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ABSTRACT. Let P denote the well-known class of functions of the form p(z) =
1+g¢yz+--+4q,z" + ... holomorphic in the unit disc D with Rep(z) > 0 in
D. The subclasses P(B,b,a; F) and P(B,b,a) of the class P will be studied
(see Definition 1). For P(B,b,a; F) the set of values of the kth coefficient, k =

n
1,2,..., will be described in the case F = F, = U F,’f, n =1,2,..., where
FFr={zeT; z_e2knmep' —2E <p< a"} 'H'—unlt circle. In P(B,b,a),

the set of values of the kth coefﬁment will be described, the sharp twosided
estimates of Rep(z) and Imp(z) in a given point z € D are found, and the
non-compactness of P(B,b,a) in the topology given by uniform convergence on
compact subsets of D is proved. The article belongs to the series of papers [1]-[4],
where different classes of functions defined by conditions on the unit circle T were
studied.

0

The geometric function theory originated around the turn of the century in
connection with the work of P. Koebe on the uniformization of Riemann sur-
faces. It developed in an independent branch with proper methods, combining
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geometric and analytic considerations, and with proper problems highly stimu-
lated by the famous Bieberbach’s conjecture from 1916 about the estimates of
Taylor coefficients of normalized univalent functions in the unit disc . This
problem, solved almost seventy years later in 1984 by L. de Branges, suggested
in a natural way the study of other functionals and other subclasses of functions
holomorphic in D.

Our aim in this article is to study a subclass P(B,b,«) (see Definition 1) of
the well-known Carathéodory class P. The motivation for introducing this class
can roughly be described as follows. Several authors investigated new classes
lying in some sense, which will not be specified here, between two known classes
and joining them “homotopically”. These between-classes depending on a pa-
rameter were defined by analytic conditions imposed in the whole unit disc. The
question arises, if it is possible to join homotopically two classes by conditions
imposed only near the boundary of D. The classes P(B,b,«), 0 < b< B <1,
realize this idea in the dependence on the parameter a: for « =0 and o =1,
P(b, B, o) reduces to the class of Carathéodory functions of the order b and B,
respectively.

1

As usual, we shall denote by C the complex plane, by D = {z eC; |z| < 1}
the unit disc, by T = {z € C; |2 = 1} the unit circle, by K(S;r) =
{z€C; |z2— S| <r} the closed disc centered in S and with radius r > 0, by
K(S;r,ry) = {z €eC; r, <|z-8] < 7‘2} the closed ring centered in S and
with radii 0 <r; <7,.

Let P denote the class of functions of the form

p(z) =1+qz+---+q,2" +... (1)

holomorphic in I with Rep(z) > 0 for z € D, and, for a given set F' C T, let
F_={¢€T; e "¢ € F} be the set arising by rotation of F through the angle
7. We will frequently use the convention of identifying the set F C T with the
corresponding subset of R.

Let us recall the following well-known facts. Every function Rep(z), p € P,
has the Poisson representation by means of a unique positive measure p of
total mass 1 ([6; pp. 11-12]). Moreover, Rep(z) has nontangential limits a.e.
on (—m,m) (to be denoted Rep(-)), which are equal to f(e'?) a.e. on (—m, ),
where f(t) is the density of the absolutely continuous part of the Lebesgue
decomposition of the representing measure p with respect to the normalized

Lebesgue measure g—; on (—m,m) ([6; Chapter 1, Theorem 5.3]).
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ON ESTIMATES OF FUNCTIONALS IN SOME CLASSES OF FUNCTIONS

DEFINITION 1. (see [4]) Let 0 < b < 1, b < B, 0 < a < 1 be fixed real
numbers.

a) Let F C T be a set of Lebesgue measure 2ma. By P(B,b,o; F), we
denote the class of functions p € P satisfying the following conditions: there
exists 7 = 7(p) € (—m,m) such that

Rep(e'®) > B ae.on F_,
and

Rep(e'?) > b ae.on T\F, .

b) By P(B,b,a), we denote the class of functions p € P such that there
exists a measurable set F' = F(p), F C T, of Lebesgue measure 2wa such that

Rep(e'®) > B ae.on F, (2)
and
Rep(e?) > b ae.on T\F. (3)

¢) By P(B,b,a), we denote the class of functions p € P such that there
exists an open arc I = I(p) C T of Lebesgue measure 2wa such that (2) and
(3) are fulfilled for FF = 1.

d) Let F C T be a fixed set of Lebesgue measure 2. By P(B,b,o; F), we
denote the class of functions p € P fulfilling (2) and (3).

