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TIME-OPTIMAL CONTROL OF TWO-DIMENSIONAL
SYSTEMS AND REGULAR SYNTHESIS

JAROMIR KUBEN

ABSTRACT. A time-optimal control of a system u” = v — F(u), v = —g(u) + w(r).
Iw| < K. F,ge C'(R) is studied. Pontryagin's maximum principle is used to prove that
optimal controls are piecewise constant. An optimal feedback control is studied and
a construction of a locus of switching is described. Then a regular synthesis in
Boltyanskii's sense is defined and its existence is proved in special cases. In the last
part the obtained results are compared with those of Boltyanskii and Lee and Markus.

1. Introduction

In [13—17] Lee and Markus studied the time-optimal control of the second
order differential equation

XTHf g x)=w <1 (M
Their results are applicable to the controlled generalized Liénard equation
XN )X+ g(x) =, i <T1. 2)

Some other results concerning the control of the equation (2) and of the
Van der Pol equation are in [1, 8, 9, 10, 18].

Boltyanskii [2—4] introduced the concept of regular synthesis and proved its
existence for the equation

X =h(x, x,w). I < 1, (3)

having some ‘“‘oscillating” properties. The concept of regular synthesis was
considerably developed by Brunovsky [5—7].

The aim of this paper is to prove the existence of the regular synthesis for the
first order two-dimensional systems (4) described below onto which the equa-

AMS Subject Classification (1980): Primary 49B10.
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tion (2) can be transformed. This approach allows us to assume less smoothness
of fin (2).

In the first part of the paper besides some basic facts about optimal trajec-
tories which are an immediate consequence of Pontryagin’s maximum principle,
especially qualitative properties of solutions of the system (4) and its maximal
trajectories are studied. Boltyanskii’s approach (the use of polar coordinates) is
not possible in the case of the system (4) and more complicated topological
methods had to be used instead to obtain the need results concerning the
properties of the locus of switching. Then the synthesis of (4) is constructed and
its regularity verified.

In the last part the obtained results are compared with those ones of
Boltyanskii and Lee and Markus. A class of special equations of the
type (2) is presented (f(x) = 0) which is not covered by the papers of the
mentioned authors. Some deeper results on second order linear differential
equations with a periodic coefficient had to be used there. Then it is observed
that no nonlinear equation (1) which is “oscillating” in Boltyanskii’s sense
exists. Finally. an assumption of Lee and Markus, which does not seem to be
quite correct. is discussed and it is stated that no nonlinear equation of the
special type (25) fulfilling this assumption exists.

2. Formulation of the control problem

Consider a control system

u' =rv— F(u)

4
—g(u) + w(t), )

Il

v

where (u. v)e R are state variables. w is a control and F, ge C'(R).

Let K> 0 b fixed. We shall consider two kinds of admissible controls w:

1) we L (R).|w] < K.where L (R)is a set of all locally essentially bounded
Lebesgue’s measurable functions on R.

1) we M. where M is a set of all piecewise continuous bang-bang functions,
le.w=+ K
The response (u. ) will be a couple of absolutely continuous functions fulfilling
(4) almost evervwhere (a.e.). Denote (S_), (S_). (S,) the system (4), where
w=+K w= —K w=0. respectively.

The aim of the control is to steer an initial state (u,, t,) Into a target state
O = (0.0) in a minimal possible time. Let D = L .(R) or D = M. Denote W (D)
a set of controllability of (4) for we D. i.e. (u,. v,)€ W (D) iff there exists we D
steering (u,. t,,) to O. and W (D) a set of the states that can be steered optimally.
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Theorem 1. Let F(0) = g(0). Then W (L[.(R)) is a region in R’
Proof. Consider the linearization of (4). Let

[ —F0) 1 (0
) e

As rg(B, AB) = 2 the assertion is a consequence of [13; p. 399; Th. 1]. Consider
now the equation (2), where f, ge C°(R). This equation is equivalent to the
system

X'=y
—f(x)y —g(x) +w.

It is easy to verify that the tranformation

I

P

u=.x, v=y+ F(x),

where F’(x) = f(x), transforms (2) into (4) with Fe C'(R), g€ C°(R) so that (4)
is more general than (2) (if Fe C’(R), then the back transformation is imposs-
ible).

In the sequel the following results concerning the qualitative behaviour of
(S,) will be needed. For their proofs see [11] or [12].

Lemma 1. Let g(u)(u — a) > 0 for u # a, ae R. Denote U(I), U(II), U(I1I),
U(IV') the regions bounded in R* with a line u = a and a graph of a function F(u).
Let I" be a trajectory corresponding to a nonstationary solution of (S,). Then:

1) Each connected arc of I lving entire in some above defined region is a graph
of u function of the variable u; this function is decreasing in U(1) and U(IIl') and
increasing in U(IT) and UV,

i) If I'intersects the bounds of these regions, then it goes from U(I) to U(IV),
Srom UIV) to UUII), from U(IT) to U(I) and from U(II) to U(I) with -
increasing t.

