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OPTIMAL ELIMINATION OF NUISANCE PARAMETERS
IN MIXED LINEAR MODELS

LUBOMIR KUBACEK

ABSTRACT. The vector parameter of the mean value of an observation vector in a
mixed linear model (MLM) is supposed to be divided into necessary and nuisance
vector parameters. A class of linear transformations of the observation vector elimi-
nating the nuisance vector parameter which do not cause a loss of information about
the necessary parameter is considered. The problem which of these transformations
has the property that the same locally best quadratic estimator of variance com-
ponents from the original and the transformed MLM is obtained is solved. Several
kinds of estimators are investigated.

Introduction

In a regression model

»

(Y. XB. 3. 9V). (h

=1

where Yis an n-dimensional random vector with normal distribution, its mean
value being E(Y|f) = XB. fe #* (k-dimensional Euclidean space). X is a given
n x k matrix of the structure X = (A, S); the matrices A, S are of the type
n x k,,n x kyand k, + k, = k. The rank R (X) of the matrix X is R(X) = &. The
vector Bis divided into two subvectors Oc A" and xe A", p=(0O . x);0is
a necessary vector parameter, x is a nuisance vector parameter. The covariance
matrix X of the random vector Y is considered to have a form

Y = Var(Y|¥ = Z 3V, where symmetric matrices V,, ..., V, are known. the

vector $ = (9,, .. .9) €3 (open set) = A7, p > 1, is unknown. The set 3 is
/7
assumed to have a property: 3e 3 = > 4V, is positive definite.

=1
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This model arises in various problems of research and practice. For example,
let us consider a gravimetric network. This is created by a k,-tuple of points on
the surface of the earth. At each of them repeated measurements by a group of
p gravimeters are carried out in order to obtain information on the actual value
of the gravities ©,, i=1, 2, ..., k,, and on the rate of each individual
gravimeters. The rate, which represents the disturbing component of the meas-

urement, is usually modelled by a polynomial ) "t of a certain order. The
i=1

coefficients " i=1,...,r.j= 1, ..., p (= number of gravimeters), d = 1, ...,
D (= number of days in which the measurement is carried out), of the polyno-
mial represent nuisance parameters. The dispersion 9, of the jth gravimeter is the
Jjth component of the vector & The coefficients »!"“ of the individual gravimeter
can be considered to be constant for a given day. On another day they attain
another values: p x r x D = k,. The current size of k, is several hundreds or
more. A can be even greater. Thus the number of normal equations is k, + &,
and this can be a rather huge number. It seems to be reasonable, in some cases,
to eliminate the nuisance parameters from the input data performing a suitable
transformation by a matrix T. which leads to a solution of a linear system with
k. unknowns. and then to solve a linear system with k&, unknowns only.

A matrix T with properties TA = A. TS = O. transforms the original model

»
(1) into the model (TY. AG. > 9TV, T'). The matrix T or the transformation

r=1

performed by it is called optimal if the last model enables us to determine the
same best linear unbiased estimator of the vector parameter @ as the model (1),
provided the matrix X is given. The necessary and sufficient conditions for a
matrix T to be optimal in the mentioned sense are given in [5] (see also [1], [2],
[4]). This optimality will be called the optimality with respect to ©.

The aim is to find out if there exists such a matrix T optimal with respect to
O. which in addition guarantees the possibility to construct the same estimators

4
of parameters . .... 9,in the model (TY. A@. > 9$TV,T’) as in the model (1).

=1

We restrict ourselves to esimators given in definitions 1.1 to 1.4.

1. Definitions and auxiliary statements

Definition 1.1. An estimator YUY (U is a symmetric n x n matrix) of a
function g(8) = £'3. 9€ 3. in the model (1) is $"-LMVQUIE (locally minimum
variance quadratic unbiased invariant estimator) if

(1) 7.9, E(YUY|3 = F'3.
(i) 7 peA (Y =XB'U(Y—-XB) =Y UY.
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(iii) Var(Y'UY[39 < Var(Y'0Y|99) for every symmetric matrix O sati-
sfying (1) and (it).

