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ON ESTIMATES OF FUNCTIONALS 
IN SOME CLASSES OF FUNCTIONS 

W I T H POSITIVE REAL PART 1 

JAROSLAV F U K A * — Z . J . JAKUBOWSKI** 

(Communicated by Michal Zajac ) 

A B S T R A C T . Let V deno te the well-known class of functions of the form p(z) = 
1 + axz -f • • • + qn

zn + • • • holomorphic in the unit disc ID with Rep( z ) > 0 in 
D. The subclasses V(B,b,a;F) and V(B,b,a) of the class V will be studied 
(see Definition 1). For V(B,b,a\F) the set of values of the kth coefficient, k = 

n 
1 , 2 , . . . , will be described in the case F = Fn = | J F^ , n = 1 , 2 , . . . , where 

fc=i 

F^ = {zeT; z = e l i ^ L i e ^ i , - - ^ - < p < - ^ - } , T - unit circle. In V(B, b, a), 
the set of values of the kth coefficient will be described, the sharp twosided 
es t ima tes of Rep(z) and I m p ( z ) in a given point z G P are found, and the 
non-compac tness of V(B,b,a) in the topology given by uniform convergence on 
compac t subsets of ED is proved. The article belongs to the series of papers [l]-[4], 
where different classes of functions defined by conditions on the unit circle T were 
studied. 

o 

The geometric function theory originated around the turn of the century in 
connection with the work of P. Koebe on the uniformization of Riemann sur­
faces. It developed in an independent branch with proper methods, combining 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 30C45. 
K e y w o r d s : Cara theodory functions, sets of values of the n- th coefficient, es t ima tes of 
functionals. 

1 T h e first au thor was suppor ted by the internal gran t No. 11957 of the Academy of Sciences 
of the Czech Republic. 
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geometric and analytic considerations, and with proper problems highly stimu­
lated by the famous Bieberbach's conjecture from 1916 about the estimates of 
Taylor coefficients of normalized univalent functions in the unit disc D. This 
problem, solved almost seventy years later in 1984 by L. de Branges, suggested 
in a natural way the study of other functionals and other subclasses of functions 
holomorphic in D. 

Our aim in this article is to study a subclass V(B, 6, a) (see Definition 1) of 
the well-known Caratheodory class V. The motivation for introducing this class 
can roughly be described as follows. Several authors investigated new classes 
lying in some sense, which will not be specified here, between two known classes 
and joining them "homotopically". These between-classes depending on a pa­
rameter were defined by analytic conditions imposed in the whole unit disc The 
question arises, if it is possible to join homotopically two classes by conditions 
imposed only near the boundary of D. The classes V(B,b, a ) , 0 < b < B < 1, 
realize this idea in the dependence on the parameter a: for a — 0 and a — 1, 
V(b, £?, a) reduces to the class of Caratheodory functions of the order b and B, 
respectively. 

As usual, we shall denote by C the complex plane, by D = { z G C ; |z| < l } 
the unit disc, by T = j z G C; \z\ — l } the unit circle, by K(S;r) — 
{z G C; \z — S\ < r } the closed disc centered in S and with radius r > 0, by 
K(S\r1,r2) — [z G C; r1 < \z — S\ < r 2 } the closed ring centered in S and 
with radii 0 < r1 < r 2 . 

Let V denote the class of functions of the form 

p(z) = l + qiz + .-- + qnz
n + ... (1) 

holomorphic in D with Rep(z) > 0 for z G D, and, for a given set F C T, let 
FT — {£ G T; e~ 1T £ G F} be the set arising by rotation of F through the angle 
r. We will frequently use the convention of identifying the set F C T with the 
corresponding subset of R. 

Let us recall the following well-known facts. Every function Rep(z ) , p G P , 
has the Poisson representation by means of a unique positive measure /i of 
total mass 1 ([6; pp. 11-12]). Moreover, Rep(z) has nontangential limits a.e. 
on ( — 7r,7r) (to be denoted Re]?(•)), which are equal to f(el°) a.e. on (—7T,7T), 
where f(t) is the density of the absolutely continuous part of the Lebesgue 
decomposition of the representing measure /i with respect to the normalized 
Lebesgue measure ^— on (-7r,7r) ([6; Chapter 1, Theorem 5.3]). 
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DEFINITION 1. (see [4]) L e t O < 6 < l , 6 < ' S , 0 < a < l b e fixed real 
numbers. 

a) Let F C T be a set of Lebesgue measure 2ixa. By V(B,b,a;F), we 
denote the class of functions p G V satisfying the following conditions: there 
exists r = r(p) G (—7r,7r) such that 

Rep(e[e)>B a.e. on FT , 

and 

Rep(eie)>b a.e. on T \ FT . 

b) By V(B,b,a), we denote the class of functions p G V such that there 
exists a measurable set F = F(p), F C T, of Lebesgue measure 27ra such that 

Rep(el6)>B a.e. on F , (2) 

and 

Rep(ew)>b a.e. on T \ F . (3) 

c) By V(B,b,a), we denote the class of functions p G V such that there 
exists an open arc I = I(p) C T of Lebesgue measure 2ixa such that (2) and 
(3) are fulfilled for F = I. 

d) Let F C T be a fixed set of Lebesgue measure 2ira. By V(B, b, a] F), we 
denote the class of functions p E ? fulfilling (2) and (3). 