Let w, (o ) be a right-hand (left-hand) end of the maximal interval of the
existence of a considered solution. Let Oe(w , @,).

Lemma 2. Let (u(1), v(1)) be a noncontinuable solution of (S,) and

g(u) >0 foru>ua, aeR. (5

Let u(0) = a, v(0) > F(u(0)). Then
either there exists t; > 0 such that v(t,) = F(u(r))),
v(1) > F(u(n), te 0, 1,).
or v(t) > F(u(r)), te0, o,) and hm u(t) = + .
If moreover
Iiminfg(u) >0 and liminf F(u) > — (6)

u vt s u-s b

the first possibility holds.
305



Lemma 3. Ler (u(t). v(1) be as in Lemma 2 and (5) holds. Let u(0) > a,
v(0) > F(u(0)). Then
either w_ = — oo and (u(1), v(1)) — (a. F(a)) for t » — o0,
v(t) > F(u(t)), te(— o, 0),
or there exists t- < O such that u(t,) = a, v(t,) > F(a) and v(1) > F(u(t)),
tet, 0).
The first possibility can occur only if (a, F(a)) is a singular point of (S,).
Similar assertions are available in U(II) — U(IV).

3. Properties of optimal controls

Denote
H(ny. 0w, v, w) = n(c — Fu) + n.(—g(u) +w)
and
M(n,. o, vy =max H(n,, 0., u, v, w).
b
The system

ny=F)n + g'(u)n,

, (7
= —1
is called adjoint to (4).
Definition 1. We shall sav that a control we L (R) and its response (u(t), v(r)),
te 0. t,>. are maximal (satisfy Pontryvagain's maximum principle) if

1) there exists a nontrivial solution (n,, n,) of (7) such that
Hn(t). m(n). u(n). v, w()] = Mn,(1), n:1), u(t), v(1)]

a.e. on {0, 1,>,

i) the function Mty = M[n,(1). n{0). u(t), 1()] is constant on 0, t,> and
0 < M(0).

It is well known that cach optimal control and its response must be maximal
— see, e.g., [13; p. 344].

Theorem 2. Let w(t). 1€ (0. t,)> be a maximal control. Then

wi(r) = K.sign n,(1) a.e.on 0, ). 8)

Further, n.(t) has only a finite number of roots on {0, t,) and these ones are single,
i.e.we can suppose that we M.

Proof. Evidently, (n,. n.)eC'. If n.(r) had infinitely many roots on
€0, 1,», at an accumulation point 7 it would be ny(1) = n3(1) = 0. But (7) then
implies 1,(1) = 0 and we have a contradiction. If 5,(r) = 0, then 1,(r) # 0 and
from (7) we obtain ni(1) # 0 so that the roots are single. Finally, (8) is a
consequence of the fact that n,(2)w(r) must be maximal.

With respect to the preceding assertion we shall suppose without repeating
it in the sequel that we M for a maximal w.
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Lemma 4. [f a control w(t) and its response (u(t), v(t)), te 0, t,>, satisfy the
first condition of the maximum principle, then M(t) is constant on {0, t,>.
Proof. It is easy to see that theorem 2 remains available so that M (¢) is

. dm . .
continuous on <0, t,>. As d— = 0 on each opern subinterval noncontaining
t

zeros of 1,, M (1) must be constant.

The next lemma will serve as the main tool in our further considerations.

Lemma 5. Let the assumptions of lemma 4 be fulfilled and (n,(t), n,(2)) is the
corresponding solution of (7). Let 0 < &, & < t), & # &. Then the next implica-
tions hold:

D 1f 1y(8) = m(&) = 0 and v(&)) = F(u(E). then v(&) = F(u(5)).

i) If 1,(&) = n:(&) =0 and v(§) # F(u(S))), then v(&) # F(u(S,)), but
there exists &, lying between &, and &, such that v(&) = F(u(&y)).

i) If v(§) — F(u(§) = v(&) — Fu(s)) =0, v(t) — F(u(1) # 0 for t bet-
ween &, &, and n,(&)) = 0, then n,(&,) = 0.

) If v(&) — F(u(§)) = v(&) — Fu(&)) = 0. v(1) — F(u(r) # 0 for t bet-
ween &, & and n,(&)) # 0, then 1,(&,) # 0, but there exists &, lying between &, and
&, such that n,(&,) = 0. The proof is similar to that of [13; p. 463; Th. 1]. For
the details see [11], lemma 4.6.

The preceding lemma shows that if v(r) — F(u(¢)) has isolated roots, then
these either coincide with the roots of 1,(7) or they separate and are separated
by those of n(1).

Lemma 6. If w(r) and (u(1). v(1)), t€<0, t,>. are maximal and n,(&) =0,
(&) # F(u(é)), E€(0, 1)), then

sign(v($) — F(u(&))) = —sign ni(&),

i.e. w(t) changes from K to — K (from — K to K) above (below) the graph of F.

Proof. As M (&) <0 and &is a single root of 1., we obtain 1,(&) (v(&) —
—f(u(&))) > 0. From the second equation of (7) we have n,(£)# 0 and
sign n5y(&) = —sign n,(<).