Lemma 1.1. The $7-LMVQUIE from Definition 1.1 exists iff the class
A ={Y'UY: U =U,UX=0,Tr(UV) =f,i=1, ..., p}is not empty; this
occurs iff fe M (K"), where .4 (K") is the column space of the matrix K. The
(i, j)th element of the matrix K" is (K"}, ; = Tr (M,V,M,V,), where Tr (.) means
the trace and M, =1 — P, P, = X(X'X)~'X".

Proof see in [7].

Lemma 1.2 The $”-LMVQUIE from Definition 1.1 is

g’(79)=_

i

(INgh

LAY (M, EM)" V(M E,M,)" Y, (1.1)

14
where £y = Y 9OV, 4= (A, ..., 4,) is a solution of the equation
i=1
S(M,(}.‘,,M,()* A=F,
where

{Sim, zmy i, = TI(ME,M) T V(M EM,) T V],

i,j=1,...,p,and (M E,M,)* denotes the Moore— Penrose generalized inverse
of the matrix M, £, M, (in detail see [6)).

Proof see in [7]

Definition 1.2. An estimator Y'UY of a function g(9) = '3, $€9, in the
model (1) is (B, 8*)-LMVQUE (locally minimum variance quadratic unbiased
estimator) if

(i) V{9eQ Ve A JE(Y'UY|B, 9) =9, .

(i) Var(Y’UY|f. 89 < Var(Y’OY|B?, 99) for every symmetric matrix

O satisfying (i).
Lemma 1.3. The (s 9)-LMVQUE from Definition 1.2 exists iff the class
U, ={Y'UY: U’ = U . Tr(UV)=f,i=1,... p, X’"UX = O} is not empty: this
occurs iff fe M (K*), where (K*},, = Tr(V,\V,— P,VPV), i,j=1, ..., p.

Proof see in [7]-

Lemma 1.4. The (B, 3)-LMVQUE from Definition 1.2 is

§09) = 5 4,¥/(E, + XBYBYX) (V, — PLUVPE ) (5, + XBUFVX) Y,
i=1

where P ' X(X’ﬁo"X)"' X' X5 " and the vector A = (A, ..., A,)" is a solution
of the equation

(S(,;O)r XpOgoryy 1 SPfu "u.}, + XBpOry:) lpfn") A=Ff
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({Sa)., = Tr(RV.RV)). R = (X, + XBVB"X") " and

PX (B, + XBUBXY T PY respectively).

Proof. The dispersion of a random a variable Y’UY for given g and L,
is Var(Y'UY|g", 3") = 2Tr(UL,UL) + 48X UL, UXA. This quantity
has to be minimized by the proper choice of a symmetric matrix U when
simultaneously the conditions of unbiasedness X'UX = O, Tr(UV,) = f.,i =1,
.... p. have to be satistied. This problem can be solved in a standard way using
the Lagrange method of indefinite multipliers; the auxiliary Lagrange fun-
ction is

/7
@(U) = Tr(L,UL,U) + 28X UL UXB" — 2 ) 4, [Tr(UV) — f] -

i=1

— Tr(»"'X'UX).

where 4 = (4,. ... 4,)" is a vector and » a matrix of the Lagrange multipliers.
E(D(U) aU — O <=>E”U 2“ + Z()uxﬁ(tl)ﬂu))IX/ + Xﬂ(()bﬂ(())’x/u 20 —
p
= > AV + X[z +%)4]X".

i
By multiplying the last equation from 1.h.s. by X" X, ' and from r.h.s. by X, 'X
taking simultaneously into account that X’UX = O, we obtain

v |
’

P .
X[+ 2)4]X = = 3 A,Px" V,Py’
i=1
Thus
r - v |
Z[,U 20 + E()uxﬂunﬁuwxl + Xﬁ((nﬂrn)rxfu 20 — Z A,(V, - P;n IV’ P)‘("n «).

