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ABSTRACT. The comparison obtained in [Isidori, M. C.—Martellotti, A.—
Sambucini, A. R.: Integration with respect to orthogonally scattered measures,
Math. Slovaca. 48 (1998), 253-269] is extended to the case of nuclear spaces
making use of their representation as a projective limit of a family of Hilbert
spaces.

1. Introduction

In many applications of mathematical analysis locally convex topological
vector spaces are too general tools: a very useful specialization is represented
by nuclear spaces; on the other hand, most of the examples of locally convex
topological vector spaces, which are important for the applications, are nuclear
spaces.

One consideration for which the concept of nuclear space has great impor-
tance is that the mere hypothesis of completeness allows to represent them as
projective limit of Hilbert spaces, thus permitting the use of the inner product in
cach projection. Different kinds of integrations with respect to a Hilbert-valued
finitely additive measure m have been already studied in [3], and compared with
the integral with respect to a particular orthogonally scattered dilation of m.

The main idea of this paper is to use the projective limit structure of a
complete nuclear space F, in order to define and compare different concepts of
integrability with respect to a finitely additive measure m ranging on F.

AMS Subject Classification (1991): Primary 28A70.
Key words: nuclear space, projective limit, monotone integral.
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In fact we show that, in the countably additive case, the Bochner integrability
with respect to m coincides with the Bochner integrability with respect to each
projection of m, and the same is true for the monotone integral (Theorems 3.8
and 3.10).

Hence the comparison between these two concepts obtained in 3] for Hilbert-
valued measures transfers to the case of an E-valued measure.

We then introduce the orthogonally scattered dilation of m, and again apply
the results in [3] to obtain their analogous in E. Finally we consider the case of
a finitely additive E-valued measure.

2. Preliminaries

Throughout the sequel m: ¥ — E will denote a bounded countably additive
measure and F a complete nuclear space.

THEOREM 2.1. ([5]) Every complete locally convex space E is isomorphic to
a projective limit of a family of Banach spaces; this family can be chosen so that
its cardinality equals the cardinality of a given 0-neighbourhood base in E.

We remember that in [5] if {U, : « € I} is a basis of convex and circled
neighbourhoods of 0 in E and if p, is the gauge of U,, we can form the
projective limit E = pjl(E, 9o 5) Where E, = E; is a complete Banach space
and g, 5 is a continuous linear map of E; into E,, defined by g, 4 ([:v]ﬁ) = [z],,
for every o < 3, where [z], denotes the equivalence class of the element z with
respect to kerp, . In the particular case when E' is nuclear, the family U, can
be chosen so that each E is Hilbert.

For other notations and results concerning nuclear spaces we refer to [4]. We
denote by m,: ¥ — E_ the bounded countably additive measure defined by
m,(B) = [m(B)] , for every a € I and for every B € X.

We refer to (3] for the notations and definitions relative to each m_. In
particular, ||m,|| denotes the usual semivariation.

Note that, since m is bounded, each ||m_|| is bounded as well, and for o < 3
one easily obtains that [|m,[| < [Img]|.

Our aim is to compare the m-integrability, the (7)-integrability with re-
spect to m and the (7)-integrability with respect to m with the same kinds of
integrability with respect to each m,, .
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3. The m-integral and the monotone integral

DEFINITION 3.1. Let f: 2 — R be a measurable function. Then f is

m-integrable if and only if there exists a sequence of simple functions (f,),

which ||m,||-converges to f, for every o € I and such that (ffn dm) is
F n

Cauchy in E for every F € . In this case we set

/f dm = lim /fn dm.
n—o0
We denote by L!'(m) the space of m-integrable functions.

In order to define the (7)-integral, we shall need a definition by seminorm
which is an extension of that studied in [1], to o-finite measure spaces.

DEFINITION 3.2. Let (Y,B,u) be a complete o-finite measure space with
respect to positive measure p. A function ¢: Q! = F is said to be measurable by
seminorm if and only if for every o € I there exist a p-null set Qf C 2 and a
sequence of simple functions (¢%), which satisfies Jim p,, ([p(z)], —¥2(x)) =0

for every z € Q — Qf .