In this section, the set of values of the nth coefficient in the classes 
V(B,b,a;F) and V(B,b,a) will be examined. Recall that the set of values 
of the nth coefficient in some class C of functions holomorphic in D is the set 

cn(f); f e C , f(z) = J^ ck(f)zk\i a n d t h a t t h e condition T? < 1, 
k=o j 

where rj = aB + (1 — a)b, is necessary and sufficient for V(B, b, a; F) ^ 0 (see 
[4; Corollary 1]). For 77 = 1 the class V(B,b,a;F) contains only one function 
p (z) = b+ 4 ^ f ~ ^ - dt, z eB ([4; Corollary 1]). The triple (B,b,a) 

--7T J e — z 
F 

fulfilling the conditions of Definition 1 and aB + (1 — a)b < 1 will be called 
admissible, and we further tacitly assume, that all the triples (B,b,a) are ad­
missible. 

We begin with two simple but important lemmas. 

LEMMA 1. The set V^k\B,b,a;F), k = 1, 2 , . . . . is the disc 

K(SF',2(l~r1)), 

where S^ = B ~ h f e~ikt 

'F ŕV'-u dř. 

215 



JAROSLAV FUKA — Z. J. JAKUBOWSKI 

P r o o f . By [4; Proposition 1], V(B,b,a;F) = {pF + (l-rj)p; peV},zmd 

the correspondence p —* pF + (1 — 7?)p between the classes V and ^ ( B , b, a; F ) 

is one-to-one. Here as above pF(z) = b + ~~- A e . t
 + z d t . So, for every p G 

F 
P( i? , 6, a; F ) , p = pF + (1 — 77)p, we obtain by elementary calculation 

OO r -j 

IK*) = 1 + E ~ e-iktdt + (l-V)qk "k 

fc=iL £ 

where p(z) = 1 + Yl Qkzk • Hence, writing p(z) = 1 + J2 %zk > w e obtain 
fc=i ^ = 1 

9fc = 2-^Je-Шdt + (l-r,)qh, * = 1,2 (4) 

and 

9fc 
D 

^ / 
e - i f c t dŕ = ( l - ł 7 ) | g f c | < 2 ( l - r / ) , 

because, for every p €V, \qk\ < 2 (see, e.g., [5; vol. I, pp. 80-81]). 

On the other hand, let the point w eC fulfil 

\w-SF\<2(l-V), fc = l , 2 , . . . , 17 < 1 . 

If rj = 1, put p = pF. If rj < 1, put 

u = 
w- Sғ 

1-iy 

Then |u | < 2. Let * / | be a fixed fcth root from | - . The function 

p(z) = 
i+Vîг 

l-'!i* 
z Є 

belongs to V, its fcth coefficient is exactly u, and, from (4), it follows that w is 
the fcth coefficient of the function p = pF + (1 — rj)p lying in P(B, b, ce; F ) . The 
lemma is proved. • 

LEMMA 2. ThesetV^(B,b,a',F), fc = l , 2 , . . . , is the sum IJ K(ST',2(l-r))), 

where the centers ST fill the whole circle 

i i B ~ b \ Í • i k ť dť = | S F | . 
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P r o o f . Follows at once from Lemma 1, if we put F = FT, r G (—~, TT) , 

and realize that / e " i k t dt = e " i k r J e " i k t dt. 
FT F 

From Lemma 2, it follows that the sets of values of the fcth coefficient, k = 

1,2,... , in V(B,b,a;F) are discs or rings. However, it is not clear that the 
second case, which would be interesting from the point of view of the geometric 
function theory, can actually take place. Therefore we will analyse now a concrete 
but characteristic special case F = F n , n = l , 2 , . . . , where 

F n = ( j ^ , F B * _ - { z _ T ; z = e^^t-^-<p<^}. (5) 
fc=l 

• 
In this case, we have the following 

THEOREM 1. Let n be a given positive integer, k an arbitrary positive integer, 

and (B,b,a) and admissible triple. Then the set V^(B,b,a;Fn) of values of 

the kth coefficient in the class V(B,b,a;Fn) is 

(i) the disc 

K(0;2(l-n)) 

if n does not divide k, 
(ii) the disc 

K(0;2[(B-b)&2g-> + l-ri\) 

if k = rn and a + L__3_____l < -___- r = 1 2 
, »r — B-b ' x ' - ' • • • > 

(m) the ring 

K(0;2[(B-b)^^-{1-v)],2[(B-b)^^ + l-V]) 

ifk = rn, j ^ , < a + -_-_-_! and B > 1. 
P r o o f . First we have to find the coefficients in the class P(B, b, a; Fn). 