=1

If the zero term XA "X UXB"" B X" is added to the L.h.s. of the last equa-
tion, then obviously

r . .
U — Z /1/(}:” + Xﬁunﬁmvxf)—l (V, _ P)‘(-n IV, p)}(-n l/)(zﬂ + xﬂ(l))ﬂ(()vxf)vl )

=1

Further it is to be proved that under the given conditions the matrix U mini-
mizes Tr(E,UX,U) + 2" X' UL, UXF". Let A be an n x n symmetric matrix
possessing the properties XAX" = O and Tr(AV,) =0,i=1, ..., p. Then

Tr(Z,(U + A) X, (U + A)] + 27X (U + A)E,(U + A) X" =
=Tr(UL,UL,) + Tr(AX,AL,) + 2 Tr (AL, UL,) + 287X U L, UXp" +
290



+ 4”())/X/U ZOAXﬁ(()) + 2ﬂ4())rx/ AZO Axﬂ()).

As
2Tr(AZ,UX) + 4 X' UL, AXB? =

14
= 2T { ¥ AAR I — U XPPXES (O PXES X)

(V,— PP VPR ) [ES — B XBOBYXES (1 + FOX ET XPY) E(,} +

14
+APX AR, Y ALES — B XBUBXES (1 + FUXEIXBY)].

i=1
(V= PR VPR )R — 5 XBOROX (T + X ES XY XBO = 0

(here the equality (X, + XUV X)) = X' — ES'XFOBOUX L '/(1 +
+ BX L, ' XBY) was used), then Tr[Z,(U + A)Z,(U + A)] + 28X (U +
+ AL (U + A) XA > Tr(E,UL,U) + 2" X'ULXB?”, which proves the
statement of the lemma.

Definition 1.3. An estimator Y'UY + 2u’Y of a functiong(9) = f'9, €9, in
the model (1) is (B, 3" )LMVLQUE (locally minimum variance linear-quadratic
unbiased estimator) if

(i) V{BeA* V{33 E(Y'UY +2u'Y|p 9) = F'S,

(it) Var(Y'UY +2u’Y|f", 99 < Var(Y'OY + 2a' Y|, 92)
for every matrix O and vector G satisfying (i).

Lemma 1.5 The (f”, $")-LMVLQUE from Definition 1.3 exists iff the class
U, from Lemma 1.3 is not empty; it has the form

~ r - x|
g(.y) = Z /L(Y_ Xﬂm)/(zn IV,E() ' — Z(J IP:“ V:Px“ /2(;')(Y_ X/)t()))’
i—1
where the vector A= (4, ..., A,)" is a solution of the equation

(S).'“*' - Sx“ 'pLo NA=f (2.1

(notations SL” vand Sy tpx, ' have a meaning analogous to that in Lemma 1.4).

Proof see in [7].

Definition 1.4. [f the vector B in the (B, 8°)-LMVLQUE from Defini-
tion 1.3 is replaced by the vector f= (X E7'X) "' X ;'Y ([3]), then the new
estimator is called $"-mLMVQE (modified locally minimum variance quadratic
estimator) of the function g(.) from Definition 1.3.

Lemma 1.6. The $-mLMVQE from Definition 1.4 is

r
‘[‘H(Y) = Z &: Y’(MXZUMX)+ \/i(I\/I)(EO'Vl)()+ Yv

-1
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where the vector A = (4,, ..., A,) is a solution of the equation (1.2). The bias of
the estimator t,(Y) g

b(9) = E[t, (V)9 — 8= —22"{Tr[(M,Z,M,)" V, 5, 'PZ ¥, ...

L Tr[(MLE,M)* V5 PE )

it 9= 8 then b(8") = 0.

Proof. See [3].

Lemma 1.7. If a transformation matrix T for the model (1) has a form
T=1-SC, TS =0, TA = A, then it is optimum with respect to 0.

Proof. Cf. Corollary 2.4 in [5].

Lemma 1.8. Ler V be a symmetric positive definite (p.d.) n x n matrix and the
rank of the n x k matrix X = (A, S) be R(X) = k = k, + k,, where R(A) = k,,
R(S) =k, LetL=V —VS(S'VS) 'SVand K=V — VAA'VA) 'A'V. If
PY =XX'VX)"'X'V., Py = A(A'LA) 'A'L, PX =S(S’KS)"'S'’K, MY =1 —
—PY. M§ =1—Ps, M§ =1-— P&, then PY = Px + P&, PxPE = PSPy =0,
MY = MiM§ = M{M;.