4. Locus of switching

Definition 2. Denote Voa set of all points in W (L,,.(R)) in which some maximal
response which terminates in O has not the derivative. Let O€ V. Then V is called
the locus of switching.

We shall describe the construction of 1. Denote

(1, 1y, vy), v, 1y, Ty)) )
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a solution of (4) such that (1/(0, . vy), v(0, 1y, v)) = (uy, ). Let (14, Vo) € R* and
(9) is a corresponding solution of (S_). Consider a solution (7. 17,) of (7)
corresponding to (9) such that 7,(0) 5£ 0, 7,(0) = 0. Denote T ~(u. Vo) the largest
negative root of 7(¢) (if it exists). Denote 2~ a set of points in R* for which 7"~
is defined. We have

T7:802 5 (—00,0). (10)
Let
A7 (g o) = (T (1, vy), Uy, Uo)s V(T " (s V). Uy, y)) - (rn
ie. A Q2 - R
T, 2 " and A" are defined in a similar way using the system (S,). Put
Q =Q . A=A
If Kk =2isodd and G, = A _(§2, _ ) n ;] # 0, put

Q =(A;) "(Goyand A, = A7 A (12a)
If k >22isevenand G, = A, (. )n Q' #0, put
Q =(A )Gy and A7 = Af o AL (12b)

If G, = 0. we define A, as an empty map 0 — R*. So we have
AC: 8 — R, keN.

Analogously we introduce A/ .

Let F(0) = g(0) = 0. Consider a solution (u(r, 0, 0), v(z, 0, 0)) of (S, ). There
is v(1) < F(u(r), u(t) > 0 for small + < 0. If these inequalities hold for all
negative 1 > o , put J = (w_, 0). If there exists the largest 1, < 0 such that
v(1,) = F(u(t)), put J = {t,. 0). Denote

V= {(u(1). v(1): ted}. (13)

Analogously, using a trajectory of (S ), we define V',
Now let
ViY== A (VIn)), ke N (+ for k even and — for & odd) A
(14)
VAT = A (VI ), ke N (— for k even and + for k odd).
Theorem 3. Let V be the locus of the switching of (4) and F(0) = g(0) = 0.
Then
V = U (Vo rh.

A -1

Proof. Let peV, p# O, and 1, < ... < 7, be roots of a maximal control
w(t). 1€ 0, 1), steering pto O. Then 7, = 0, 7, < ¢,. If f, < ¢,, then p, =
=u(g) () e V! p = (u(r, Dol ) = A(p)e V:etc. We have
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p=pe eV oV If 5, =1, there is p, =0, p, €V and analogously

peVi'u Vi sothat Ve () (ViuV?h).
A=

The converse inclusion will be proved by induction. Let pe V|, p # O. Put
w= K, (u(0), v(0)) = p, n,(0) = — 1, 1,(0) = 0. Let ¢, be the time when O will
be reached. According to lemma 35, i), or ii), and (13) we obtain that n,(r) # 0
on (0, t,), i.e. w(7) is maximal. We have V| < V and similarly V' < V.

Let Vi<V, k=1, ... n peV" "and p= A (q), ge V. There exists a
maximal control w(z), te <0, t,) steering ¢ to O. For the corresponding (1,, 17,)
there is 75(0) = 0. Let v (1) = — K, 1€ (T (¢), 0> and (1,, 11,) be a solution of
(7) used in the definition of 7"~ ; we can suppose that 7,(0) = —1, ﬁz(O) = 0.
Define

) wit+ T (¢) for e 0, —T (¢))
wit) = <

wit+ T (gq) forte =T (¢9), t, — T (¢))
and _
/—771(0) n(t+ T (¢q) forte0, —T (q))
U,(f):\ - 5 [=l,2.

nt+T (q) forted—=T7(q),t, =T (q))

Evidently (1,. m,), 1€<0, t, — T (¢)). is a solution of (7) which corresponds to
the control w(r) and its response (u. v); moreover w(s) steers p to O. As
according to lemma 4, the function M (r) is constant on <0, 1, — T (¢)) and
M) =0 on (=T (¢q). t, — T (q)), the control w(s) is maximal. Hence
Vol e b and similarly 170 e V.

5. Properties of the locus of switching

To prove some other properties of the locus of switching we must suppose a
higher smoothness of the right hand sides of (4).

Lemma 7. Let F, ge C*(R) in (4). Then the sets 2% are open, the functions T *
are differentiable and the maps A" are global diffeomorhisms.

Proof. The assertion will be proved for 2 . T and A .

Let (4., ¢,)€ 2 and denote 7, = T (i, 5,). Consider the solution
(u(t, uy, 0y), v(t, 1, 5,)) of (S )on (r,0), v < T;. According to the theorem on
the continuous dependence and the differentiability of solutions of differential
equations with respect to initial conditions, we can find a neighbourhood O, of
(4, Ty) such that for (u,, vy) € O, the solution (9) of (S ) is defined on (1, 0).