By the definition of pF and by (5), we have to determine the coefficients of the 
function 

n ( a + 2 j ) « -. 
hF (z) = IT- > / ^l d t • 

J - 1 ( _ « + 2 i ) ; 

n 
By elementary calculations and using that ]T (e~2ln~)J is n if n divides k and 

3 = 1 

is zero if n does not divide k, we obtain 
oo 

sina7rr / \ л V ^ ö l l l ( ^ 7 « ' - „ / ч 

hFn(z) = a + 2ү~-.--. (6) ҡr 
r__l 
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If p is of form (1), we finally obtain (using b+ (B — b)a — 77) 
00 . 00 

p(z) = l + 2(B-b)'£S^^zrn + (l-r1)'£qkz
k, Z 6 D , (7) 

for every p _ P(B,b,a\F). Writing p(z) = 1 + _ ] Qkzk> w e have by (7) gfc = 
fc=i 

(1 —77)^ if n does not divide A:, and so, by Lemma 1, we obtain (i). Let n divide 

fc,i.e, k = rn for some r = 1,2, . . . . Then qk = 2(_B - 6) s m a 7 r r + (1 - rj)qk. By 

sm airr 
Lemma 2, we have to compare the quantities 2(F? — b) and 2(1 — 77). 

By definition of 77, we obtain 

I sina7rr| 1 _ ; smanr 
(B - b) (1 - 77) = (B - b) 

nr a + ҡr B — b (8) 

_ , . _ ._ sina7rr 1 —b - n , ,..N From (8), we see that, 11 a + J < -=, r , r = 1,2,... , we obtain (11), v / 7rr ~ B — 0 
1 — 6 I sina7rr| . 1 . ..... _ 

and 11 —-: r < a + J L , we obtain (111). • 
B — b irr v y 

1 L sm QfTrr 
Remark 1. If B < 1 and 0 < b < S , the inequality -f̂ —-£• < a + ' ' 

1 L sm ĉ 7rr 
with the inequality 1 < -— r valid for B < 1, the inequality a + - < 

t> — 0 nr 

B-b nr 
r = 1, 2 , . . . , cannot be satisfied for a _ (0,1). This follows from the following 

sm airr 
considerations. It is easy to show, that the function <_>(a.) = a + is 

increasing in the interval (0,1). So $r(a) < 1 for a G (0,1). This gives, together 

with tl 

1 - 6 
B-b' 

Notice also that, in case (iii) of Theorem 1, the possibility sincwr = 0 is au­
tomatically excluded, because we supposed that the triple (_3, b, a) is admissible, 

and the inequality 77 < 1 is equivalent to a < -— j - . 

COROLLARY 1. The set P ( n ) ( £ , b , a ; F j , n = 1,2, . . . , is 

(i) the disc 

K(o;2[(B-6)^ + l - r , ] ) 

ifa+s-^<j^b, 
(ii) the ring 

K(0; 2[(B - b)^L - (1 _ - ) ] , 2[(J5 - b ) ^ + 1 - r,]) 

*/ 5 _ | < « + siJFE2: and D > 1 • 
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By Definition l c ) and Theorem 1, we obtain 

C O R O L L A R Y 2. The set T>(k\B,b,a), k = 1 ,2 , . . . , is 

(i) the disc 

tf(0;2[(£- b)^^ + l-ri\) 

• r . [sinafeTrl < 1-6 
V a^~ kn - B-b > 

(ii) the ring 

K(0; 2 [(B - b)i-i-^21 _ (1 - „)] , 2 [ (5 - &)li!»2*-l + 1 - 77]) 

if & <« + &%£* andB>\. 

Remark 2. Let us point out that there exists an admissible triple (J3, b, a) and 
a positive integer p, p / 1, so that the set of values of the pth coefficient in the 
class V(B,6, a; F J U P ( 5 , 6 , a; F p ) , which is clearly equal to 7 ^ ( 5 , 6 , a; F\) U 
T^P) (13, 6, a; F ) , consists of two disjoint rings. 

We will not discuss in detail various possibilities offering themselves in this 

direction and only sketch the above mentioned case. Let B > 1 and 0 < 

b < 1. Then -^ r- < 1, and so for every a such that 0 < a < 
B-b ^ ^ ^ J " ^ X A ^ - ^ ^ - B-b 

the triple (I3,6,a) is admissible. For every r = 1,2,. . . the function ^ r ( a ) = 
Isina7rr| \ _ b . . . . . . . • T , , 

a _|_ J L 1S continuous and increasing in (0,1). bmce Wr(U) = 
1 - 6 
B-6 

< 0 and ^r{jfzi) > 0? there exists exactly one root ar of the equa­

tion * r ( a ) = 0 in the interval (0, ̂ p | ) . If « r = p ~ h > t n e n s hia r 7rr = 0, 

and so ar — — , £ = 1, 2 , . . . , r — 1. But, for any given B > 1, one can easily 

choose 6 G (0,1) so that -^ j- is an irrational number lying in (0,1). Then, 

for each r = 1,2, . . . , ar G (0, ̂ E^) > a n d for every a G ( a r , ;gp|) o n e has 