Proof. The assertion is a consequence of Theorem 2.5 [5].

Lemma 1.9. A matrix equation AXB = C with an unknown matrix X has a
solution iff AA"CB B = C. The class of solutions is {(A-CB~ + Z —
— A~AZBB : Z arbitrary} (A~ denotes a generalized inverse of the matrix A).

Proof. See Theorem 2.3.2 [6].

Remark I.1. The class #!” from Lemma 1.1 is the class of all quadratic
unbiased and invariant estimators of the function g(.) from Definition 1.1 in the
model (1) (in detail cf. [7]). If . Z,, , is a space of all n x n matrices with an inner
product (A,B) = Tr(A’B), A, Be./#, ,, then K from Lemma 1.1 is the Gram
matrix of the p-tuple {M, V.M, }'_ .

Remark 1.2. So far the matrix £ has been assumed to be regular, which
implies . #/(X) <= . /(). If . #Z(X) < .#(X) and X is not regular, then instead of
L' the matrix £* has to be used in the preceding lemmas. Analogously instead
of (£ + XBB'X’) ' the matrix (£ + XBB'X’)* has to be used.

2. Optimality with respect to © and

Lemma 2.1. Let V, K, L, M}, Mg be matrices from Lemma 1.8. Let K" pe
the matrix from Lemma 1.1 and ./, , the space from Remark 1.1. Then
(KDY = 4(G)) (= ./4(G>)), where G, is the Gram matrix of the p-tuple
MYV MY} (V. ..., V, are matrices from (1) and G, is the Gram matrix of the
p-tuple IMgMEV, Mg ML}/ ).
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Proof. Considering Lemma 1.9 an equation UX = O with an unknown
matrix U has a solution of the form U = Z — ZXX~, where X~ is an arbitrary
fixed g-inverse of the matrix X and Z is an arbitrary n x n matrix. As U = U’,
ZA—XX)=(0-XX)YZ =1 —-XX")Z'(I — XX7) (the matrix | — XX~ is
idempotent) = (I — XX7)Z(1 = XX ) =1 —XX") (1/2)(Z + Z") (1 — XX").
Thus the solution is U = (I — XX7)’'S(I — XX7), where S is an arbitrary sym-
metric matrix. If X* is chosen for X7, then U = M, SM,; if X~ = [(X"),,v ] =
= (X'VX)"'X’V, then U = M)’SMY. Thus the class of matrices U with proper-
tiesU = U,UX = 0O, Tr(UV,)) =/,i=1,.. pis {M/SMY: S = S,
Tr(SMYV.MY') =f..i=1, ..., p} and this class can be rewritten in the form
M, SM,:S =S8, Tr(SM,VM,)=/.,i=1, ..., p}. Amatrix S, = S| with a
property Tr(S,MYV.MY') =f,. i=1, ..., p, exists iff there exists a matrix
S, = S; with a property Tr(S,M,V.M,) = .. i = 1, ..., p: thus fe. .z (K") iff
fe ./ (G)). The equality G, = G, is an obvious consequence of Lemma 1.8.

Theorem 2.1. Let V be an arbitrary symmetric p.d. matrix of the type n x n
and K =V — VAA'VA) 'A'V, where A is a matrix from the model (1). Then
T=ME§=1-S(S'KS) 'S'K is optimum with respect to @ and the model

r
(MSY; AO, Y 9MSV,MY’) enable us to construct the quadratic unbiased and

i=1
invariant estimator of each function g(9) = '8, 3€9, such that a quadratic
unbiased and invariant estimator of it can be obtined in the model (1).