DEFINITION 3.3. A function ¢ measurable by seminorm is said to be inte-
grable by seminorm if and only if

1) for every a € I there exists a sequence of simple Bochner p-integrable
functions (%), such that p, (% —[¢],) is p-integrable and

lim [ p,(¢n = [¢l,) du=0;

n—o00
Q

2) for every F' € B with u(F) < oo there exists y, € E such that for every

ael
lim p,,(/w‘,’, dp — [yp]a) =0.
n— oo

F

/cpdp::yp-

F

In this case we set

PROPOSITION 3.4. Let f: Q — [0,+00) be a measurable function. Then the
function ¢: [0,+00) — E defined by ¢(t) = m(f > t) is measurable by semi-
norm, with respect to the ordinary Lebesgue measure p1 on [0, +00) .
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Proof. For every a € I the function t = m_(f > t) is measurable

([2; p. 291]) and so, for every y € E, ([y], | ¢,) is measurable. The func-
tion ¢, takes values in E_ which is a separable Hilbert space and thus by [1;

Theorem 2.2] it is totally measurable. a

DEFINITION 3.5. A measurable function f: Q@ — R is said to be (7)-inte-
grable with respect to m if and only if the following conditions hold:

1) for every B € X the function ¢2(t) = m(f-1p > t) is integrable by
seminorm in ([0, +00), B, u) , where p is the Lebesgue measure;

2) for every a € I there exists F, € L'([0, +00), B, 1) such that p, (wf(t))
< F,(t) for every B € ¥ and for every t € [0,+00), where p2(t) =
my(f-15 > t).

f: Q2 = R is (7)-integrable with respect to m if and only if f* and f~ are
(7)-integrable in the above sense.
We denote by L! (m) the space of (7)-integrable functions.

DEFINITION 3.6. A function f: 2 — R is said to be (7)-integrable with
respect to m if and only if [lm_|[>(f > t) is Lebesgue integrable for every

ael.
We denote by L!(m) the space of (~)-integrable functions.

Note that by definition the (7)-integrability with respect to m is equivalent
to the (7)-integrability with respect to m, for every a € I.

DEFINITION 3.7. Forevery a € I, ¥, , is the o-algebra generated by ¥ and
all [|m,||-null sets.

THEOREM 3.8. Let f: QO — R be a measurable function. Then f is m-inte-
grable if and only if f is m, -integrable for every a € I.

Proof. Assume first that f is m-integrable. Let o € I and let V* =
{z: polx) < e} €UE be fixed. Let (f,), be a defining sequence for f. Since

( [ fn dm)n is Cauchy, for every V € UF there exists m € N such that for

<F/frdm—F/fsdm)eV;

hence, for r, s suitable large

pa</frdm—P/fsdm) <e

F

every 1,8 > 7N
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Reducing f, and f, to the same decomposition we obtain

Pa (2(52 - €Z)m(Ak)) <e.
k=1

Thus we have

“/f am, ~ [ 1, dm,

F F

k= &)ma(4y)

E,

q
=p, (Z(ég - f,:>ma(Ak)) <e.
k=1

We now prove the converse. Assume f is m -integrable for every o € I. Then

for every a € I there exists a sequence of simple functions (fg),, converging

in m_-measure to f, such that ( 7, dma) is Cauchy in E_. We first prove
° n

that ( [f dma) is in E, namely

g.,,ﬁ(/f dm,,) =/f dm,,

for every a < . Obviously f fdmg = hm f f8 dmg. Since 18 [lm || -con-

vergesto f, f is X, ﬂ-measurable
So we have (|f — f°| > t) € L, CX,, and thus [Im,||(|f - B>t <

lmgll(If — f8| > t). Therefore f# |lm,||-converges to f. Since (.fff dmﬁ)n

is Cauchy in Ej, for every € > 0 there exists 7 € N such that for every r,s > 7

pg(/(ff—ff) dmg) <e,

and so ( f fff dma) is Cauchy in E_. Thus f is m_-integrable and we obtain
° n

ga,ﬁ(ff,‘.’ dmﬂ) = /f,f,’ dm,_ .

The sequence on the left hand side converges to [ f dm,,. Therefore we have

ga,ﬂ(/f dmﬁ) =ga,B(nli,n§°/f£ dmﬁ) =nlergoga,B(/ff dmﬂ)

= lim fﬂdm /fdm
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Thus (ff dma)a €E.

We now prove that f is m-integrable. Since f is X-measurable, there exists
a sequence of simple functions (f,), converging to f almost everywhere and
such that for every S € I, [ f, dmg converges to [f dmg.

Therefore we have lim [ f dmg = nll’rglo .fff dmg = [ f dmgy. Since, as

n—o0

one easily can see, (ffn dm) is Cauchy in F for every F € X, the assertion
F n
follows. O

Remark 3.9. Observe that the “if” implication is valid even when m is only
finitely additive, while the “only if” part is true only when m is countably
additive.