In this section, the set of values of the nth coefficient in the classes
P(B,b,a; F) and P(B,b,a) will be examined. Recall that the set of values
of the nth coeflicient in some class C' of functions holomorphic in D is the set
cm = {cn(f); fec, flz) = > ck(f)zk}, and that the condition n < 1,

k=0
where 7 = aB + (1 — a)b, is necessary and sufficient for P(B,b,o; F) # 0 (see
[4; Corollary 1]). For n = 1 the class P(B,b,; F') contains only one function
B—b [¢€

t
pr(z) = b+ BT Tj—z dt, z € D ([4; Corollary 1]). The triple (B,b, )
elt —z

F
fulfilling the conditions of Definition 1 and aB + (1 — a)b < 1 will be called
admissible, and we further tacitly assume, that all the triples (B,b,a) are ad-
missible.

We begin with two simple but important lemmas.

LEMMA 1. The set P(*)(B,b,a;F), k=1,2,..., is the disc

K(Sp;2(1-m)),

where Sp = B;b/e‘ikt dt.
7
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Proof. By [4; PrOpOSition 1], ﬁ(B, b,a; F) = {pF+(1—n)p; P [= ’P}’ and
the correspondence p — pp + (1 — n)p between the classes P and P(B,b,a; F)

: _ it
is one-to-one. Here as above pp(z) = b+ BTﬂé / %—{-_z dt. So, for every p €
et —z
F

P(B,b,o; F), p = pp + (1 —n)p, we obtain by elementary calculation

p(z)=1 +;[—-—B; b /e"ikt dt+ (1 —n)qk]zk,
= F

o0 (o]
where p(z) =1+ Y g,2*. Hence, writing p(2) = 1+ 3 §,2*, we obtain
k=1 k=1

B-b i
=220 [emara-ne, k=12, (4)
F
and B—b
o 22 [t | = - nlg) <20 - ),

F
because, for every p € P, |q,| < 2 (see, e.g., [5; vol. I, pp. 80-81]).
On the other hand, let the point w € C fulfil

If n=1, put p=pp.If n<1, put
=T
Then |u| < 2. Let {c/g be a fixed kth root from -;i The function
1+ ¢ %z
zeD,

(z)'_—‘———T’
i 1—{/—%2

belongs to P, its kth coefficient is exactly u, and, from (4), it follows that w is
the kth coefficient of the function p = pp + (1 —n)p lying in P(B,b,a; F). The
lemma is proved. O
LEMMA 2. The set P(*)(B,b,o; F), k=1,2,..., isthe sum |J K(S,;2(1-n)),

TE(—m,m)
where the centers S, fill the whole circle

B—b /e—ikt dt'=|5’p|-
F

ol = =
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Proof. Follows at once from Lemma 1, if we put F = F_, 7 € (—m,m),

and realize that [ e~ ¥t dt = e i*7 fe—l’“ dt
F,

From Lemma 2, it follows that the sets of values of the kth coefficient, k =
1,2,...,in 'P(B,b,a,F) are discs or rings. However, it is not clear that the
second case, which would be interesting from the point of view of the geometric
function theory, can actually take place. Therefore we will analyse now a concrete
but characteristic special case F'=F_, n=1,2,..., where

2kwi

n
Fn:UFJf, Ffz{ze’ﬂ‘;z:eT'eip,-aTﬂSPSC:l—W} (5)

O

In this case, we have the following

THEOREM 1. Let n be a given positive integer, k an arbitrary positive integer,
and (B,b,a) and admissible triple. Then the set P(k)(B,b,a;Fn) of values of
the kth coefficient in the class P(B,b,a; F,)) 1is

(i) the disc
K(0;2(1 —n))
if n does not divide k,
(i1) the disc
K (0; 2((B - b)lneml 1 )

ifk=mrn anda+JM< ,r=1,2,...,
(iii) the ring

K(O;?[(B—b)j%ﬂ_(l )] [(B b)[smmrr] +1-— ])
if k=rn, -11-3—____—% < a+ |Sinﬂi7"| and B > 1.