Isina7rr| 1 —b . T / \ • • • i T / \ ^ a 
a _)_ J L > _^ since W (a) is increasing and W (a ) = 0. bumma-

7rr B — b r y r r 

rizing, we have the following. To every B > 1 there exists 6 G (0,1) with the 
following property: for each r = 1,2,. . . there is a unique ar G (0, jfzjj) so 
that for every a G ( a r , ^z^ ) the triple ( 5 , 6, a ) is admissible, and, at the same 

I sina7rr| 1 — 6 TT , ., , 
time, a H > -75 r . Hence, in this situation, it is possible to use 

7rr B — o 
Corollary 1 (ii) and Corollary 2 (ii), and we obtain 
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Г^(B,b,a;Fp) = к(o; 2[(B - b)s-^ - (1-V)], 2[(B - b)^L + 1 -r/]) 

and 

T^fDAa;^) = N(0; 2[(B-b)&^-{l-V)], 2[(B-b)l-^^ + l-V]) , 

respectively. So we have to show that the inequality 

| sinap7r| 
/rt , x sin a r m 
(B-by —L + l~v 
v ' pit 

<2 (B-b)-
pҡ 

( 1 - r ç ) 

holds for some a, p, max(a1,Q!p) < a < в-ь . This inequality is equivalent 

to 
2 ЧlH>- a ) < s i n 

aҡ 
| smap7r| 

The limit of the left hand side of (9) for a 

1 - 6 

pҡ 

1 - 6 
D-6 

(9) 

is zero, and the limit of 

„ , is not less than sin --=- r7r , and 
B — b B — b p 

the right hand side of (9) for a 

this expression can be made positive by choosing p sufficiently large. 

R e m a r k 3. Letting B —>6 or (*—>() or a—> 1 we obtain easily from Theorem 1 
the well-known result 

V{

b

k) = K(0; 2 ( 1 - 6 ) ) 

for the class Vb of Caratheodory functions of the order b, 0 < b < 1. 

It seems to be an interesting problem to characterize the set V^n\B,b,a), 
n = 1,2,... , for all admissible (B, b, a). We have the following 

THEOREM 2. The set V^n\B,b,a), n = 1,2,... , of values of the nth coef­

ficient in the class V(B,b,a) is the disc K(0,R), where R = 2[(B - b)^f^ 

+ 1 - v] • 

P r o o f . Let p G V(B,b,a) be of form (1). By [4; Theorem 8], we have 
\qn\<R, hence V^n\B,b,a) C K(0,R). 

If p e V(B,b,a), then p£(z) = : p(ez), \e\ = 1, belongs also to V(B,b,a). 

By ( l ) , 
pe(z) = 1 + qxez + • • • + qne

nzn + ... , zeB. 

So, if 0 < w0 < R and w0 G V^n\B, b, a), the whole circle \w\ = w0 is contained 
in V^n\B,b,a). Consequently, it suffices to prove 

(Q,R)cГ^(B,b,a) (10) 
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Fix n > 1. We will first describe the idea of the proof. Consider the set F(0), 
arising by rotation of F2n (see (5)) through the angle 7-—. The intervals Fk(0) 

constituting the set F(0) are concentrated around the roots Tk — (2k + 1)«—, 

k = —n, —n + 1 , . . . , n — 1, of cosn£ in the interval (—7r, TT) . Translating every 
Fk(0) in the direction of the growth of cosn£, we obtain a family F(x) of sets 

consisting of 2n intervals for 0 < x < —-^—. For x —> — - — these intervals 

glue to n intervals forming the set F(^9L) = Fn from (5). We show that the 
Taylor coefficients 

Яn{hF{x)) = l I e-^dt (6') 
F{x) 

of functions hr?, Jz) = -r— I •. dt, 0 < x < — - — , fill the whole interval 
pKx)K Zn J e —z 2 

F{x) 

(0, 2 s m _ a 7 r ) . A second homotopy (see (15)), gives then the result. 

So define E(0) = ^ Efc(0), where Efc(0) = ( r f c - f* , T f c + § * ) . Clearly, 
k— — n 

F-(0) fl F,(0) = 0 for i ^ j , and the Lebesgue measure of F(0) is 27ra. By 

Theorem 1 (i) (see also (6')), Qn(
h

FJ = °> <ln(hF{o)) = ( ^ A n C ^ J = °-

First, let n be even, n = 2m, m = 1,2,... . Define 

Fk^) = (rk-^-^,rk + ^ - ^ ) if * = - n . - n + 2 . . . . > n - 2 , 

(11) 

Fk(x) = (rk-^ + ̂ ,rk+^ + ̂ ) if fc = - n + l > - n + 3 , . . . , n - l , 

(12) 

n - 1 

n*)= U w- ( 1 3 ) 
k = — n 

for 0 < x < — ^ — . F(x) is the sum of 2n nonoverlapping closed intervals of 

length ^-— , so the Lebesgue measure of F(x) is 27ra. For x = — - — , taking 
n --J 

into account the special role played by — n and 7r, ^ ( ^ 2 ^ ) ls the sum of 

nonoverlapping intervals of length and r e ­

calculate qn(hF{x))-We have, by (11), (12), (13), 

nonoverlapping intervals of length and F(^~) = Fn (see (5)). Now, we 

221 



JAROSLAV FUKA — Z. J. JAKUBOWSKI 

*9»(*Fi>) ) = / e _ Í n t d ř 

F(x) 
m—l » m—1 . 