. . A Ou Qu <dv Ov . .
Moreover continuous partial derivatives —. —, —_, — exist in (1, u,, v,),

Ou, Qv, Ou, Or,
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ter, 0, (4, vy)€ O,. Denote

(7, (2. up y), (1, 14, 1)) (15)
the solution of the system (7) corresponding to the solution (9) of (S_) satisfying
the initial conditions

m(0) = —1, n(0) = 0. (16)
As F, ge C*(R). the theorem on the differentiability of solutions of differential
equations with respect to parameters ensures the existence of continuous partial

. . 0On on, . .
derivatives —, — ., i =1, 2.in (1, u,. v,), te<z, 0>, (4, v,)€ O,.
Ou, Ov,
Consider now the equation
(1, uy, vy) = 0. (17)

We know that n,(7;, 1, 0,) = 0 and (7) and (17) imply

n-(1y, 13(,_) £0.
ot
Due to the implicit function theorem a neighbourhood O, < O, of (i, ©,)
and 6> 0,0> T,+ 6> T, — 6 >  exist such that for each (u, v,) €O, there
exists the unique solution T'(u,, vy) of (17). T(u,, v,) € (T, — 6, T, + 5), i.e.
(T (g, vy), Uy vy) = 0. Moreover, T is differentiable. We shall show that for
(uy, vy) near (1, v,) the solution T (u,, v,) is the largest negative root of (17). As

0n,(0, . &) _
ot

1,
there exist a neighbourhood O, = O, of (4, ¢y) and an & < 0 sufficiently small
such that for (i, v,)€ O, and te<¢, 0)

ans(1, gy, vy) > l
ot 2

)

1 . . .
so that (1, u,, vy) < Et. On the interval {T; + &, &) there is n,(¢, ty, 6,) < 0. As

n, depends continuously on (1, v,), we can find a neighbourhood O, < O, such
that ny(¢, uy, vy) < 0 for (uy, vy) €O, te{Ty+ J, €). Then (17) has the unique
solution on (7; — &, 0) for (uy, v)) €04, 1.e. Oy < Q2 and T~ = T on O,.

Further A~ as a composition of differentiable mappings is itself differenti-
able. Repeating the construction of A~, but considering the least positive root
T~ of 1,, we obtain the map A~ which has the same properties as A~, namely
it is differentiable. Evidently, A~ oA~ is an identical map and we receive for
their Jacobians
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JAHYJ(A ) =1,

ie. J(A7) # 0. As A™ isinjective due to the uniquenes of solutions of (S_) with
respect to initial conditions, we obtain that A ~ is the global diffeomorphism.

Consequence. A/l nonempty F are open and A are global diffeomorphisms.

Theorem 4. Let F, ge C*(R), F(0) = g(0) = 0. Then cach nonempty set Vi +",
ke Ny, has an at most countable number of components and these are regular
Jordan’s arcs. The locus of the switching V of (4) is a union of at most denumerably
many regular Jordan's arcs.

Proof. As V] are graphs of functions, the assertion is available for
k=0.Letk>1.Then V! € isa union of an at most countable system of
its components and these are pairwise disjoint regular Jordan's arc U, i = 1, 2,

.., which represent graphs of functions defined on the intervals ;. Denote
E;, ={(u, v)e R*: uel}. For each pel, there exists a circle K, such that

1

peK, = . Put D, = U (K,nE): D, are open and connected. If / is open,
pel

define D, = D,. If I, contains a boundary point corresponding to pe U, (it is

possible for p = O or for p = A7(0)). define D, = D, u K. Then D, are pairwise

disjoint regions, U, = D, = €. According to (14)

Vé+l _ AA.. <U U,> — U /‘A[(U,)

and A; (U,) are connected Jordan’s arcs. As A, is the diffeomorphism, they are
regular and A; (D,) are open. Further

VETT A ALD) = AL U U A (D) = A ((U M)m D,) = AL,

ie. Ag (U),j=1,2, ..., are open in Vit so that they form components of
Vi+' The remainder of the assertion is the consequence of theorem 3.

6. Regular synthesis

Consider the controlled system (4) with we M.

Definition 3. Let an open set G = R*, piecewise smooth sets P' = P' < P* =G
and a function w: G - { — K, K> (feedback control) be given. The sets P', i = 0,
1, 2 and the function w are said to define a regular synthesis of (4) in G if the
Sfollowing conditions are fulfilled:

i) O€ P® and P° has no cluster points in G. Each component of P' — P'~ ",
i =1, 2, (called cell) is an i-dimensional smooth manifold in G. Points of P° are
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called null-dimensional cells. The function w is C' on each cell o and can be
extended into a C'-function on some neighbourhood of o.

1) The set & of all cells is a union of disjoint sets &, — the cells of type I
— and 'y — the cells of type II. All two-dimensional cells are from &, all
null-dimensional cells are from .

i) There exist IT: ', — & and X: &5 — &, with the following properties:

If oce | is i-dimensional, then a unique trajectory of

u' =v— F(u)

(18)
v = —g(u) + w(u, v)

goes through cach point of o and this trajectory intersects after a finite time
transversally with nonzero velocity the (i — 1)-dimensional cell T1(o).