Proof. First we have to find the coefficients in the class P(B,b,a; F)).

By the definition of pp and by (5), we have to determine the coefficients of the
function
(a+25) %

1 « eit 42
h = —
F,(2) o E / - dt.

= elt —2
(—o+25)%

n .
By elementary calculations and using that > (e_zi"%)] is n if n divides k and

Jj=1
is zero if n does not divide k, we obtain
si
hp, () = @+ 230 AT e (6)
r=1
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If p is of form (1), we finally obtain (using b+ (B — b)a =1n)

(z)—l+2(B——b)Z

sin amr L

+(1_U)ZQk‘z’ zeD, (7)
k=1

for every p € P(B,b,o; F). Writing p(z) = 1 + Z 4,2*, we have by (7) g, =

(1—n)gq; if n does not divide k, and so, by Lemma 1 we obtain (i). Let n divide
k,ie, k=rn for some r = 1,2,.... Then ¢, = 2(3—6)M +(1—mn)g, . By

| sin om‘r]

Lemma 2, we have to compare the quantities 2(B — b) and 2(1 —n).
By definition of 7, we obtain
| sin arr| . | sin a7rr| 1-5b
(B-pT ()= (B[t RO LB )
. | sin arrr| 1—-b _ L

From (8), we see that, .1f o+ — < 55 "~ 1,2,..., we obtain (ii),
and if ]13__% <o+ I—Sl——nﬂ, we obtain (iii). 0
Remark 1. If B <1 and 0 < b < B, the inequality 113__% <a+t w

r =1,2,..., cannot be satisfied for o € (0,1). This follows from the following
considerations. It is easy to show, that the function ® _(a) = a + |sin amr] is
increasing in the interval (0,1). So ®,_(a) <1 for a € (0, 1). This gives, together
1— | sin arrr|

with the inequality 1 < 5 ~% valid for B < 1, the inequality o+ — <
1-5
B-b"’

Notice also that, in case (iii) of Theorem 1, the possibility sinanrr =0 is au-
tomatically excluded, because we supposed that the triple (B, b, ) is admissible,
1—

B—-b"
COROLLARY 1. The set P(")(B,b,a; F,), n=1,2,..., s
(i) the disc

and the inequality n <1 is equivalent to a <

K(o; 2[(B — b)siner +1~n])

ZfO(-f— sinam é—%
s — )
(ii) the ring

K(o; 2[(B - b)sinar _ (1 — p)], 2[(B — b)siner 4 | —n])

if =% <a+ 80T gnd B> 1.
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By Definition 1c) and Theorem 1, we obtain

COROLLARY 2. The set P*)(B,b,a), k=1,2,..., is
(i) the disc

=
=

; 2[(B - p)lanetrl 11— q))

Zf + fsmakvrl < 1:%’

(ii) the ring
K (05 2[(B - b lsmetal - (1 )], 2[(B - p)leinetnl g )
zf <a+l—51-r3%k—”| and B > 1.

Remark 2. Let us point out that there exists an admissible triple (B, b, ) and
a positive integer p, p # 1, so that the set of values of the pth coefficient in the
class P(B,b,a; F|) UP(B,b,; F,), which is clearly equal to PP (B, b,a; F)) U
P@)(B,b,o; Fp), consists of two disjoint rings.

We will not discuss in detail various possibilities offering themselves in this
direction and only sketch the above mentioned case. Let B > 1 and 0 <

1-b 1-%

the triple (B,b,a) is admissible. For every r = 1,2,... the function ¥ (a) =
)

< 1, and so for every a such that 0 < a <

| sin anr| 1-b
s B-b
<0 and ¥ ( ) > 0, there exists exactly one root «, of the equa-
1 —
B-b b ’
and so «a, = %, ¢£=1,2,...,7 — 1. But, for any given B > 1, one can easily

is continuous and increasing in (0,1). Since ¥, (0

1-b
B-b

tion ¥, (a) = 0 in the interval (0, 5=5). If

then sina,mr = 0,

is an irrational number lying in (0,1). Then,

1-b
T’ B—b

1-b
: B-b
for each 7 = 1,2,..., o, € (O,é %), and for every a € (a

choose b € (OI,._l) so that

) one has
| sin arrr| 1—b

r B-b’