THEOREM 3.10. Let f: Q2 — R be a measurable function. Then f is (7)-in-
tegrable with respect to m if and only if f is (7)-integrable with respect to m
for every a € I.

Proof. We first prove the assertion for non negative f. Assume first that
f is (7)-integrable with respect to m. The function 2 is measurable for every
a € I and for every B € £. Fix @ € I and B € ¥. By hypothesis there
exists a sequence (cpg, g)n Of simple Bochner integrable functions such that

oo
Dq [cpg B— gof] converges to 0 and lim [ p, [goz B = @f] dp = 0. Therefore
! n—00 o ?
Dq [cpf] is Lebesgue integrable in [0, +0c0]. Furthermore we have

Im lI(f >t) = sup |Im (B)l= sup p,[m,(f 1p>t)] < F,(¢)
BC(f>t) BC(f>t)

for every t € [0, +00) and so t +— ||m_||(f > t) is integrable in [0, 00) for every
ael.

We now prove the converse.

Assume f is (7)-integrable with respect to m for every a € I. By hypoth-
esis the function t — ||m_||(f > t) is Lebesgue integrable in [0, 4+o00] for every
a € I. So we have

Po[PE )] = lImo(f - 15 > g, < [ImI(f > 1)

Thus we set F_(t) = [[m_||(f > t). As ¢, is measurable for every a € I, then
@ is measurable by seminorm.

Fix B € ¥. We obtain [ p_[¢Z] du < [[Im,lI(f > t) dt. Since @, is
0 0

Bochner integrable, p, [¢?] is Lebesgue integrable. So ¢ is Bochner inte-
grable and therefore there exists a sequence of simple functions (¢ p) such
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[ee)
that p_ [gog B gog] converges to 0 p-a.e. and lim fpa [(pz B~ B] dp =

Thus 7 p is Bochner integrable. We have proved 1) of Definition 3.3 for

To prove 2) of Definition 3.3 we must divide our proof into steps. Fix B € &.
a) First case: F' = (a,b).

Let A={weQ: a< f(w)<b}.Itis

ma(lB-f-lA>t)=ma(Bﬂ(f~1A>t))

m, (AN B) t<a
=4 m(BN(t<f<b) a<t<bd
0 t>b
m, (AN B) t<a
=9 me [(BN(f>1) = (BN(f2D)] a<t<bd
0 t>b.

Thus we have
b b
/cpfd,u=/ma(f-1B>t)du=/ma[Bﬂ(f>t)]d
F ab a \

:/ma[Bﬂ(lA-f>t)] dp.+/ma[Br1(f2b)]d
aa , a
=/ma(AﬂB) du+/ma[Bﬂ(lA-f>t)] du

b a
+/ma[Bn(f2b)] du—/ma(AnB) du

m (BN (1, f>t)] du

I
o +
+ T3

my[BN(f>b)]-(b—a)—m(ANB)-a

We sct LP(, pb) = [B Nn(f> b)] Then we have

[e8du= [ fam +eln®)-0-a)=my(4nB)-a.

F ANB

0.
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By the boundedness of f and [2; Theorem 3.2] T fdm, = [ fdm,.Ifwe

ANB ANB
set ©h(t) = (¢} 5(t)),, then ¢§(t) € E; putting

yF=</fdma) +¢5(®)-(b-a)-m(ANB)-a
ANB a

we have proved that [ @B du=[y.],.
F

b) Second case: F =|J]a,,b,[ is an open set of finite measure.
n

Set A, ={weN: a, < f(w) <b,}. Then, from a), it follows that

b" a'l
/gpf dp = / fdma+gp;3(bn)-(bn—an)—/ma(AnﬂB) dp.
an A.NB 0

bn
We want to prove that 3 [ ¢2 du converges in E,.

n an

Since [ f dm, is a countable additive measure the series 3, [ f dm,
AnNB

n A,NB
converges in E_ . Moreover it holds
400
[ ram.= [errmw an
A.NB 0

an bn
=/ma(AnnB) d,u+/ma[Bn(f-1An > 1) du,
0

an

and so we have

an bn
[maa, 0B au== [m[Bag -, >olaus [ ram. @
0 an A.NB
bn
Let us prove that ) [ [m.[BN(f- 14, > t)] du] is absolutely convergent. In
fact we have ’
bn
/ma[B”(f'lAn >1)] dp

an

< lImgll () - (b, = @)
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and so we obtain