Proof. According to Lemma 1.7 M§ =1— S(S'KS)"'S’K is optimum
with respect to @. Regarding Lemma 1.1 and Remark 1.1 a function f(8) = '3,
89, is unbiasedly and invariantly estimable iff fe. 7 (G,), where G, is the Gram
matrix of the p-tuple {MYV.MY'}’_,. In the model after transformation the
analogous matrix is given by the p-tuple {Mx(MEV.M¥)M}'}7_,, which is the
matrix G, from Lemma 2.1. By the equality . 7 (G,) = . #(G,) (c.f. Lemma 2.1)
the proof is completed.

The problem is if the LMVQUIEs from the model (M§Y, AQO,
4
Y. IMSV,Mg’) are the same as the LMVQUIEs from the model (1).

i=1

Theorem 2.2. The $"-LMVQUIE of the function g($) = f'8, €9, where
fe .t (K"), in the model (1) is identical with the 3°-LMVQUIE of the same
r
Sunction in the model (Mg Y, AQ, Y 9,M§V,Mg’>.
i=1
Proof. With respect to Lemma 1.2 the $”-LMVQUIE in the model (1) is
given by (1.1). This expression can be rewritten in the form

14
Y A Y MY (MY EMY) Y MYV,MY (MY EMY) MYY.  (2.1)

i—1
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It results from the following. The matrix U in the estimator Y'UY, where
UX=0and Tr(UV,) =f,j=1, ..., p, can be expressed as U = M}'SMy (cf.
Lemma 2.1 and its proof). Let us minimize the quantity Tr (U X,U X)) under the
side conditions Tr(UV,) = £, j = 1, ..., p, where U = MY'SMY. The auxiliary
Lagrange function is

/)
®(S) = Tr(SMY L, MY'SMY XL MY) —2 ) A[Tr(SMYV.M}") — [

j=1

IY
d®(S)/0S = 0 <> MY E,MY'SMY LMY = ¥ L MYV,MY' =

i=1

/7
S = ) AMYEI,MY)* MYV,MY' (MY EMY)* =

i=1

/’
U=MSM}; = 3 AMY(MYELMY)" MYVMY' (MY E,MY)" MY
j=1
Now it is easy to see that (1.1) and (2.1) are identical. After taking into acount
the relationship MY = M3 M§ (cf. Lemma 1.8) (2.1) can be rewritten as

IY
2 A4(MgY) My [M(MgZ,Mg") M.

i=1

- MR(MSV,Mg") M [M5 (Mg Z,Mg") M{T* ML (MgY).,

IV
which is the $>-LMVQUIE in the model (M§Y. A@, ) 9MEV,MY’) after

r=1
elimination transformation by the matrix M§.
Remark 2.1. Let T=1— SC and the matrices X and X, are at our dis-
posal except the vector TY. With respect to the invariance (Definition 1.1 (ii))
of the estimator (1.1) it is obvious that the estimator

/7
2 A(TY)Y (M, EM,)* V(M Z,M,)* (TY)

is identical with (1.1).

Remark 2.2. It is easy to find an optimal with respect to the @ trans-
formation T which is not optimal with respect to @. If T = P4 (Lemma 1.8), then
for V = X' the tranfsormation T is optimal with respect to @ (cf. Theorem 2.5
in [5]). However, the expression

(PLY) MK [MK(PLZ,PY) MK]* M (PKV,PR) M.
[M&(PLEPY) MK MA(PEY)
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,
(analogous with (2.1) in the model (PRY, A®, Y PrV,Py)) is obviously zero.

=1
The matrix G, (Lemma 2.1) in this transformed model is zero as well; thus no
nonzero function g(.) of the parameters 4. ..., 9, can be estimed in the transfor-

med model.
Remark 2.3 If the identity matrix | is chosen for V in Theorem 2.2, then

L = Mg, K = M, and the 3”-LMVQUIE in the transformed model (Mg’IA Y,
I)
AO, Y IMGAV,M™) is

i=1

IJ
Y A(MgY)y MR [MYS(Mg* £,Mg %) My'] My'S(Mg"V, Mgy MM
=1

MRS (MG Z,ME) MY ] M (MG Y).
IfV = £, ', then MEMEY = [I - X(X'E, 'X) X% '] ¥ = v, where v = Y —
— XB, B being the $-locally best linear estimator of the vector f. Thus $©-
LMVQUIE in the transformed model is

»

2. mv [MA(MSE,MS) ML ME(MSV,Mg) My’ [M§ (M§E,M§) ML v,
i=1
where L = (MgX,Mg)* . K = (M,XM,)" . Inthiscase TY = Y — Sx, where »
is the 9”-locally best linear unbiased estimator of the nuisance parameters.