rizing, we have the following. To every B > 1 there exists b € (0,1) with the

following property: for each r = 1,2,... there is a unique «, € (O,E %) S0

that for every a € (o, B b) the triple (B b, ) is admissible, and at the same

| sin | 1=b
wr B-b-

Corollary 1 (ii) and Corollary 2 (ii), and we obtain

since ¥, _(a) is increasing and ¥ (a,) = 0. Summa-

time, a +

Hence, in this situation, it is possible to use
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PO (B,b,0; F,) = K (0; 2[(B — b)s22t — (1 —y)], 2[(B — b)sizar 4 1 — )
and
P (B,b,a; Fy) = K (0; 2[(B-b)#222ml — (1)), 2[(B-p)leneerl 11—} ),

respectively. So we have to show that the inequality

[(B b)lsma;mr[ 1-77] <2[(B_b)|s1nap7r| "(1—77)}

holds for some «, p, max(o,, p) <a< 113—_% . This inequality is equivalent
to Isi |
b . sin apm

27T<B 5 )<sma7r———1;7r———. 9)

The limit of the left hand side of (9) for a — 113—_% is zero, and the limit of

. . 1-b . . 1-0b 1
the right hand side of (9) for a — B —p ismnot less than sin B=b" 3 and

this expression can be made positive by choosing p sufficiently large.

Remark 3. Letting B — b or o — 0 or @ — 1 we obtain easily from Theorem 1
the well-known result

P = K(0;2(1 — b))
for the class P, of Carathéodory functions of the order b, 0 < b < 1.

It seems to be an interesting problem to characterize the set P(™) (B, b, a),
n=1,2,..., for all admissible (B, b, ). We have the following

THEOREM 2. The set P(")(B,b,a), n = 1,2,..., of values of the nth coef-
ficient in the class P(B,b,a) is the disc K(0,R), where R = 2[(B — b)sizar
+1- n] .

Proof. Let p € P(B,b,a) be of form (1). By [4; Theorem 8], we have
lg,| < R, hence P(™(B,b,a) c K(0,R).

If p € P(B,b,a), then p_(z) =: p(ez), |e| = 1, belongs also to P(B,b,a).
By (1),

p(2)=1+qez+--+q,e"2"+..., zeD.

So, if 0 < w, < R and w, € P(®(B,b,a), the whole circle |w| = w, is contained
in P(™) (B, b, ). Consequently, it suffices to prove

(0,R) c P™(B,b,a). (10)
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ON ESTIMATES OF FUNCTIONALS IN SOME CLASSES OF FUNCTIONS

Fix n > 1. We will first describe the idea of the proof. Consider the set F(0),
arising by rotation of F,  (see (5)) through the angle % The intervals F) (0)

constituting the set F'(0) are concentrated around the roots 7, = (2k + 1)%,

k=-n,—n+1,...,n—1, of cosnt in the interval (—=,n). Translating every
F,(0) in the direction of the growth of cosnt, we obtain a family F(z) of sets
l1-a 1-

2 these intervals

. For z —

consisting of 2n intervals for 0 < z < 3

glue to n intervals forming the set F (LE—") = Fny, from (5). We show that the
Taylor coefficients

1 »
9o (hp)) = — / e” " dt (6")
F(z)

it
of functions hF(x)(z) = % / %t;tz— dt, 0 <z < 1 ;a , fill the whole interval
e’ —z
F(z)

<0, 51—;&—‘31’-> A second homotopy (see (15)), gives then the result.

n—1
So define F(0) = Y. F(0), where F (0) = (1,—%%, 7,4+%%). Clearly,
k=—n

F,(0) N F;(0) = 0 for i # j, and the Lebesgue measure of F(0) is 2ra. By
: = \" —
Theorem 1 (i) (see also (6)), g, (hg, ) =0, 4, (hp@) = (€77)"q, (hp,.) = 0.
First, let n be even, n = 2m, m = 1,2,.... Define
Fk(x)=<rk—%—%’l,'rk+%%—%’> if k=-n,-n+2,...,n—2,
(11)
F.(z) = <Tk-—%+-7‘n—”, Tk+%%+%"> if k=-n+1,-n+3,...,n—1,
(12)
n—1