= £ e~intdt+ ^ / e-intdí 
ť = - m F 2 ť ( s ) ť = - m F 2 . + 1 ( x ) 

7 7 1 — 1 

= ^ ^ ^ ^ - ^ ^ ^ " ^ ( e - ^ - e ^ ) 
i=-m " 

7 7 1 — 1 

+ J2 (^je-^^e+1+2x)(e~iSř -e^) 
Ł=-m 

m—1 
4sin^sin7rx.i V e~2M = 4sin ^ • sinTTX 2 n -̂—-/ 2 n 

^ = - m with regard to n = 2m. 
The function f(x) = 4sin-^sin7rx is continuous and strictly increasing 

in ( 0 , ^ p ) , /(0) = 0, / ( ^ ) = 2sina7r, so the numbers qn(F(x))> 0 < 

X < 1 - a y ^ , fill the whole interval (0, - 2 s i ° a 7 r ). Hence we see, since pF(»)(*) = 
6 + (B - b)hF(x)(z) + 1-7? belongs to V(B, b, a), 

(0,2(B-b)^-)cV{n)(B,b,a). (14) 
Finally, for 0 < y < 1, the function 

Pv(z) = b+(B-b)hF{1^)(z) + {l-r,)j±^ (15) 

belongs to V(B, b, a), and the coefficient qn(py) = 2 \(B - b) s i n m r + (1 - r))y 
SO 

(2(B-b)s-^, R) C V{n)(B,6,a). (14') 
By (14), (14'), we have (10), and so the proof of the Theorem 2, for n even, is 
finished. • 

If n is odd, we define Fk(x) by (11) for k = —n + 1, —n + 3 , . . . , n — 1, and, 
by (12), for k = —n, —n + 2 , . . . , n — 2 respectively, and proceeded as in the 
former case. The details are omitted. 

Our aim in this section is to find sharp twosided estimates of Rep(z ) and 
Imp(z ) in a-given point 0 ^ z G D if p runs over the whole class V(B, 6, a). As 
usual, arctg i G (0, | ) for t > 0 and arccost G (0, f ) for 0 < t < 1. 
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THEOREM 3 . Let p £ V(B,b,a), 0 # z £ D, z = rei<t>. Then 

< Rep(z) (16) 

2(B-b) 

and 

^-u i z{ti-°) , fl + r. air\ , ,, J + r 

7 3 - 6 inff
 F ^ 7 o ~ 27ra:o + 2 7 r a ) n ^ 2r 

^ T l 0 g P r ( 7 o - 2 7 r x 0 ) " ^ - * ) - - - -

< Imp(z) (17) 

^B-b, P r ( 7 o - 2 7 r x 0 ) 2r 
^ - 9 - - log p / _ 0 _ _« ,_ s + (1 - - ) : 27r 6 E r ( 7 0 - 2 7 r x 0 + 27ra) v / ; 1 - r2 ' 

where xQ is the only root of the equation cos(70 — 27rx0 + ira) = cos 7 o • cosmr 

lying in the interval (0, ^ ) , cos 7 o - - — — - , 70 £ (0, _) one? P r ( i ) = 

1 - r 2 

(18') 

(18") 

1 — 2r cos £ + r2 

F/ie estimates (16) ana7 (17) are s/iarp ana7 are attained by the functions 
p0(sz). |e| = 1, where 

Po^ = b + ^ ~ j ^ z d t + (l-n)\±^, zEB, (18) 

F 

and 

F = F1 = {e[t; te (-TT, - T r ( l - a ) ) U (Tr(l-a), TT)} , 

F = F2 = [e[t] te (-an,an)} 

for estimates (16). and 

F = F3 = {eH ; t G (7 o-27rx0 , 70-27rx0+27ra)} , 

F = F4 = {e[t • t e (27rx 0- 7 o-27ra, 27rx 0 - 7 o )} 

for estimates (17). 