So far the case of the function g(9) = f'9, 9 9. where fe./ (K", has been

considered. If fé./ (K", no unbiased and simultaneously invariant estimator
exists: however, an unbiased estimator can exist. This case occurs when
fe.// (K*) (K* is the matrix from Lemma 1.3). The problem is if T = M will
keep its optimal properties also in this case. Before answering this question let

us give two lemmas and an example. |
Lemma 2.2. In the model (1) the dispersions of the 3"-LMVQUIE, (B,

IMN-LMVQUIE and (. 3")-LMVLQUE. respectively. are
/’
Vilr[z Al Y/(Mx Z“Mx)‘ Vy(Mx 2:()'\”)()L Y!S(”)j’ = 2}.’S(MX§_‘_“MK)# Aw

=1
(:2f’su\n],2;l,n/|,)‘ f).

where 2= (A, ..., A,) is the vector from Lemma 1.2;

r v v
Vill‘[z A, Y'(X, + Xp(ﬂ)ﬂ(ﬂ)fxf) ](\/: - P;u VP ) (X, +

=1
N 1 ,
+ Xﬂ“”ﬁ'“' X) ywun‘ gun} =22 (Sl‘-}. X Xy 1 —
— Spin : Xy ¢ XPOpN X 1PN ") A

295



(= 2f’(s()_‘(, + Xpoporxy 1T San I‘(EU + XpOporxy 1pTo I)_] f) 5

where A = (A, .... A,) is the vector from Lemma 1.4 und

r S S|
Var[ Z /L( Y — Xﬂ(ﬂ))' (En_ lvlzn—l _ 2(; 1 P:-(. V: P:'n ’ Z()- l) ( Y — Xﬂ(m)lﬁm). 3(0)] —

i=1
= 21/(82(," - SZU 'an I)A'(: Zf/(S: [ S};” 'an I)+ f)~

where A = (A,, ..., A,)" is the vector from Lemma 1.5.

Proof. The relationship cov[(Y'UY. b"Y)|f, X] = 2b"EUXp. cov[(Y'U Y,
Y'U,Y)|B ] =2Tr (U, ZU, X) + 4p'X'U, ZU.Xp and the definition of the ma-
trix § , have to be used. Thus the first statement is obvious. If

U, = (Z, + XU X) ' V(E, + XBOBVX) " — (£, +
+ Xﬂ(O)ﬂq())/Xr)»l P:;“ I\/I.Pf“ I/( 20 + XﬂtO)ﬂ(O)/xf)—l )

then it can be easily proved that X'U, X, = X'U,(E, + X" X"), which
implies cov[(Y'U,Y. Y'U V)", )] = 2Tr[U(XE, + X" X)U,(L, +
+ XpOBY X")). From this the expression for the dispersion of the LMVQUE
follows immediately. We proceed analogously in the case of the LMVLQUE.

Lemma 2.3. The generator {V, — PV,P,.}V'_ | of the Gram matrix K* in the
model (1) (Lemma 1.3) can be rewritten in the form

w | -
(MEV,ME" — PRV,PY + M VPY + PEVIML
the analogous generator of the matrix K* in the transformed model (M§ Y, AO,
l4
Y. SIMEV.Mg") is given by the p-tuple (MEV.ME’ — PLV.PLY_ . (The matri-
i=1

ces K, L correspond with X,.)
Proof. It is implied by Lemmas 1.8 and 1.3.