F(z)= | Fu(@), (13)

k=—-n

l -«
2
length 9777[7 so the Lebesgue measure of F(z) is 2ma. For z =

for 0 <z < . F(z) is the sum of 2n nonoverlapping closed intervals of

1—a«
2
into account the special role played by —m and m, F(lg“) is the sum of n

, taking

nonoverlapping intervals of length 2?: and F(15%) = F, (see (5)). Now, we

calculate qn(hFTm))'\N% have, by (11),(12),(13%
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an(hF(z)) = /e—int dt

F(z)
m—1 m—1
= Z /e—int dt + Z /e—mt dt
[=-—m th({lt) l:—m F21+1(:c)
m—1
= Z (H_L) emiFHI=20) (1% _ cing)
in
b=—m
m—1 1
_ 1\ —if(at1423) (—iem i
+ Y (Fy) st e o)
l=—m
1 m—1
in &7 si —2ime . ar .
= 9 iy e =4sin == . gin X
4sin 2 SInTE nlz 2 sin
=—m

with regard to n = 2m.
The function f(z) = 4sin &7 sin 7z is continuous and strictly increasing

in (0,15%), f(0) = 0, f(l—;"i)2 = 2sinan, so the numbers qn(F(:c)), 0 <
z < —2a , fill the whole interval (0, —2%‘;%> Hence we see, since pp(x)(z) =
b+ (B = b)hp(,y(2) + 1 -1 belongs to P(B,b,a),
(0,2(B-b)sneny c P(")(B,b,a). (14)
Finally, for 0 <y <1, the function
p,(2) = b+ (B~ b)hp(szey(2) + (1 =)

belongs to P(B, b, ), and the coefficient g,(p,) = 2 [(B - b)§j1'17r_a7_r_ +(1- n)y] ,
0

1+yz"

1—yzn

(15)

(2(B-b)sizer R C P(V(B,b,a). (14')
By (14), (14'), we have (10), and so the proof of the Theorem 2, for n even, is
finished. O

If n is odd, we define F,(z) by (11) for k=-n+1,—n+3,...,n—1, and,
by (12), for k = —n,—n + 2,...,n — 2 respectively, and proceeded as in the
former case. The details are omitted.

2

Our aim in this section is to find sharp twosided estimates of Rep(z) and
Imp(2) in a-given point 0 # z € D if p runs over the whole class P(B,b,a). As
usual, arctgt € (0, %) for t > 0 and arccost € (O, %) for0<t<1.
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THEOREM 3. Let p€ P(B,b,a), 0£2€D, z=re'®. Then

b+ @arctg(;;: gogr) +(1—n)i;:
< Rep(z) (16)
<b+ ——————2<B7r_ b) arctg(i J_r; tg %E) +(1- 77)}_1_”:‘ ,
and B2_ b log P (v, — 27z, + 27a) (- 2
T P (v, — 27z,) 1—r?
< Imp(z) (17)

B-b P (v — 2mzy) 2r
- 27 log P (v, — 27wz + 27a) +( 77)1 —r2’

where x, is the only root of the equation cos(vy, — 2mTy + Ta) = COs Y, - COS AT

% € (0,3) and P(t) =

lying in the interval (0,22), cosy, =

1—172
1 —2rcost+r?
The estimates (16) and (17) are sharp and are attained by the functions
po(ez), |e| =1, where

2r
14727

_poB=b [€+z N1+
Po(2) = b+ o /eit_z di + (1 n)l_za zeD, (18)
F
and ‘
F=F = {e't; te (—m —n(l-a))u <7r(1-a),7r)}, (18)
F=F,= {eit; te (—am an)}
for estimates (16), and
F=F,= {e“; t € (y,—2mz,, 70—27m:0+27ra>}, (18"

F=F, = {eit; t € (2mzy—y,— 270, 27rx0—70>}
for estimates (17).

