Mathematica Slovaca

Beloslav Riec¢an
Remark on an integral of M. Matloka

Mathematica Slovaca, Vol. 38 (1988), No. 4, 341--344

Persistent URL: http://dml.cz/dmlcz/136474

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1988

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136474
http://project.dml.cz

Math. Slovaca 38, 1988, No. 4, 341—344

REMARK ON AN INTEGRAL OF M. MATLOKA
BELOSLAV RIECAN

Recently M. Matloka has constructed a Riemann type integral for functions
f:<a,b) - L(R), where L(R) is a special set of so-called fuzzy numbers. Of
course, the set L(R) has a natural algebraic and topological structure: it be-
comes an ordered space and simultaneously a metric space. This remark con-
tains an abstract point of view of the Matloka theory. We give assumptions
under which the corresponding generalizations of the Riemann-Matloka inte-
gral have the expected properties. Recall that the space L(R) with his usual
operations does not form a linear space. Therefore our point of view may be
useful.

First we shall consider an ordered structure.

1. Assumptions. There is given a partially ordered set A satisfying the
following properties:

1.1. A is a boundedly complete lattice.

1.2. There is given a commutative and associative operation + on 4 with a
neutral element O, preserving the ordering (i.e. x < y=>x+z=<y + 2).

1.3. There is given a multiplication of elements of 4 by real numbers,
associative, preserving the ordering (ie. x £ v, ¢ > 0,d < 0=>cx < ¢y, dx = dy)
and such that lx = x.

2. Definition. If f: {a,b)> — A is a bounded function and D = {x,,...,x,} is a
decomposition of {a,b), then we first define the lower and upper sums

S(AD) =3 M(xi—x_). SU. D)= 3 m(x,— x,_)

i=1 i=1

and then the lower and upper integrals

b
(U)j f(x) dx = inf{S(f, D); D is a partition of {a,b}},

b
(L)f f(x) dx = sup{S(f; D); D is a partition of {a,b)}.
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b b
The function f is integrable if(U)J f(x)dx = (L)J f(x) dx.

b

.
The common value will be denoted by (O) J f(x) dx.

3. Proposition. If f, g are integrable functions and a, B are real numbers, then
af + Pg is integrable, too, and

(O)f (af (%) + fg(x)) dx = 0(0)j J(x) dx + /f(O)J g(x) dx.

b b
If f = g, then (O)J S(x) dx = (O)J g(x) dx.

Proof. It is straightforward.
4. Proposition. If f is integrable on {a,b) and ce€(a, b), then f is integrable on

{a,c) and {c,b) and

b

b
(0) f f(x) dx = (0)f f(9 dx +(0) | f1) dx.
Proof. It follows from the inequalities

b ne ~h
) f £(x) dx = (U) J| £(x) dx + (U) j £(x) dx =

¢ b b
2 (L) [ S(x) dx + (L)j f(x)dx 2 (L)f S(x) dx.

o

Now the second point of view.
5. Assumptions. Let (4.d) be a complete metric space satisfying the

following conditions:
5.1. There is given a commutative and associative operation + on A with a

neutral element and satisfying the identities
dla+b,c+d)<d(a,c)+db,d) and d(a, b)<d(a+c b+ c).
5.2. There is given a multiplication of elements of A4 by real numbers such
that 0 @ = 0 and the identities A(a + b) = Aa + Ab, d(Aa, Ab) = |A|d(a, b) are

satisfied.

6. Definition. Let (A, d) be a metric space satisfying the assumptions 5. A
function {a.b) — A is called integrable if there is 1€ A such that to every € > 0
there is 8 > 0 such that for every decomposition D with the norm |D| < 6 we have
d(S(f, D), 1)h< e (S(f, D) is an arbitrary integral sum). the element I will be

denoted by | f(x) dx.
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7. Proposition. If f, & are integrable, then af + Pg is integrable too and
b b b
J (af (%) + Bg(x)) dx = aj Sf(x) dx + ﬂj g(x) dx.

8. Proposition. If (), is a sequence of integrable functions converging uni-
Sformly on f, then f is integrable and

b b
lim d( f £ (%) dx, J £.(x) dx> =0.

9. Proposition. If f is integrable on {a, b), then it is integrable on {a, c) and
e, b) and

b c b
f S(x) dx=f f(x) dx+f f(x) dx.

Proof. The only interesting point is to prove that f is integrable on {(a,c).

It follows by the following Bolzano-Cauchy criterion: Ve > 0 36 > 0 VD,, D,:

D\l < 6 A |ID,| < 6= d(S(f, D)), S(f, D,)) < &. Indeed, if this condition is
1

satisfied, then we can choose to ¢ = corresponding &, and then put

n+1

A, ={S(f,D); |D| < max§;}. Then diam A, <l and the element I can be
i<n n

obtained by {1} = () 4.
n=1

10. Examples. The most interesting example is the set L(R) of all fuzzy
numbers, i.e. functions g: R — <0, 1) satisfying the following properties:

1. There is x,€ R such that u(x,) = 1.

2. There is a compact set K < R such that {x; u(x) > 0} < K.

3. For every ae(0, 1) the set u, = {x; u(x) = a} is convex.

4. uis upper semicontinuous, i.e. {x; u(x) < a} is open for every ae 0, 1).

It follows that y, = <{a,, b,> for every ae(0,1). If v, = <{c,, d,); then we
define u<v if a,<¢, b,<d, for every a and we define u+ v by
u+v),=<a,+ ¢4 b,+d,> and Ay by (Au),=<Aa,, Ab,) for A =0,
(An), = {Ab,, Aa,) for A < 0. It is not difficult to see that L(R) satisfies the
assumptions 1. Another example of a set A satisfying these assumptions is any
boundedly complete linear lattice.

If we define d(u, v) = sup {d(u,, v,); ae<0, 1>}, where d(y,, v,) = max{|c, —
—a,|, |d, — b,|}, then also the assumptions 5 are satisfied. Another example
satisfying 5 is any Banach space with d(a,b) = ||la — b|.
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