If o€ S, — 0} is i-dimensional, then a unique trajectory of (18) starts in each
point of o and this trajectory goes through the (i + 1)-dimensional cell X(0);
moreover, w is C' on ou X(0).

1v) Every trajectory starting in an arbitrary point of G and continued according
to iit) reaches O goinz only through a finite number of cells and satisfies the
maxium principle. These trajectories are called distinguished.

v) The time in which the distinguished trajectory reaches O is a continuous
function of an initial state.

Theorem 5. [f there exists a regular synthesis of (4) in G, then all distinguished
trajectories are time-optimal in G.

For the proof see [2; p. 266; Th. 3.19].

To prove the existence of a regular synthesis for (4) we must first give some
lemmas concerning the properties of maximal trajectories and of a locus of
switching. We shall introduce the next assumptions:

F, ge C*(R), F(0)=g(0) =0, ug(u) >0 for u+0, the equations (19)
g(u) = K, g(u) = — K have the unique roots u*, u™, respectively, and

g is increasing in u* and u~.

F.ge C*(R), F(0) = g(0) = 0and for each pe V nonlying on the graph (20)

of F the tangent to V in this point is not parallel to the axis v.

Denote 4, = B, =0 and B, = A7 (A,_,) for A,_,€2  and 4, = A*(B,_))
for B,_,€Q*,ieN. Let A, = (¢, d"), B, = (¢, d7). The points A, |, and 4,
(B,_, and B,) will be called ends of V! (V') if they exist. Further V' means V!
without its ends.

If the proofs for the cases “‘plus™ and ““minus’ are the same, we shall consider
only one possibility in the sequel.

Lemma 8. Let F, ge C', F(0) = g(0) = 0. Then

1) All the ends A;, B,, ie N, (if they exist) lie on the graph of F.

i) Each VI (V') lies below (above) the graph of F.

312



i) VA Vit =0, ieN.

Proof. The parts i) and ii) are an immediate consequence of lemma 5. As
to iii), it is sufficient to prove that V! n ¥} = 0. The general case then implies
from (14) and the fact that A* are injective.

Letpe V' AV p=A(g).qeV. A solution (u, v) of (S_) passing through
pint = 0achievesgint = — T ~(q). Thereexists t,, 0 < t, < — T ~(¢) such that
(u(ty), v(t)) = O. Thus v(f) — F(u(1)) < 0 for t > t, near t, due to lemma 1. ii).
According to lemma 5, iv) this inequality holds for 1€ (¢y, — T ~(q)) so that u(r)
is decreasing and g lies to the left of the axis v, which is impossible.

Lemma 9. Let (19) hold. Then the tangents in the ends of V!, ke n, are parallel
to the axis v.

Proof. Let pe Q2™ lying on the graph of F not be a singular point of (S_).
Evidently A~ maps each trajectory of (S_) into itself. According to lemma 5. 1)
A7 (p) then lies on the graph of F. Tangents of such a trajectory in p and A~ (p)
are parallel to the axis v. It implies that a tangent mapping induced by A~
transforms vectors parallel to v into vectors with the same property. As with
respect to (19) no end can be a singular point, the proof is finished.

Lemma 10. Let (20) hold. Then each component of a set V. # 0. ieN. is a
graph of a function of the variable u.

Proof. Theorem 4 gives that each component U is a regular Jordan's arc.
Let ¢ = (¢, ¢,): 1> R? be its parametrization. If there exist p, = ¢(1,)e U.
tel, k=1, 2, such that ¢,(t)) = ¢,(t.), -(t,) # ¢(2,). then due to Rolle’s
theorem ¢ (#;) = 0 for some t,€(¢,, t,). But then ¢3(#;) # 0 and a tangent in ¢(1,)
is parallel to v, which is a contradiction as ¢(z;) does not lie on the graph of F.

Suppose that some V! is connected and (20) holds. Then it represents
a graph of a function 4. If the ends of V{ exist. then 4 : (¢, . ¢, > — R and
hii<eg, ey = R

Lemma 11. Let the next assumptions be satisfied:

1) (19) holds.
1) there exist the ends A, _,, B, _, for some ke N, k = 2.
iii) V| are connected, i =1, ..., k.

k
iv) The set \ ) (V| v V') is a graph of a function.
i=1
Let uyeint domh; (yyeint domh;"), 2 < j < k. Denote m,, m, functions defined
in a neighbourhood of uy the graphs of which are trajectories of (S_).(S_) through

(tgr h; (up)) (g, h;" (uy))). Then
my(uy) > mi(ug) > h' (1) (m5(ug) > my(ug) > h" (1)) .