P r o o f . Let us recall first (see [4; Corollary 2]) that the extreme points in 
the class P(B, b, cr; F ) are of the form 

p(z;1,F) = b+^-b- I^±^dt + (l-n)C^, 7 real, z £ D. (19) 
-̂ TT J e11 -z e17 — z 

F 

Since, by Definition l b ) , d), 

V(B,b,a) = [jV(B,b,a;F), 
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where the sum is taken over all subsets F C T of Lebesgue measure 2ira, it is 
clear, that, for z G D fixed, 

sup Rep(z) = s u p { R e p ( z ; 7 , F ) ; 7 € (—7r,7r), F C T , m ( F ) = 27ra} , 
Pev(B,b,a) i,F 

where, by m(E), we denote the Lebesgue measure of a measurable set E C T. 
Corresponding formulae hold also for 

inf R e p ( z ) , sup I m p ( z ) , inf Imp(z ) . 
P GP(B ,M) pE?>(B,b,a) pG^(B,b,a) 

Since with every function p £ V(B,b,a) the function c/(z) = P(£z), |e| = 1, 
z £ ID, is also contained in V(B,b,a), we can reformulate our problem in the 
following way: 

Let r <E (0,1). Find 

supRep( r ;7 ,F 1 ) , inf Rep(r; 7, F), s u p I m p ( r ; 7 F ) , inf Imp( r ;7 , F), 
7,F 7,F 7 ,F 7,F 

(20) 
where p(z;7,jF) is of form (19). 

- , u e i 7 + r 1 - r2 , . - 2 r s i n 7 , , 
Further, ——— = -5- + 1 - r » a n c* s o w e h a v e 

e-7 _ r 1 — 2r cos 7 + r z 1 — 2r cos 7 + r 

l ^ < R e e _ J _ l < \±I_ (2i) 
1 + r ~ e

1 7 -z ~ 1 ~ r v y 

and, by elementary calculus, 

?r < j e ^ + z < _ ^ r # ( 2 2 ) 
1 _ r 2 - ei7 _ 2 - 1 _ r 2 V ' 

Equalities are attained for 7 = 0 and 7 = 7r in (21) and for 7 = — 7 0 , 7 —- 70 

in (22), respectively. 

Hence, our problem reduces to the following. Find 

and 

inf 
ғ 

sup 
ғ 

\hJPrit)dt] jFcT' m ( F ) = 2 7 r a } ' 
^ F ' 

\ h l P r { t ) d t ' F c T ' ҷ(F) = 2 ? r a } -
V F ' 

\hSQr{t)dt' F c T ' m ( F ) = 27raf' 

(23) 

infj i - ÍQr(t)dt; ECT, m(E ) = 27ra L 

(24) 
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where Qr(t) = " 2 r s i n t

 2 . 
^ r V ; l - 2 r c o s * + T2 

Recall now the following: 

LEMMA. Let a, b G R, and let E C (a, b) be a Lebesgue measurable set, and f 
a bounded nondecreasing function on (a, b). Then 

a-\-m(E) b 

J f{t) dt < J f(t) dt< J f(t) dt (25) 
a E b-m(E) 

(for the proof, see [4; Lemma 4]). 

First, we prove the first inequality in (16) (see (23)). The proof of the second 
follows the same lines, and is therefore omitted. Since Pr(t), t G (—7r,7r) is 
increasing in (—7r, 0), we obtain by (25) 

U 

Jpr{t) < Jpr{t)dt, 
-2aҡ 

where Fx = F n (-7r,0), m(F1) = 2a7r G (0,7r). Similarly, using (25) to the 
function — P (£), we obtain 

2тrb 

Jpr{t)dt < J pr{t)dt, 
F2 0 

where E2 = E n (0, n), m(E 2 ) = 2TT6 € (0, IT) . So 

2TT6 

I Pr{t) dt < f Pr{t) dt =: \{a, b) (26) 
-27ra 

and a + b = a , since m(F) = 2na. 

Hence we have to find 

2ҡЬ 

maxA(a.б) = max / P(t)dt, (27) 
;,ò)€La (a,b)ЄLa J (a 

— 2ҡa 

where 

La = Ua,b) Є R 2 ; 0 < a < - | , 0'< 6 < - | , o + Ь = a } . 

So, for a given a, L(y is the segment L(yl = {(a, a — a ) ; 0 < a < a } if 

0 < a < - , and the segment La 2 = {(a, a - a);- cv — | < a < ~ } i f 
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\ < a < 1. Let u(a) = X(a,a — a), a G La. By (26), we have u'(a) = 
27r(Pr(27ra) - Pr(2n(a — a ) ) ) . Hence, in both cases, u'(a) = 0 for a = f 
(note that § G (0,a) and f G {ot-\, \) since a G (0,1)). Since u"(a) = 
27r(P;(27ra) + P ; ( 2 7 r ( a - a ) ) ) , we have u " ( § ) - 87r2P;(a7r) < 0, because an G 
(0, 7r), and the signum of Pr(t) is the same as the signum of — sin t . Since f is 
clearly the only root of the function u'(a) on (0, a), the maximum of u(a) in (27) 

is attained for a = f . By calculating the integral w(f) = A ( f , f ) = / P r ( t ) dt 
— c*7r 

and using (19), (20), (21), we obtain the right hand side in (16). 
Next, we prove inequalities (17). Because of Qr(—t) = —Qr(t), only the 

infimum in (24) is to be determined. Since Qr has the period 2TT, we can 
suppose F C {e1*; t G ( - 7 o , - 7 0 + 2 T T ) } . Denote F3 = F D ( - 7 0 , 7 0 ) , FA = 
F H ( 7 0 , 2 T T - 7 0 ) and write / Qr(t) dt = J Qr(t) dt + J Qr(t)dt. Since the 