S ~ |
Corollary 2.1. If' V. = M:" Pg’ + Ps'(Mi'" ‘. then the transformation of the
model (1) by the matrix M§ causes the vanishing of ..
Example. Let

SURUESERSE

0, —0.013314, —-0.013314
V,=| —0.013 314, 0.023 669, —0.001 479 |,

—0.013 314, —0.001 479, —0.026 627
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10 1.133 136, 0.133 136
V,=| 1.133136, 9.763 314, 1.014793 |,
0.133 136, 1.014 793, 10.266 272

thus

1,
10,
1,

10,
1,
0,

0
1],
10

-1 -1
It can easily be verified that V, = M® P& + PEM>

0.055 866, —0.055 866, 0.005 587
K= —0.055 866, 0.055 866, —0.005 587 ),
0.005 587, —0.005 587, 0.100 559
0, 0, 0
P§ =| —0.346 154, 0.346 154, 0.653 846 |,
—0.346 154, 0.346 154, 0.653 846
B 0.346 154, —0.346 154, 0.346 154
Mf" ={ —0.307 692, 0.307 692, —0.307 692 |.
0.346 154, —0.346 154, 0.346 154

For the model (1) we have

S(MlEOM‘)*

+ -
2S(M‘EOM,V = (

K*=<

(oY)

oS o9

0.001 983,
—0.045 543,

—0.045 543
76.268 811

g) = Var (4,|8) = 2),

)-

! 5!, 5! L
(K*}, = Tr[(V, = P VP )V, — P VPP i, j=1. ... p).

Wl = S(%* XpM gory) 1 Spfn l'(2:0+ xﬂ())pm'x'rlpﬁl =
_( 0.009 712, —0.097 118 10-2
—\—0.097 118, 1000.971 18 )
P -
2W, ' = <§'061 355 10% §><= Var[(§'> B, -9‘0’:'),
. ( 0.020784,  —0.207 844\ .
W: =Syt = Sypen ' = (-0.207 844, 1002.078 437) 1077,
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s { 0964261 10° 20\{ 3, 0 )
= (o0 o)(=vrl (8)iom #))

Using T = M§ the transformed model obtains the form

S _{0, 0
MatMEE MEM, T 0, L)

28+ = (0' g)(:» Var ($|9) = 2).

K K.
(M tMg I M M, ]t 0,

0. 0
* .
K ‘(0, 75.556 21)*

(1K*}, = Tr(MEV,MYE’ — PAV.PY) (MEVME — PLVPY),  ij=1,2),

W] = S:Mézunng' + RO Ay
0, 0
K K.+ K K. r — '
— (Mg oM 1Y palk K. A Mmiz Mt =
SP,Q sSMs ! MG L Mg + AGWEIP AT PSS Vs (0' 1/

W = (31 g)(=> Var (5,87, &%) = 2),

0, 0
W, = S s msy = Soalizomtyrpmenms)’ = (0, I)'

0, 0

e
ZWE (01 2

)(=» Var (%189, 99) = 2).

Comparing the matrices K*, W, and W, before and after the transformation
we see that the optimality of the matrix MY is not preserved if f¢.# (K",
fe i (K™).

Lemma 2.4 The dispersion of the (§", $*)-LMVLQUE at the point (§. 9) is

Var[(Y — XY T(Y — Xp™)B 9] =
= 2Tr(TETE) + 4(B— fOY X TETX(B — f%),
P _
where T = § A(Z;'VI;' — E7'PR VPR "X Y) (Lemma 1.5); the dispersion
i=1
of the (B9, 9™-LMVQUE at the point (B, ) iy
Var(Y'UY|E, 8) = 2Tr(UZU E) + 4f'X'U ZUXS,
F - -
where U= Z A(Z, + XX (W, — p:n IV, p:"’ ',) (X, + XFOpYX) !
i=1

(Lemma 1.4).
Proof. It is an obvious consequence of the implication ¥~ N, (p, £)=
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=Var(a’Y+ Y'AY|u, X)=a'Xa+2aXApu+4u’AZAu+ 2Tr(AXAY),
which can be easily proved. Here A = A’ is an n x n matrix and ae 2".