%

bn
[malBA 14, > 0] du| < @) - CF) < .

an
Therefore from (1), the series Y [ m (4, NB) du converges in E_ . It remains
n 0

to prove the convergence of the series ) go;", g(b,) - (b, —a,). Indeed
n

o 5(bn) - (b, —a,)|| < (b, —a,) - [[ma [BN(f 2 8,)]|| < lImgI(Q) - (b, —a,)
and so we have

Z”(IOI,B(bn) ’ (bn - an)” < (bn - a‘n) ’ ”ma [B n (f 2 bn)] ”
< lImg|I(2) - u(F) < +o00.

bn
Therefore the series Y [ Lpg dp converges in E .

nan
If we set

xf=( / fdma> +¢(b,) - (b, —a,)—m(A,NB) a,,
A.NB «

bn
we obtain [ @B du = [zf],. Now we want to prove that the series 3" z2 is
an n

absolutely convergent in E, namely that the series Y p_(zZ) is convergent for
n

every a € I. In fact it is

bn bn
po(@B) = p, (%)) =, ( / B (1) du) < / ImI[BA(f > 1)) du

Qn

and so we obtain
bn
INACAEDY /||ma||[Bn(f > )] du

= [Ima(Bn (s > 0] d
F
+o0

< [Imal(BAG > 0) du < +oo.
0
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Let 22 be the sum of the series Y~ zZ. Then we have [@Z(t) du = [z#], for
n F
every a € I. Note that if & < § we obtain

aa,ﬂ( 8 ) = sl = [ o8 o

F F

c) Third case: F is a Borel set of finite measure.
Fix a < § in I. By hypothesis for every € > 0 there exists J,(¢) > 0 such that
if 4(G) < 4, then

/llmall[Bﬂ(f>t)] du<e. @)
G

Since p is a regular measure there exists an open set A, with F' C A such that

(A - F) < inf {%(%) 5 (ﬁ) } .

Note that A is of finite measure. By (2) we obtain

/”ma”[B”(f>t)] du < 5, /||mﬂ“[Bﬂ(f>t)] du<m.
-F A-F a,B

Therefore applying step b) to the open set A, it follows that

:
Pa /wf du—m,,;;(/w,? du)J
L F F
<p, /wf du—/wf du} + P, [/sOS du—ga,ﬁ(/w{? du)}
L F A A F
=D, / oo du| +pg ga,ﬂ(/w}? du) —ga,g(/%’? du)
L A-F A F
< / Po(#2) du+p, [gag< / 05 du)}
A-F A-F
/ Im[BN(f > 8)] du+lgqsll - pg [ / 0 duJ
A— A-F
5 19
<4 L E—
szt Wasl 5
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In all three cases we set yp = ( J B du) ; we have proven that yr € E.
F @ ‘

Furthermore
nli{{.‘opa[ / o, du— [yF]a] = ,}Lﬂ;opa[ / O o dp — / o8 dﬂ}
F F F

< lim [ po[ena — el du

n—o00
F

—+

00

< lim [ p,[eS, —@d] du=0.

n—00

C\

So we have proved 2) of Definition 3.3 for ¢® and therefore f is (7)-integrable
with respect to m. O

COROLLARY 3.11. Let m: ¥ — E be an s-bounded finitely additive measure.
Let f: Q@ = R be a measurable function. Then f is (7)-integrable with respect
to m if and only if f is (7)-integrable with respect to m, for every a € I.

Proof. The proof substantially goes along the same lines as that of The-
orem 3.10. The only difference lies in the proof of the convergence of the series

> [ fdm,. Since f € L'(m,), by [2; Theorem 3.9] f € L'(m,_) and by [3;
n A.NB

Proposition 3.4], for every A € X,
/fdma= /TdTn‘a.
A h(A)
If A,NA,, =0 for n#m then h(A,)Nh(A4,,) =0 then

> /?dm-,,:z: /fdma

"™ h(AnNB) " A.NB

converges in E_ because [ f dm, is countably additive. O
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4. Orthogonally scattered dilations
of a nuclear valued finitely additive measure
and applications to comparison of integrals

DEFINITION 4.1. Let m: ¥ — E be an s-bounded finitely additive measure.
m: X = E x [[ H, is an orthogonally scattered dilation of m if, for every

a€cl
a€l, V,[Pr,(m,)] =m,, where Pr, is an orthogonal projection of E, ® H,

onto a closed linear manifold M of E, ® H, and V,: M — E_ is a unitary
isomorphism (surjective). The relationship between m_, m_, E,, E ®H_ can
be clearly seen trough the following commutative diagram:

Y T E,

- Ir.
Ea ® Ha Pra M

THEOREM 4.2. Let f: @ — R be a measurable function, let m: ¥ — FE

be a bounded countably additive measure and let m: ¥ — E x [[ H, be an
a€l

orthogonally scattered dilation of m. Then f is m-integrable if and only if f is
m, -integrable, for every o € I.