F F3 F4 

function Qr(t) is increasing in (70,27r—70) and decreasing in (—70,70), so 
applying the lemma to the intervals (70,27r—70), (—70,70) and to the sets 
F4, F3 and functions Qr(t), —Qr(t), respectively, we obtain, with regard to 

7o+m(F4) 

m(F3)+m(F4) = 2na, / Q r ( t ) dt > / Qr(t) dt. Here 7 o + m(P 4 ) < 2 7 r - 7 o , 
F 7o- rn(F 3 ) 

70 - m(F3) > - 7 0 , so 0 < m(F3) < 2 7 o , 0 < m(F4) < 2(n - 7 0 ) . Hence, denot-
7o-r-27ru 

ing m(F3) = 2TTX, m(F4) = 2ny, ^(x,y) = J Qr(t) dt, we realize, that we 
7o-27rx 

have to determine 
70+27T2/ 

min n(x,y) = min / Qr(t)dt, (28) 
(x,y)GM . ' (x,2/)€Ma J r W V ' 

70 — 27TX 

where 

Ma = {(x,y)eR2; 0<x<f, 0 < y < l - ^ , x + y = a}. 

Because r € (0,1) , and therefore 7 o 6 (0> f ) is fixed, we easily see, that the 
segment Ma is given by 

Ma = {(x,a-x); 0<x < a} if 0 < a < -^ , 

Ma = {(x,a-x); 0<x<^} if ^ < a < 1 - ^ , (29) 

MQ = { ( x , a - a ; ) ; a - 1 + - ^ < ^ < ? } if 1 - ^ < a < 1. 

Let 
v(x) = n(x, a — x). (30) 

By the definition of / / ( • , • ) and (30), 

v'(x) = -27r[Q r (7 0 - 2™ + 27ra) - Q r ( 7 o - 2nx)] , 

v"(x) = Ait2 [O;(70 - 27nr + 27ra) - O/r(7o - 2nx)] . 
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Now, we easily calculate Q'r(t) = _ M i ± _ ! _ _ _ ± _ M . For every x E (0,f) 
(1 — 2r cost + r z ) 

we have, by (29), ~ 7 0 < 70 ~ 2TTX < 70 and 0 < 2TF(Q; - x) < 2TT - 27 0 , so 
70 < 70 ~ 2lTX + 27va < 2yr ~ 7o> a n d> w i t h r e g a r d to 70

 G (°> f ) ' w e h a v e 

cos t > cos 70 for —70 < t < 7 0 , and cos t < cos 70 for 70 < * < 27r — 7 0 . Hence 
cos(70-27rx + 27ra) < COS(J0-2TTX) for 7 o G (0, § ) , a G (0,1) and x G ( 0 , ^ ) . 
From this, we conclude that v"(x) > 0, and so v'(x) is increasing on (0, ^ ) . 
But Q r ( 7 o ) < Q r ( t ) < - Q r ( 7 0 ) by (22), and so 

v
,(0) = -27r[Q r(7o + 27ra)-Q r (7o)3 < 0 , 

v , ( a ) - = - 2 7 r [ Q r ( 7 0 ) - g r ( 7 o - 2 7 r a ) ] > 0 , 

v' ( - J ) = -27T [Qr(2ira - 7 o) - Q r ( -7 0 ) ] > ° > 

- 1 + ^ ) = - 2 7 r [ Q r ( 2 7 r - 7 0 ) - Q r ( 2 7 r - 7 0 - 2 7 r a ) ] < 0 . 

From this, we see by (30) that for any a G (0,1), 7 G (0, f ) there exists a 
unique root x0 of the equation v' (x) — 0 with 

xoe(0,a) if a e ( o , a ) , 

* o £ ( 0 , ^ ) if a e ( ? , l - ? ) , (31) 

*o e (<*--+-*,-*) if a e ( i - i i ) . 

So x0 is given by the equation 

<2r(70 ~ 2TTJ:0 + 2TTCT) = Q r ( 7 o - 2TTX0) , (32) 

from which we infer by elementary calculations an equivalent equation for x0 

COs(7() — 27TX0 + 7TCr) = COS 7Q COS 7TCT . 

So the minimum in (28) is attained in the point xQ, given by equation (32). At 
the same time, the point xQ is lying in the corresponding intervals (31), and 
hence in the interval ((), —) . Now, since 

(\og Pr(t))' = Qr(t), 

P (y — 2nx + 2na) 
wc have n(x0,a- x0) = v(x0) = log r V g "° -—^-, and, by (19), (20), 

1+Wo A~XQ) 

(22), the first inequality in (17) is proved. 