Proof. As B, _, exists, we have dom#h; = {¢;/, ¢/ D, i=1. ... k—1.1If
B, exists, there isdom h; = {¢;, c;_ ). Otherwise there isdom i, = (a.¢_ ).
a < ¢;_,. The inequality m(4,) > m3(uy) is evident because of the relation
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hi (uy) > F(uo). According to lemma 1 m)(u,) > 0. Let i=2. As hy "(¢;) =
= —o0, the assertion holds in a left neighbourhood of ¢ . If it does not
hold on the whole int dom /i, , there exists u, such that m3(uy) = hy "(4). Let
AT(p. q) = (g, hs ()€ V2, (p, ¢)e V), and L is an arc of a trajectory of (S_)
joining these points. The diffeomorphism A~ maps each trajectory of (S_) into
itself. As L and V! are not tangent in (p, ¢), the same must be true in (4, /15 (1)),
which is a contradiction. Similarly we proceed by induction for j =3, ..., k.

Lemma 12. Let the assumptions i)—iv) of lemma 11 be fulfilled and L is an arc
of a trajectory of (S) joining (p,q)e Vi and A~ (p,q)e V'* ', 1 < i<k — 1. Then

i) L intersects V' and V'*" at a unique point and with nonzero angle.

1) L intersects the graph of F at a unique point (uy, F(u,)), ¢ < uy < ¢;'.

Proof. Lemma 5 implies that A_(p, ¢) cannot be an end of V'*' and
that L intersects the graph of F at the unique point. According to lemma 11, L
can intersect V! and V'*'in at most one point. As L goes to the right in the
region U(IV') with increasing u, it cannot go through A4, ,. A more detailed
analysis (comparison of trajectories of (S _) and (S, ) going through A4;) shows
that L cannot go through A, — for the details see [11; p. 47].

Lemma 13. Let (19) and (20) hold and A, B, exist for some k € N. Then all sets

k

Vi,i=1, .., k, are nonvoid and connected and a set \ ) (V! U V') represents a
i=1
graph of a function defined on {c;, ¢} >.

Proof. The existence of A,, B, implies the existence of all 4,, B;, i =1,
...,k — 1. First we shall prove that V|, i = 1, ..., k, are nonvoid, connected and
represent graphs of functions. We shall proceed by induction.

The assertion is evident for V'. Let i > I. Denote L an arc of a trajectory of
(S_)joining 4, ,and B,= A~ (4, ,). Let Ce V!~ '. Consider a trajectory (u, v)
of (S_), (u(0), v(0)) = C. Denote K the part of this trajectory for te(w_, 0).
Then K intersects the graph of F at a point C, = (u(t)), v(t))), t, <0,
¢, <u(t) <c' . Further K cannot intersect V' as it is an arc of a trajectory
of (S_), i.e. K cannot converge to the singular point (u~, F(u7)), so that
according to lemma 3, there exists ¢, < ¢, such that u(t,) = u~, v(t,) > F(u(t,)).
As K cannot intersect L, the same lemma ensures the existence of ¢; < t, in which
v(t3) = F(u(t})). Using lemma 5, iv) we obtain that CeQ, ie. V! 'c Q.
Therefore V' is connected and due to lemma 10 it represents a graph of a
function. The rest of the proof is now evident.

Lemma 14. Let (19) hold, A,, B, exist and

liminfg(u) > K,  limsupg(u) < —K, (21)
liminf F(u) > — o0, liminf F(u) < + 0. (22)
u— -7 u >t L
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Then there exist the ends A;, B; for each ie N.
If moreover F is nondecreasing, the assumption of the existence of A,, B, can be
omitted.

Proof. The assertion in an immediate consequence of lemmas 2 and 3
and the definition of the ends.

Now we are able to construct the regular synthesis of (4). In the remainder
of this paragraph we shall suppose that (19) and (20) holds.

Definition 4. The locus of switching V will be said to have a property (G) if V
is connected, represents a graph of a function and
either A,, B, exist for each ke N
or there exist ky, kye N such that V! = 0 fori > k,, V| = 0 for i > k, and B, exist
for i < ki, A; exist for i < k..
In the second case evidently |k, — ki < 1.

Further we shall introduce the next notation:
Let Ce R*. Then M* (C)is an arc of a trajectory (u, ) of (S.), (u(0). v(0)) = C,
te(T*(C),0)if CeX*t, and re(w_, 0) if C¢ Q2. M~ (C) is defined similarly.

If 4, (B,). k€ Ny, exists, denote L' *' = M~ (A4,) (L**' = M* (B,)). Suppose
that V has a property (G). If A, , | (B, , ). k = 1, exists, denote H* (H")a region
bounded by V*, VE+' L} and LA+ (VA VA+ ! Y and L* ). If for some k > 1

theend A, ;| (B, , ) does not exist, but V* # 0 (V{ % 0),put H* = () M~ (C)
cert
(Hi = U M‘(C)).
cert
Due to the continuous dependence of solutions of (S, ) on initial values and a
special form of trajectories — see lemma | — HY are also regions.
Denote
P° the set of all ends 4, . B,. ke N,. that exist,
P' the set of all points of V! and L%, ke N, that exist,
P? the set of all points of H% | ke N, that exist.
Put P'=P'UP’, PP=P'UP'., G=P evidently G is a region. Define a
function w: G - (—K, K) in the following way:

[ K for (u, )eHL O VA k>
—-K for (u, v)e H* UV ' k>

wiu, v) = < K for (u, v)eL‘+ Uid,}, k=1 (23)
-K for (v, ) el U{B). k=>1

\ O for (u, v) = (0, 0),
Theorem 6. Ler (19) and (20) hold and a locus of switching V of (4) has a
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property (G). Then the sets P', i = 0, 1, 2, and the function w given by (23) define
a regular synthesis of (4) in G.