Proof. Let us recall first (see [4; Corollary 2]) that the extreme points in
the class P(B,b,a; F) are of the form

it . i
pay F)=b+ B0 [CF2 g+ o el zeD. (19)
2T eit e —,
i
Since, by Definition 1b), d),

P(B,b,a) U P(B,b,a; F),
F
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where the sum is taken over all subsets FF C T of Lebesgue measure 27a, it is
clear, that, for z € D fixed,
sup Rep(z) = sup{Rep(z,’y, F); ye(—m,m), FCT, m(F)= 27ra},
pEP(B,b,a)
where, by m(E), we denote the Lebesgue measure of a measurable set £ C T.
Corresponding formulae hold also for
inf Rep(z sup Imp(z), inf Imp(z
pEP(B,b,a) p(2), pep(BI?b,a) P(2) peP(B,b,a) p(2).
Since with every function p € P(B,b,a) the function ¢(z) = p(ez), |e| = 1,
z € D, is also contained in P(B,b,a), we can reformulate our problem in the
following way:
Let r € (0,1). Find

supRep(r;v,F), infRep(r;v,F), suplmp(r;vF), infImp(r;v,F),
~,F v, F ~F ~,F
(20)
where p(z;v, F) is of form (19).

iy _ _
Further, < r l-r - +i 2r siny
e?—r 1-2rcosy+r 1—2rcosy+r

2

5, and so we have

1—r el 42 1+r
< - < 21
rr SRem, ST (1)

and, by elementary calculus,

2r e 4z 2r
- <I . 22
1-—7‘2—me"’—2_1—r2 (22)
Equalities are attained for ¥ = 0 and v = 7 in (21) and for v = —,, v =7,
n (22), respectively.
Hence, our problem reduces to the following. Find

1
sup{——/PT(t) dt; FCT, m(F) —27ra}
F 2m
) (23)
inf{—l—/Pr(t) dt; FcCT, ~27ra}
F | 27
F
and
1
sup{—/Qr(t) dt; FcT, —27ra}
F 2
’ (24)
. 1
12f{%/Qr(t) dt; FCT, —27r0z}
F
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—2rsint
where @,(t) = 1—2rcost+r?

Recall now the following:

LEMMA. Let a,b€ R, and let E C (a,b) be a Lebesgue measurable set, and f
a bounded nondecreasing function on (a,b). Then

a+m(E)

/ft)dt</f(t ) dt < /f (25)

b—m(E)

(for the proof, see [4; Lemma 4]).

First, we prove the first inequality in (16) (see (23)). The proof of the second
follows the same lines, and is therefore omitted. Since P.(t), t € (—m,7) is
increasing in (—m,0), we obtain by (25)

0

Z rw < [roa

—2am

where F|, = F N (—m,0), m(F,) = 2an € (0,7). Similarly, using (25) to the
function —P,_(t), we obtain

27h
F[P,,(t) dt < ijr(t) dt

where F, = F N (0,7), m(F,) =2mb € (0, 7). So

2n7b

/Pr(t) dt < /Pr(t) dt =: A(a,b) (26)
F —27ma
and a + b = a, since m(F) = 2ra.
Hence we have to find
27b
Aa,b) = P (t) dt, 27
(hax ) (a,b) = (e (1) (27)
—2ma
where
La:{(a,b)GRz 0<a % Oébé—é—,aer:a}-
So, for a given «, L, is the segment L , = {(a,a—a); 0 <a< a} if
0 < a < %, and the segment L _ , = {(a,a —a); « —% < a < %} if
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3 < a < 1. Let u(a) = Ma,a —a), a € L. By (26), we have u'(a)
27 (P,.(2ma) — P.(2r(c — a))). Hence, in both cases, u/(a) = 0 for a =
(note that § € (0,a) and § € (a—1, 3) since a € (0,1)). Since u”(a)
2r(P/(2ma)+ P/(2r(a — a))), we have u” (%) = 87?P!(ar) < 0, because ar €
(0,7), and the signum of P/(t) is the same as the signum of —sint. Since ¢ is

2
clearly the only root of the function v’(a) on (0, ), the maximum of u(a) in (27)

is attained for @ = §. By calculating the integral u($) = A($, %)= [ P.(t) dt

[l iR |

—Qaw

and using (19), (20), (21), we obtain the right hand side in (16).