Since function (18) belongs to the class V(B,b,a), and the measure of sets 
(18') and (18") is 2?ra, estimates (16) and (17) are sharp. • 

227 



JAROSLAV FUKA — Z. J. JAKUBOWSKI 

Remark 4. Using the definition of 7 0 , inequalities (17) can be rewritten in the 
form 

B ~ b fog 1 ~ °OS 7 ° C°S^7° ~ 2nX°^ (1 n) 2 r 

2TT g 1 - cos 7 0 cos(70 - 2TTX0 + 2TTQ!) ^ V , l - r 2 

< Imp(z) (17') 

^ D - b , l - c o s 7 0 c o s ( 7 0 - 2 7 r x 0 + 27ra) 2r 27T 1 — c o s 7 0 c o s ( 7 0 — 27rx 0 ) 1 — r 2 

- 2 r 
_•; anu vr\i) = -

the form 

Using (32) and Qr(t) = -5- s i n t P r ( t ) , inequalities (17) can be rewritten in 

B-Ьл_ sin(7 0 ~ 2тгx0) 2r 
2-7Г sin(70 — 27гx0 + 2ҡa) 1 — r 2 

< I m p í » (17") 

^ D - Ь ,„„ sin(7o ~ 2тгx0 + 2TГQ) 2 r .- , 1 
< — — Юg —. г 1- (1 — 77)- õ if O! ф Ђ , 

7̂Г s i n ( 7 0 — 27гж 0) V 1 — r 2 2 
and 

B - ò , 1 - r / . л 2r 
І Q ë T _ T - (- -»?) 7T 1 + r ' 1 _ r 2 

< ImpO) (17'") 
^ D-fc i„„ 1 + r , n \ 2r .e 1 

R e m a r k 5. Since the functions p0(z) from (18) and also P0(e
170 z) are con­

tained in V(B,b,a), the extrema of the functional Rep(z) and Imp(z) are 
attained already in this class and also in the class V(B,b,a) (see [2; p. 96, 
Definition] and [4; Lemma 1] or [3; Theorem 6]). 

R e m a r k 6. Passing to the limit as in Remark 3 we obtain the classical results 
for the class Vb (see, e.g., [5; Vol. I, p. 84]). 

The estimates of the linear functionals Rep(z) and Imp( z ) , z G D fixed, 
given in the preceding section, and also the estimates of the convex functionals 
\qk\, k = 1,2, . . . , are interesting from the following point of view: they are 
valid on the whole of the closed convex hull of V(B,b,o), although V(B,b,o) 
is neither convex nor compact (this will be shown in this section). Recall, that 
the topology on V(B,b,a) is the restriction of the topology given by uniform 
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convergence on compact subsets of D on the set of all functions holomorphic in 
HD, and that the class V is compact, and hence V(B,b,a) is relatively compact 
in V in this topology. 

THEOREM 4. The class V(B,b,a) is not convex. 

P r o o f . T a k e P l ( * ) = p F i ( ^ 

z G D, where the sets F{, i = 1,2, are chosen in such a manner, that 0 < 

m(F1 H F2) < a. Put p t = tpx + (1 - £)P2 > ° < * < 1 • S i n c e R e TT^ = ° a- e- o n 

T, RepFt = B a.e. on F-, RepF% =b a.e. on T \ F - , and tb + (l-t)B < B for 

0 < t < 1, so Rep t = J5 a.e. on F1C\F2 and Rep t < B a.e. on T \ F X HF2 . Since 

m(F 1 n F2) < a, pt does not satisfy (2), and so does not belong to V(B,b,a). 

• 
THEOREM 5. The class V(B,b,a) is not compact. 

P r o o f . It is sufficient to prove that V(B, 6, a) is not closed. Put 

pn(z) = b + (B- b)hFn(z) + (1 - r?) j - ± | , z e D, (33) 

where F n are sets (5) and hF^(z) functions (6). For z G D, |z| < p < 1, we 
have by (6) 

OO | . i o o 

sina7rr| 0„n W "\ r _ 2 P n 

IVnW -«l < 2 ^ ^ ^ - p " 1 < 2p"Bljn)r = T 
г = l r=0 

and so the sequence {hF }^L± is uniformly convergent to the constant function 
1 4- z a on every compact subset of ED. Denoting p0(z) = r\ + (1 - rj) and using 

(33) we see that pn(z) —> P0(z) uniformly on compact subsets of D. But the 
1 + z function R e p 0 is equal to r\ a.e. on T, since Re — - — is zero a.e. on T. Since 

T) = aB + (1 - 7])b < aB + (1 - a)B = B, p0 does not fulfill (2), and so does 
not belong to V(B,b,a). • 

R e m a r k 7. The idea of the sequence {pn} comes from Theorem 8 in [4]: the 
function pn(z) realizes the maximum of the modulus of the nth coefficient in 
the class V(B,b,a). The measure in the Poisson representation of pn is the 

sum of two parts: the (absolutely continuous) part [b + (B — b)xFn(t)} y - a n d 

the (singular) part (1 - I])E0, where e0 is the Dirac measure sitting at the 

point 6 = 0. Now, intuitively, the measures \ F n ^ spread to the measure 

a ~ , and the limit function pn(z), which is represented by the limit measure 
Z7T 

[b + (B - b)a] | ~ + (1 - v)e0 - V^ + C1 - ^ o > c a n n o t b e l o n g t o V(B' 6 ' a ) • 
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