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GEOMETRIC PROOF OF THE EASY PART 
OF THE HOPF INVARIANT ONE THEOREM 

PJOTR AKHMET'EV* — ANDRAS SZUCS** 

(Communicated by Julius Korbas ) 

ABSTRACT. This paper gives a geometric proof of A d e m ' s result that if there 
is a map / : S2n_1 —> Sn with Hopf invariant 1, then n is a power of 2. 

In 1960 Adams proved the following famous theorem (see [Ada]). 

THEOREM. ( A d a m s ) There is a map / : S2n~l -> Sn with Hopf invariant 1 
if and only if n = 2 , 4 , 8 . 

A few years earlier A d e m proved the following weaker result (see [Ade]). 

THEOREM. ( A d e m ) If there is a map f: S271'1 -» Sn with Hopf invariant 1, 
then n is a power of 2 . 

A d e m ' s theorem was proved using a description of the generators of the 
Steenrod algebra. A d a m s ' theorem was first proved by using secondary co-
homology operations then by using A d a m s ' operations in K-theory. Here we 
shall give a geometric proof of the result of A d e m . 

We first recall several definitions and facts. 

DEFINITION 1. Given a smooth map / : S'2n~1 -> Sn, the Hopf invariant 
H(f) G Z of / can be defined as follows. Pick two regular values of / , let us 
denote them by p and g, and consider their preimages L = f~l(p) and L = 
f~l(q). These are n — 1 dimensional, closed, oriented submanifolds in S2n~1, 
therefore their linking number lk(L , L ) is well defined. Put H(f) = lk(L , L ) . 

AMS Sub jec t C l a s s i f i c a t i o n (1991): Primary 55Q25; Secondary 57R42. 
Key words : Hopf invariant, stable Hopf invariant, framed manifold, immersion, normal bun­
dle, double point, Stiefel-Whitney characteristic class. 
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EQUIVALENT DEFINITION. Consider the preimage of a regular value p of 
/ , let us denote it by Lp. This is a framed submanifold in R 2 n _ 1 C S2n~l. 
By H i r s c h theory, there is a regular homotopy deforming the embedding 
i: Lp C R272-1 into a selftransverse immersion g: Lp <H R 2 n " 2 c M 2 n _ 1 . 
Then H(f) is the algebraic number of the double points of r/, where the double 
points are signed as follows. By H i r s c h theory, there is actually an embed­
ding i': Lp C E 2 n _ 1 isotopic to i such that its composition with the vertical 
projection R 2 n - 1 -> R2n~2 gives the immersion g. Because of this, there is an 
ordering on the pairs of double points of g having the same image. Namely, if 
g(P) = g(Q) 5 then P < Q if the omitted (vertical) coordinate of P was smaller 
than that of Q. Therefore there is an ordering of the two branches at a double 
point, and this gives a sign. 

The Hopf invariant depends only on the homotopy class of / and gives a 
homomorphism H: ~2n_i(Sn) —r Z . 

DEFINITION 3 . The stable Hopf invariant Hs: irs(n - 1) -> Z 2 is roughly 
defined as the mod 2 reduction of H. More precisely, given an element a G 
7Ts(n — 1) of the stable homotopy group of spheres, its stable Hopf invariant is 
defined as the mod 2 reduction of H(/3), where /? is any element of ~2n-i(S

n) 
mapped to a by the suspension homomorphism. 

Definition 3 is correct, i.e. it does not depend on the choice of /?. The usual 
argument for showing this is the following. The kernel of the suspension homo­
morphism S: ~2n-\(S

n) -» ns(n — 1) is generated by the Whitehead product 
[ l n , ln] of the identity map l n : Sn -> Sn and the Hopf invariant of this White­
head product is even. (It is 2 if n is even and zero if n is odd.) 

Geometrically, the correctness of the definition of Hs is even more trivial. 
The stable homotopy group irs(n — 1) can be identified with the cobordism 
group of framed immersions of n — 1 dimensional manifolds in R 2 n _ 2 . Given a 
cobordism class a £ ~s(n — 1), the stable Hopf invariant Hs(a) is the parity of 
the double points of any immersion from the class a. But the parity of double 
points is obviously the same for any two cobordant immersions. (The double 
lines of a joining cobordism end in the double points of the two immersions.) 

By what we said above, A d e m ' s theorem is equivalent to the following. 

PROPOSITION. If there is a closed n — 1 dimensional manifold Mn~l having 
an immersion g: Mn~l S-> M2n~2 with trivial normal bundle and odd number of 
double points, then n is a power of 2. 

P r o o f of P r o p o s i t i o n . Let g: Mn~l <r-> M2n~2 be a framed immer­
sion with an odd number of double points. Suppose that n is not a power of 2, 
i.e. n -= (2r + 1)25 where r > 1. By H i r s c h theory, g can be deformed 
by a regular homotopy into a selftransverse immersion g' mapping Mn~ into 
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K2n-2-2 s
 c R2n-2 L e t ^ c R2n-2-2* b e t h e 2* dimensional double points 

manifold of the map g', let A 2 be its preimage and let / -> A2 be the line 
bundle associated with the double cover A2 -> A 2 . The normal bundle of A2 

is isomorphic to k(el © / ) , where k is the codimension of the immersion g', i.e. 
k = (n - 1) - 2s = r 2 5 + 1 - 1. The total normal StiefeLWhitney class of A2 

is H3(A2) = ( l + w1(l)) • In particular, w2s(A2) = (2s)wi(l)r = w^l)2* • But 
w2s (A2) = 0, since dim(A2) = 2s. On the other hand, by a theorem of M i 11 e r 
[M], w1(l)

2* gives the parity of double points. • 

For reader's convenience we give here a short proof of M i 11 e r 's theorem. 
First the formulation. 

THEOREM. ( M i l l e r ) Let / : Mm ^ R2m~p be a selftransverse immersion, 
p < m/2 with double points manifold A 2 ( / ) ; preimage A2(f) = f~1(A2(f))} 

and line bundle I associated with the double cover A2(f) —» A 2 ( / ) . Let g\ 
Mm S-> ~i2m-P-^t be a selftrans verse immersion of the form g(x) = ( / (x) , </>(x)) 
where (j>: Mm -> R* is a smooth map. 

Then A2(g) C A 2 ( / ) represents the Ij2-homology class dual to w1(l)
t. i.e. 

[A2(9)]=Vw{(l)eHp_t{A2(f);Z2). 

P r o o f . The double cover A 2 ( / ) —> A 2 ( / ) can be identified with the 
^ - b u n d l e associated with the line bundle /, i.e. A 2 ( / ) = S(l). If x G A 2 ( / ) , 
then —x is the other point having the same image as x under the map / . If 
A2(g) is the preimage of A2(g) C A 2 ( / ) at the projection S(l) —> A 2 ( / ) , then 
x e A2(f) belongs to A2(#) if and only if (j)(x) = 4>(—x). 

Let us define a map h: I —> R* from the total space of / as follows. For 
x e S(l) and a G l 1 put h(a • x) = a((j)(x) - (j)(-x)). Then A2(#) = h~l(0). 
The function h can be considered as a section of the bundle Hom(/,£*) ^ /* © 
• • • 0 /* =t-l*. But /* « /. Therefore A2(g) is the zero set of a generic section of 
/ © • • • 0 / = £-/, and so it represents the homology class dual to wt(t-l) = w1(l)

t. 
M i l l e r ' s theorem and thus A d e m ' s theorem are proved. • 
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