Next, we prove inequalities (17). Because of Q.(—t) = —Q,(t), only the
infimum in (24) is to be determined. Since Q_ has the period 2w, we can
suppose F' C {elt; t € (—v,,—7,+2m)}. Denote Fy = F N {(—7y,7,), Fy =
F 0 (yy,2m—,) and write [Q.(t)dt = [Q,(t)dt+ [ Q,.(t)dt. Since the

F F3 Fy

function @Q,.(t) is increasing in (vyy,2m—7y,) and decreasing in (—7,,7,), so
applying the lemma to the intervals (vy,27—v,), (=77, and to the sets
F,, F; and functions Q,(t), —Q,(t), respectively, we obtain, with regard to

Yo+m(Fa)
m(F3)+m(F,) =2ra, [Q.(t)dt> [ Q.(t) dt. Here v,+m(F,) < 2mr—7,,
F Yo—m(Fs)
Yo —m(F3) = =7, 50 0 < m(Fy) < 27,, 0 <m(F,) < 2(m —~,). Hence, denot-
Yo+2my
ing m(F;) = 2wz, m(F,) = 2ny, p(z,y) = [ Q.(t) dt, we realize, that we
Yo—27x
have to determine
Yo+2my
min z,y) = min t) dt, 28
(ac,y)EMalL( v) (z,y)EMa @ (1) (28)
Yo—27x

where
M,={(z,y) €R*; 0<z<2, 0<y<1-2, z4+y=a}.

Because 7 € (0,1), and therefore 7, € (0,%) is fixed, we easily see, that the
segment M is given by

M, ={(z,a~2); 0<z <o} if 0<a<,
M, ={(z,a-2); 0<z <} if L<a<1-2, (29

M,={(z,a-z); a—1+2L<z<2} if 1-L<a<l.
Let
v(z) = p(z,a —z). (30)
By the definition of u(-,-) and (30),
(x) = ~2n[Q, (% — 2z + 27a) — Q, (1 — 272)]
v"(z) = 4n’ [Q'lr (%o — 27z + 27a) — Q. (v, — 27”'3)] .
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2r[(1 +7?) cost — 2r]
(1 —2rcost+r?)?

we have, by (29), —v, < 7, — 27z < 7, and 0 < 27(a — ) < 27 — 27, so
Yo < Vg — 27z + 2w < 27 — 7y, and, with regard to v, € (0, %), we have
cost > cosy, for —y, <t <7, and cost < cosvy, for 7, <t <27 —,. Hence
cos(y, — 27z +2ma) < cos(y, —2nz) for v, € (0,%), a € (0,1) and z € (0, %>
From this, we conclude that v”(z) > 0, and so () is increasing on (0,22).
But Q.(7) < Q.(1) < ~@, () by (22), and so

Now, we easily calculate Q.. (t) = . For every z € (0,2)

v'(0) = =27[Q,. (7, + 27ma) = Q,.(7,)] <0,
V() = =27(Q,(v,) — Q. (7, — 2ma)] >0,
o (L) = —2r[Q, 2ra — 3) = Q,(—1)] > 0,
v (a -1+ %Q) = A27r[Qr(27r — %) — Q,.(2m — v — 27ra)] <0.

From this, we see by (30) that for any o € (0,1), v € (0, ) there exists a
unique root z, of the equation v'(x) = 0 with

zy € (0,0) if ae(0,2),
z, € (0,%2) if ae(X,1-2), (31)
Ty € (a—142 2y if a€ (1-2,1).

So z, is given by the equation
Q, (v — 21z, + 2ma) = Q, (v, — 27x,), (32)
from which we infer by elementary calculations an equivalent equation for z
cos(y, — 2mx, + Ta) = cosy, cos Tar .

So the minimum in (28) is attained in the point z,, given by equation (32). At
the same time, the point x, is lying in the corresponding intervals (31), and
hence in the interval ((), %) Now, since

(log P,(1)) = Q.(1),

P (v, — 27y + 27ar)
P (v, — 2mz,)
(22), the first inequality in (17) is proved.
Since function (18) belongs to the class P(B,b,«), and the measure of sets
(18") and (18"”) is 27« estimates (16) and (17) are sharp. ]

we have p(r,,a —z,) = v(zx,) = log

» and, by (19), (20),
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Remark 4. Using the definition of 7,, inequalities (17) can be rewritten in the
form

