z + tz,s + tn,4
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Since

It 1 +tna g +tnal® Al IF + 7 F 185 51" + 17 1)

to complete the proof of Theorem 1, it is sufficient to show that
m
Zn‘sk'llt;rkzO(l) as m—oo, 1=1,2,3,4.

Firstly, we have that

Zn‘”‘ Hexy[F = 0(1) Y nPk NP, mop HIAT,_, |F
n=1

m

=0(1) ) ntktEYAT, F

n=1
=0(1) as m— oo,
by virtue of the hypotheses of Theorem 1.

Since P, = O(n®p,) for 0 < a < 1 implies P, = O(np,,), when k > 1, by
Holder’s inequality, we have that
m+1

> il
m+1 6k 1 1 k
< Z (Aa)k{zv levAg ‘})”ATU—].I}
v=1 v

m+1
=0( 1)Znak 6k+1{2” ( ) (n —v)*"2|AT, llk}
v 1 k-1
X {Z(n—v)“_z}

m+1
=0(1) Z nak\6k+l Zv ( ) (n —v)*2|AT _1|k
n=2
m+1 -2
- k (n—v)**
_0(1)221) (p\:) T, | z;l Pok—8kF1
m X P k m+1
=0(1)Zv (p\:) lATv_1|k,U6k—ak—1 Z (n — v)*~2
v=1 n=v+1

m P k
= 0(1) Z (ﬁ) ,U5k+k~—1 IATv_-llk
v=1 v
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=0 l)zvék-f-k llA 1|k
v=1
=0(1) as m— oo,
by virtue of the hypotheses of Theorem 1.

Also we have that
m+1

ank llt 3|k
m+1 — n—1 k
<2 Aa)k{ZvAﬁ L IAT, |}

m+1 k— k
=0 Y Tk Z'UA" SIAT, |
= (A7)
m+1 1 n—1 k—1
dk—1-a k k a—1
=0(1) Zn {Zv A2TNAT, | }{Ag;An_u}
m+1 —
(n—v)"‘ 1
—0(1)Zv’“|A D D e
n=v+1
1)Zv5k 1 k'A llk

=O(1 Z Sk+k— 1|A 1lk

=0(1) as m— oo,

by virtue of the hypotheses of Theorem 1 and Lemma.
Finally, we have that
m+1

Znék llt 4|k:
m+1 6k 1 (n 1P . k
v— a— 1
<3 r i)

m+1 ¢$k 1

k
0(1)2 (Aa)k{ZPvAa IIA I}
m+1 ndk—1 n—1 n—1 k-1
:O(l)z Aa {z(%) Aa 1!A 1|k}{%2Az:3’}

n=2 n v=1 v n y=1
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m+1 n—1 P k
=o<1>Zn"’°‘1‘°Z(,,—”)< v)* AT, |t
m+1

—ow3: () tan 3 Lo

n=v+1
=0(1)Z(52) *1AT,_, |k

__O(l)zvélﬂ-k l'A llk

v=1
=0(1) as m-— oo,
by virtue of the hypotheses of Theorem 1 and Lemma. Therefore, we get that

m
> onf* e F=0(1) as moroo, r=1,23/4.

This completes the proof of Theorem 1.

4. Proof of Theorem 2
The case a =1 is easy, so consider @ > 1. We show only that
m
donfle F=0(1) as m-roo, r=1,2,

since the other case is the same as in Theorem 1. We have that
Znék llt 1|k<zn5k+k l(P /,n pn)klA 1|k
n=1

By the fact that P, = O(np,,) implies P, = O(n®p,,) for a > 1, it follows
that

m

m
Z Sk— llt llk _ O Zn6k+k—1|AT —llk
n=1

=0(1) as m — 0o.

If =1, then A A2Z; = 0, hence tn 2 = 0. Now, we shall consider the case
a > 1. Since

n—1 n—1
Z(n -0)272 =0(1) / (n—z)*2dz = O(n*71),
v=1 1
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by Holder’s inequality, we have for k > 1

m+1 m+1 ndk—1 k
J
Zn el < Z A3y Zv—”lAvAﬁ WMIAT, |
m+1

- P
O(I)Z nok— 6k+1 ka (p—v) (n—v)*~" 2|A 1|k x
v=1 v

n—1 k-1
X { Z(n - v)°‘_2}
v=1

m+1
—O(I)Z natk— akz ( ) (n—v)*7*|AT,_,[*

n=2
m+1 a -2
k ( n—v)
Z” ( ) AT, 1 Tnath—ok

n=v+1
) P, k
-om v () 1ar,

——O].)Z’UM—HC 1|A Ik

v=1
=0(1) as m— oo,

-1

by virtue of the hypotheses of Theorem 2 and Lemma.
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