The value of the second term in the expression for the variance of the
LMVLQUE decreases when g tends to g (the matrix X'T XTX is obviously
positive semidefinite); that is why it is natural to use a $“-mLMVQE (Defini-
tion 1.4) instead of the (B, 3”)-LMVLQUE. The structure of the 4"-
mLMVQE (Lemma 1.6) and Theorem 2.2 show the possibility that a function
g(.) unbiasedly estimable in the model (1) can be estimated by the help of the
39-mLMVQE in the model after transformation.

Theorem 2.3. Let a function g(8) = '3, 3€ 3, be unbiasedly estimable in the
model (1). Let T = ME, where K = X;' — X7 'AA' L, 'A) A Sy Then it is
possible to obtain 3°-mLMVQE from the model (1) by the help of the vector
ME Y provided the matrices £, and X in the transformed model are known.

Proof. The $”-mLMVQE from the model (1) is

P .- e-1 .
Y. 20Y = XY [55'V.E - X P VR (Y - XB),
=1
where f= (X"E;'X)"'X'Z; ' Yand the vector 4 = (4,, .... A,) is a solution of
-1

the equation (S,  — Scopn')h = fAsY — Xf =M. Y, zo—ler:' _

- ! - 1
=(MEMy)*and P," "I;' M = 0O, the $”-mLMVQE can be rewritten in
the form

P
> AY (MEM)"V,(M,L,M,) Y
1= 1

(cf. Lemma 1.6). Let V be an arbitrary symmetric and p.d. n x n matrix. It can
be easily verified that (MYZ,M])*" = PO, (M, LM, Py, If V =X,

then (M f" | XM f“ I’)+ = P:\:::n (M, X, M,)" P&’:‘;n and simultaneously

y ! - v ! ¥ v ! v -l !,
M:“ ’(M:(‘ Z“M:“ /)+ M"”l — M:() /(MXE()MX)+ M:(l — Mx() Mx .

x

(M EM) M MY = M, (M, E,M,)* M, = (M,E,M,)". Thus
,F
@ = Z )'r Y/(sz(,Mx)+ V:(sz()Mx)+ Y:
=1

I - - o ! v ! v ! f_~‘;| 2”11 . :‘;l
=Y AY' M (M VM )" M VM (M VM )" M Y.

=1

v | .
Using the relationship M = Mj;Msg from Lemma 1.8 we obtain
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14
@ = Y AY' MMy [ME(ME £,ME) MRT Ma(MEV,MS) MR’

i=1
AML(ME Z,ME) MR MAMSY.

As M5P; = O, the term MY Y can be replaced by M§Y — PRY = M§Y —
— AQ@, where @ = (A'LA)'A'LY, L = X;' — E;7'S(S'E;'S)"'S' Ly =
= (Mg E,Mg)* = MY’ (ME £,ME")* MS. Thus O=[A(MEE,ME)* A]"'A".
.(MEZ,ME)* MEY, because of MEA = A therefore @ is the (M§ £,ME")-
locally best linear unbiased estimator of the necessary parameter @ in the model
after transformation. The expression (D can be rewritten as follows

O = ‘2 A(MSY — AB) {[Ma(M§ Z,M5)M,]* .

=1

(MEV,ME) [Ma(MS Z,MEY M, HME Y — A6).

K Kot Ko+
Let the term — (M E,M&")* PIMSEMS™ v pMERME (K v MEY* be ad-
ded into the brackets {} in (D. The expression is unchanged because of
K Koyt
P,(\MSEOMS) /(Mg EO Mg/)+ (Mis( Y — PkY) -

= (Mg X, M3)H{A[A'(MEE,ME) T Al
A(MEE,ME)T Y — pMsTM pLyy g
Thus @ is the (M§ £, ME')-mLMVQE of the function g(.) in the transformed
model (M§ Y, AO, i 9 MSV,Mg"). However, the vector A = (4,, ..., 4,) has

i=1
to be a solution of the equation (Sy;+ — S:;p5 ') 4 = £. Thus we have to know

the matrices X, and X; we are not able to establish this equation using the
matrices M§ £, M& and A known in the transformed model.

Remark 2.4. The vector ¥ can be replaced by f in the (B, 99)-
LMVQUE as well. An investigation of such an estimator is difficult, that is why
it was not dealt with.
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