B-by 1 — cosy, cos(vy — 27mz,) - ) 9%
2 81— cos Yo cos(7 — 27y + 27a) ~r?
< Imp(z2) (17
B-b 1 — cos 7y, cos(y, — 27z, + 27ax) 9%
< -n)—>5 .
= log 1 — cos v, cos(y, — 2mz,) +(1=n) 1—r?
Using (32) and Q,.(t) = 1_2T2 sintP,_(t), inequalities (17) can be rewritten in
—r
the form
B-b sin(y, — 272,) 2r
] (1
2 8 sin(y, — 27z, + 27a) (1=m) 1—r?
< Imp(z) (17"
B —b, sin(y,— 27z, + 2ma) i 1
1 — =
2r © sin(y, — 27z,) +(1=m) 1—1r2 if oo 2
and B—-b 1 2
— —Tr r
™ 10g1+r (1 77)1_7»2
< Imp(z) (17")
B b 147 2r : _1
< log 7/ 4—(1—17)1__7‘2 if a=35.

Remark 5. Since the functions py(z) from (18) and also p,(e!? z) are con-
tained in P(B,b,a), the extrema of the functionals Rep(z) and Imp(z) are
attained already in this class and also in the class P(B,b,a) (see [2; p. 96,
Definition] and [4; Lemma 1] or [3; Theorem 6]).

Remark 6. Passing to the limit as in Remark 3 we obtain the classical results
for the class P, (see, e.g., [5; Vol. I, p. 84]).

3

The estimates of the linear functionals Rep(z) and Imp(z), z € D fixed,
given in the preceding section, and also the estimates of the convex functionals
lg,|, & = 1,2,..., are interesting from the following point of view: they are
valid on the whole of the closed convex hull of P(B,b,«), although P(B,b, )
is neither convex nor compact (this will be shown in this section). Recall, that
the topology on P(B,b,a) is the restriction of the topology given by uniform
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convergence on compact subsets of D on the set of all functions holomorphic in
D, and that the class P is compact, and hence P(B,b, ) is relatively compact
in P in this topology.

THEOREM 4. The class P(B,b,a) is not conve.

Proof. Take pl(z)zppl(z)-l-(l—n)ijz,p2(z):pF2(z)+(1——n)i1L§,
z € D, where the sets F,, ¢ = 1,2, are chosen in such a manner, that 0 <
m(FyNF,) <a.Put p, =tp,+(1—t)p,, 0 <t < 1.Since Re ifz =0 a.e. on
T, Repp, = B ae.on F;, Repy, =b ae.on T\ F;,and tb+ (1 —¢)B < B for
0<t<1,s0Rep, =B ae.on F,NF, and Rep, < B a.e. on T\ F; NF,. Since

m(F, N F,) < a, p, does not satisfy (2), and so does not belong to P(B,b,a).

O
THEOREM 5. The class P(B,b,a) is not compact.
Proof. It is sufficient to prove that P(B,b,a) is not closed. Put
Pa(2) =b+(B=bhp (2) + (1-nTEE,  zeD, (33)

where F, are sets (5) and hp (z) functions (6). For z € D, [2| < p < 1, we
have by (6)

o0 oo
| sin amrr 2p™
Ith(Z) —al < ZZT_L’DT" < 2pn2(pn)7‘ — l_pp" ,
r=1 r=0

and so the sequence {hp }7°, is uniformly convergent to the constant function

1+ i and using

a on every compact subset of D. Denoting p,(z) =n+ (1 —1n) .

(33) we see that p,(2) — p,(z) uniformly on compact subsets of D. But the
142

function Rep, is equal to n a.e. on T, since Re is zero a.e. on T. Since

n=aB+(1-n)b<aB+(l—-a)B =B, p, does not fulfill (2), and so does
not belong to P(B,b,a). O

Remark 7. The idea of the sequence {p, } comes from Theorem 8 in [4]: the
function p, (z) realizes the maximum of the modulus of the nth coefficient in

the class P(B,b,a). The measure in the Poisson representation of p, is the
sum of two parts: the (absolutely continuous) part [b+ (B — b)x . (t)] -S—fr and
the (singular) part (1 — n)e,, where ¢, is the Dirac measure sitting at the

point ¢ = 0. Now, intuitively, the measures XFHS—; spread to the measure

a%rt-, and the limit function p,(z), which is represented by the limit measure

dt :
[b+ (B — b)a] % +(1=n)ey =57 + (1 —7n)e,, cannot belong to P(B,b, a).
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