Proof. Let P, =p, +p, defined by P, (z,y) = p,(z)+p,(y) be the norm
of E, x H,, where p, and p, are the norms of E, and H, respectively. Let

]—'(I)az {r cI: = finite}. We define the seminorm P,: [] (E, x H,) — Rf
a€l

by
((xa’Ja aEI ZP (xa’ya - Z[pa(ma) +pa(ya)]qel'

Q€T a€m

The product topology of H (E, x H,) is generated by the family of seminorms

P_, m e F(I). So, by Theorem 2.1, T[ (E, x H,) is the projective limit of
a€l
Banach spaces.
The set F(I) is ordered by inclusion and directed, namely 7 < 7 <= 7 C 7,

TVm =mUm. So I;[I(Ea xH)|p = [(zo[,yo()]P’r is a Banach space and we
«

have

[(@a ¥ p, = {Easa) + Pr((€asa) = (€4,4)) =0}

Then [(x(x)ya)] P”: {(xa’ya)a+(£a’na)a : VA S p,\(&a) = 0’ pA(T]a) = 0} .
So we define m_ as follows:

m,(4) = [m (4)] p.
= {(my(A4),v4(A4)),, + (€0 M)a: VAET py(€,) =0, py(n,) =0}.
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By Theorem 3.8, we obtain L*() = () L!(m,). We have now to show that
n€F(I)
LY(m) = N L'(m,).
a€l

Observe that if Fy(I) = {{a} : a € I}, then F,(I) C F(I) and hence
N L'(m,)c (\ L(m,). It is obvious that if = € F,(I), say = = {a},
n€F(I) meF1(1)

then L!(m,) = L*(M,), and therefore the inclusion L!(m) C (N L*(m,) holds.
a€l

Conversely, if f € [ L*(m_) then for every # C I, « finite, it is f €
a€l
N L) = I} @). 0
ne€F(I) .

Remark 4.3. Note that, by Remark 3.9, the inclusion L}(m) C (| L'(m,) is
a€l

valid also when m is an s-bounded finitely additive measure.
THEOREM 4.4. Let m: ¥ — E be a countably additive bounded measure. If
for every o € I there exists y, € E such that

1) [wala | M)l is a control for m,,
dm,

d{[Yala | ma)l
then the following implications hold:

feLll(m) = felLl(m) « fel'(m) = fell'(m).

2) is bounded,

Proof. It suffices to apply [3; Corollary 3.10], Theorem 3.8, Theorem 3.10,
Theorem 4.2 and Definition 3.6. 0O

We now shall extend the last result to the case of E-valued finitely additive
measures.

Analogously to the proof of Proposition 4.2 of [3], the following lemma can
be proved.

LEMMA 4.5. Let m: ¥ — E be an s-bounded finitely additive measure, let m
be its orthogonally scattered dilation and let f: 0 & R be a measurable function.
Then f € L'(m) => f € L'(m).
THEOREM 4.6. Let m: ¥ — E be an s-bounded finitely additive measure. If
for every a € I there exists y, € E such that
1) Kly,la | M) is a control for m,,
dm

2 o is bounded,
) dl < Wala | me > |
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then the following two chains of implications hold:

46.A felL'(m) = felL'(m) = fe ) L'(m,)
a€l

— fe N IL'(m)=L"(m) = fe () L'(m,) <= feL'(m).
a€l a€cl

46B fel'(m) = fe N L'(my) = fe N L'(m,)

«

a€l a€cl
— fe N L'(m,)=L'(m) = fe N L}m,) < felL'(mn).
a€l a€l

Proof. To prove 4.6.A it suffices to apply Lemma 4.5, Remark 3.9, [3;
Theorem 3.9], Corollary 3.11, [3; Theorem 5.1] and Definition 3.6.

4.6.B follows immediately from Remark 4.3, [3; Proposition 4.2], [3; The-
orem 3.9], Corollary 3.11, [3; Theorem 5.1} and Definition 3.6. O
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