Proof. Choose 4,, B,, k>0, as nul-dimensional cells of type II, L,
k > 1, as one-dimensional cells of type I, V'{, k > 2, as one-dimensional cells of
type Il and HY, k > 1, as two-dimensional cells of type I. Further put

IT(HY) = VE k=1, IT(L5) =B, _,, IT(LX) = A, _,, k> 1, IT(L\,) = 0 and
SWH=H"" k=2, S(4) =1L, , EB)=L"  k>1.

Lemma 11 and the construction of cells imply that the condition iii) of the
definition of the regular synthesis is fulfilled. Distinguished trajectories consist
in general of an arc OC, Ce V] U{A,}, which is a part of V/, further of
arcs M~ (C), M* (A7 (C)), M~ (A5 (C)), ..., M*(A; (C)), which join points
AT(C), ..oy A7 (C), and of an arc Ay, ,(C)D, De M T (A;, ,(C)), which is a
part of M*(A;, ,(C)); here D is an initial state. The definition of A* and
theorem 3 and its proof imply that all distinguished trajectories are maximal.
Likewise all the other conditions of definition 3 are evidently fulfilled except v).
Thus to finish the proof it suffices to show that the time of transfer from an
arbitrary state De G to O along distinguished trajectories is a continuous
function of D.

Let W, = {(u,v)e G: w(u, v) = + K}. Evidently W, (W_) is a set of all points
in G which lie on V on the right (left) of O and under (above) V. Suppose that
DeW_\V'. Consider a trajectory of (S_) going through D in t = 0 which in
t, > 0 intersects for the first time the locus of switching V at a point C =
= (u,, v,)e V, u, > 0. We shall show that C and ¢, depend continuously on D.
We shall use a system (S_)

u'=Fu)—v

v =g+ K,
which has the same trajectories as (S_), but oppositely oriented. Let (i, 0) be a
solution of (§_), (i1(0), 5(0)) = C. Then (ii(t,), #(t,)) = D. Due to the continuous
dependence on initial values there exists a neighbourhood O, of C such that for
(us, v,) € O, a solution (u(?), v(r)) of (S‘,), (u(0), v(0)) = (uy, v,), exists at least on
<0, t, + &), where 6 > 0 is sufficiently small. Let 4 be a function the graph of
which is V; then h(u,) = v,. Choose ¢ > 0 such that (u, h(x)) € O, for ue
€(u, — & u, + ¢€). Define a mapping y: (u, — & u, + &) x (=6, §) - R” in the
following way:

y(uy, T) = (u(t, + T, uy, h(wy)), v(t; + T, Uy, h(w,))).

Then y is continuous and lemma 12 implies that it is an injection. Moreover,
y(u,, 0) = D. Hence ¥ is a homeomorphism and O, = y((u, — € u, + €) x
x (— 0, 0)) n W_ is a neighbourhood of D in W_. That is why 7 and u, depend
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continuously on D e O,. As t, + t(D) is the time of transfer from De O,to Ce V
and €= (u7(D) h(u,(D))), a function 9 (D)=t + t(D) and a map
u (D) = C, De0,, are continuous. Slmllarly it can be shown that 3~ and u~
are continuous on W_ even for De V' U {B,}. The same is true for $* and u*
defined analogously on W, .

Let DeG and, e.g., De H* , ke N. Then a distinguished trajectory transfers
astate Dto u~ (D) = C,e V¥ inatime 9~ (D), a state C, to u* (C,) = C,e P* !
in a time 9% (C)) etc. up to a state C,_, (Co=D) to u*(C,_,)=CeViina
time 3% (C, _,) and a state C, to O in a time 37 (C,). As u* are continuous and
C,, ..., C, depend continuously on D, the whole time of transfer 9~ (D) +
+ 97(C) + ... + 3*(C,_)) + 97 (C,) is a continuous function of D. It is easy
to verify that the same is true even for De V¥ or L* | ke N.

Thus we have according to theorem 5 the next

Consequence. The distinguished trajectories described in the proof of theorem 6
are time-optimal (with respect to controls from M).

Theorem 7. Let (19), (20), (21) and (22) hold and F be nondecreasing. Then

there exists a regular synthesis of (4) in R* and the distinguished trajectories are
time-optimal with respect to controls from L5 (R).

Proof. Lemmas 13 and 14 imply that V' has a property (G) and we can
use theorem 6. Further it can be proved that if F is nondecreasing, then
W(L (R) = W, (Li(R) = R* — see [11; p. 25; Th. 3.4] or [12; Th. 9].
Pontryagin’s maximum principle and theorem 2 imply that time-optimal trajec-
tories are maximal and the corresponding controls are from M. Theorem 3 and
its proof show that such trajectories are just exactly distinguished trajectories
from theorem 6, that is why G = R".

Comment. Boltyanskii in [2] studied a regular synthesis of an equation

Y= h(x, x'ow). ] < 1. 29

He defined a concept of an oscillating system and proved that such a system then
satisfies (20). An oscillating system must fulfil:

oh(x, v, w) -

W

i) he C*(R), 0, 71(0,0,1)>0> (0,0, —1)

for arbitrary x, v and | < I,
i) % 1 <611>
ox 4 \oy

i) ( oh > 0*h 8%h /1
oxar ox? oy’
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. &h  &h
IV) ll<:+_\—;><0
oxs O

where i1)—(iv) hold for arbitrary x, y and w = +1.

Equation (1) is a special case of (24). It is not difficult to prove that each
function f(x. v) from (1) fulfilling i)—iv) is linear, i.e. f(x, }) = ax + by, b*> —
—4a <0 —see[ll:p.55;: Com. 6.19]. Thus Boltyanskii’'s results do not cover
nonlinear equations of type (1).

Further we shall show that the equation (2) which can be considered as a
special case of (4) cannot be nonoscillating in Boltyanskii’s sense — see [2], p.

278 — if the assumptions of lemma 14 are fulfilled. i.e. especially iff f(Hdeis
0

bounded. In this case a maximal trajectory can have arbitrarily many switchings
while each maximal trajectory of a nonoscillating system can have at most one
switching — see [2: p. 282: L. 3.20].

We shall give an example of a class of equations to which theorem 7 can be
applied and such that the assumption (20) is replaced by a less “‘noneffective™
assumption.

Consider the equation

u”' + g(u) = w(r), Wl < K

which is equivalent to

u' =v
, (25)
v = —g(u) + w(t),
i.e. to the syvstem (4) with F = 0. Suppose that
g fulfils (19) and moreover the functions g(u), (26)

g (u)=gu +u)—K.g_(u)y=gw + u) + K are odd.

Evidently. every function g fulfilling (26) can be obtained in the following way:
Let 66 C<0. u™ ). = >0.80) = 0. g(u”) = K, 8"(0) = g"(u*) = 0,0<
< g(u) < K for ue(0. u™) be arbitrary. We put g(u) = g(u) on <0, u*)> and
enlarge g(«) on R in a unique way using the fact that g, g, and g_ must be odd.

Lemma 15. Let (26) hold and let for an arbitrary nonconstant solution u(t) of

u' +gu)y=K (27)
all the solutions of
n"+g unin=0 (28)
be bounded. Then the locus of switching V of (25) has the property (G) and (20)
holds.
Proof. We shall show that A~. A~ are rotations by an angle 7 with cen-
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tres (u*, 0), (u", 0), respectively, and 2+ = Q= R-, which implies the asser-
tion. For the sake of symmetry we shall only consider the case “plus”.

As j g, (s)ds - + oo for x —» 4 o0, all the nonstationary trajectories of (S, )
0

are closed — see [19], p. 95 — and symmetrical with respect to the lines v = 0,
u=u*.If (n,, 7,) is a solution of the adjoint system (7) corresponding to u(r),
then

ny+g u@®n=0.

This equation has a solution u’(¢) (the adjoint equation (28) coincides in this
case with the equation in variations of (25)). Let the period of u(r) be 2d > 0.
Then due to the symmetry u(¢) is even, half-periodic with the period 4, i.e.
u(t+ d)= —u(r), te R. Evidently the zeros of wu(r) are equidistant with the
distance d. Denote o a zero lying in {0, ). In [21] it is shown that in this
situation all the solutions of (28) are bounded iff

J"( o n . >dt=0
o \u(1) > .

d*(u'(0))* sin3<%(z — 0)
(¢

But this condition is equivalent to the fact that all the nontrivial solutions of (28)
have equidistant zeros with the distance ¢ — see [20]. Now, if C = (u(1), v (1)),
teR is a cycle of (S,), then T *(u,, v,) = —d for each (i, v,)eC and the
symmetry of C implies that A" is the above mentioned rotation.

If the assumptions of lemma 15 are satisfied, then theorem 7 can be applied
to (25) but neither the results of Boltyanskii and. if ¢’ (1) > 0 does not hold for
all ue R, nor those of Lee and Markus — see [13; p. 471 Th. 6] —- are applicable
(except the linear case).

In [13], p. 474 the following assumption for the equation (1) is proposed to
guarantee that V' is a graph of a function: All the solutions of (S.) are periodic
with the same period 24 > 0. This assumption is not quite correct because, as
the proof of lemma 15 shows, it does not ensure the distance of the neighbour
zeros of solutions of (28) or (7) to be d, which is needed in the proof in [13].
Moreover, it is questionable whether any nonlinear equation (1) with this
property exists. For example, using Theorem 3.1.2., p. 97 in [19] we can easily
show that the only equation of the type (25) fulfilling this assumption and (26)
is the linear one.

In [22] a numerical analysis of the equation (25) with

g) =u+ esinnu, ceR. neN,. N=n

can be found.
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